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Abstract

In this paper we prove that there does not exist warped product
of the type Ny x\ Ny and Np x) Ny of an S-manifold , where Ny
and Nt are the slant and invariant submanifold of an S-manifold .We
observe that only warped product of the type Ny x, N, exist,with V|
as a anti-invariant submanifolds of an S-manifold.Some basic results are
discussed for the warped product of the type Ny x N| and finally ,we
prove an inequality for the squared norm of second fundamental form
and equality case is also discussed.
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1 Introduction

The study of semi-invariant submanifold or contact CR-submanifolds of
almost contact metric manifolds was initiated by A.Bejancu [3] .In particular
,semi-invariant submanifolds of different classes of almost contact metric man-
ifolds have also been studied (c.f.,[4], [18]).Later N.Papaghuic[18] generalized
the notion further and introduced semi-slant submanifolds of almost Hermi-
tion manifolds which includes the class of slant , holomorphic ,totally real and
CR-submanifolds. J.L.Cabrerizo et al. [15] have studied semi-slant submani-
folds of Sasakian manifolds. For manifolds with an f-structure ,D.E Blair [9]
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introduced S-manifolds as the analogue of Kaehler structure in almost complex
case and of Sasakian structure in the almost contact case .

R.L.Bishop and B.O’Neil [20] introduced the notion of warped product
manifolds. These manifolds are generaliztion of Riemannian product mani-
folds and occur naturally e.g.,surface of revolution is a warped product mani-
fold ([16],[21]).Due to wide applications of warped product submanifolds this
becomes a fascinating and interesting topic for research and many articles are
available in literature .CR-warped product was introduced by B.Y.chen [7, 8],
he studied warped products CR-submanifolds in the setting of Kaehler mani-
folds and showed that there does not exist warped product CR-submanifolds of
the form M x s My, therefore he considered warped product CR-submanifolds
of the types M7 x ¢ M and established a relation ship between the warping fuc-
tionf and the squared norm of the second fundamental form of the CR-warped
product submanifolds in Kaehler manifolds .In the available literature,many
geometers have studied warped products in the setting of almost contact met-
ric manifolds (c.f. , [13],[21], [22]).

2 Preliminaries

Let (M, g) be a Riemannian manifold with dim (M) = 2n + s. M is said
to be an S-manifolds if there exists on M an f-structure f of rank 2n and s
global vector fields &, &,, ...., £ (structure vector fields) such that (c.f.,[9]).

(i) If ny, ng, .....n, are the dual 1-form of &,&,,....,&,, then

féa=0.,m,0f=0.f2=-T+> n,®¢, (2.1)
a=1
g(va fY) - g(X’ Y) - ZT](X(X)T]O&(Y) (22>
a=1

forany X, Y € TM ,a=1,2,...5

ii)The f-structure f is normal ,that is

[f,f142) & @dn, =0
a=1
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where [f, f] is the Nijenhuis tensor of f.

i) ny Ang Ay Ang A (dn, )" # 0 and dny = dn, = .... = Fifor any a
where F' is the fundamental 2-form defined by

F(X,Y)=g(X,fY), for any X,Y € TM.

In the case s=1, an S-manifold is a Sasakian manifold . For s> 2 , examples
of S-manifolds are given in [9, 10,11, 12].

Moreover, for the Riemannian conection V of g on an S-manifold M,
the following formulas were also proved in [9].

(Vxf)Y Z{gXY — Xn,(Y)} (2:3)

Vx&, = —fX (2.4)

forany X, Y € TM,and a=1,....,s

Let £ denotes the distribution determined by —f2and p the complementary
distribution.y is determined by f2 4 I and spanned by &,,&,,...,£,.If X € L,
then 7, (X) = 0 for any «, and if X € u, then fX = 0.

Throughout ,we denote by M an S-manifold ,M a submanifold of M with
structure vector fields &,,&,, ..., &, tangent to M. h and A denote the second
fundamental form and the shape opreator of the immersion of M into M
respectively .If V is the induced connection on M, the Gauss and Weingarten
formulae of M into M are then given as follows

VxY =VxY +h(X,Y) (2.5)
VxV =—-AyX +VxV, (2.6)
for all vector fields X, Y on M and normal vector fields V on M ,V-+denotes

the connection on the normal bundle TM*of M. h and A are related by

g(AVX7 Y) = g(h(Xv Y),V) (27>
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where the induced Riemannian metric on M is denoted by the same symbol g.
Now , for any x € M, X € T,M and V € T, M+ we put

FX=TX+NX (2.8)

fV =tV +4+nV (2.9)

where T'X and NX are the tangential and normal parts of fX respectively
and tV and nV are the tangential and normal parts of fV.

The covariant derivatives V1" and VN are defined by

(VxT)Y = VxTY — TVyY, (2.10)

(VxN)Y = VxNY — NVyY (2.11)

Now, Let M be an n-dimensional submanifold immersed in M.M is said
to be invariant submanifold if £, € T'M for any o and fX € T'M, for any
X € TM otherwise ,M is said to be anti-invariant submanifold if fX € TM*,
for any X € TM.

For a submanifold M of an S-manifold M by equation (2.4),(2.5) and (2.8),

we get

Vxé, = -TX (2.12)

hX,€,)=—-NX (2.13)
for each X € T M.

Now using equations (2.3),(2.5),(2.8),(2.10),(2.11) we get

(VxT)Y = Ayy X + th(X,Y) + Z g(X,YV)E, — Z Xn,(Y)  (2.14)

a=1 a=1
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(VxN)Y = —h(X,TY) +nh(X,Y) (2.15)

For any x € M and X € TxM if the vectors X and §, (o =1, ..., s) are
linearly independent , the angle 6(X) € [0, g] between fX and Tx M is well
defined . If #(X) does not depend on the choice of x € M and X € Tx M ,we
say that M is slant in M .The constant angle 6 is called the slant angle of M
in M. Iff = 7 then M is an anti-invariant submanifold and if ¢ = 0 M is
invariant submanifold .

Carriazo et al.[1] give the following characterization for slant submanifold
of S-manifolds.

Theorem 2.1 [1] Let M be a submanifold of an S-manifold M such that
&, € TM.Then, M is slant if and only if there exists a constant \ € [0, 1] such
that

TP A3 (T =0, @E,) (216)

Furthermore, in such case ,if # is the slant angle of M, then it verifies that
A = cos? 6.

Now, we have the following Corollary,which can be proved directly by
(2.16).

Corollary 2.1 Let M be a slant submanifold of an S-manifold M such that
&, € TM.Then,

s

g(TX, TY) =cos®0 | g(X,Y) = > 0, (X)na(Y)

a=1

g(NX,NY) =sin®0 | g(X,Y) =Y 0a(X)n.(Y)

for any X,Y € TM.

A semi-slant submanifold M of an almost contact metric manifold M is
a submanifold which contains two orthogonal complementary distribution D
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and Dg,such that D is invariant under f and Dy is slant with slant angle 6 # 0,
i.e ,fD = Dand fZ makes a constant angle 6 with T'M for each Z € Dy.In
particular if § = 7 then semi-slant submanifolds reduced to CR-submanifold
defined in [3] .For a semi-slant submanifold M of an S-manifold , we have

TM =D & Dy (§)

The orthogonal complement of N D, in the normal bundle TM+, is an invariant
subbundle of TM~*and is denoted by s .Thus, we have

TM*=NDy& p (2.17)

A semi-slant submanifold M is called a semi-slant product if the distribu-
tions D and Dy are involutive and parallel on M. In this case M is foliated by
the leaves of these distributions.

As a generalization of the product manifolds and in particular of a semi-
slant product submanifold , one can consider warped product of manifolds
which are defined as
Definition 2.1 Let (B, gp) and (F, gr) be two Riemannian manifolds with
Riemannian metric gp and gp respectively and A positive differentiable func-
tion on B .The warped product of B and F' is the Riemannian manifold
(B x F,g),where

g=gs+Ngr

For a warped product manifold N; x, Na,we denote by Dijand D, the
distributions defined by the vectors tangent to the leaves and fibers respectively

In other words, D; is obtained by the tangent vectors of N; via the hori-
zontal lift and D, is obtained by the tangent vectors of Ny via vertical lift .In
case of semi-slant warped product submanifolds Djand D, are replaced by D
and Dy respectively .

The warped product manifold (B x F, g) is denoted by B x F.If X is the
tangent vector field to M = B x, F at (p, q) then

IX11* = lldm X + X*(p) lldma X |

R.L.Bishop and B.O’Neill [20] proved the following

Theorem 2.2 Let M = B x, F be a warped product manifolds .If XY € TB
and V,\W € TF then
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(Z) VxY € TB,

(ii) VxV = VyX = (32)V,

(iii) VyW = =W gy,

VA is the gradient of A and is defined as

g(VA X) = X\, (2.18)

for all X € TM.

Corollary 2.2 On a warped product manifold M = Ny X N, the following
statements hold

(i) Ny is totally geodesic in M,

(i1) Ny is totally umbilical in M,

3 Warped Product Submanifolds of S-manifolds

Let M be an S-manifold. Throughout this section,we denote by Nr an in-
variant submanifold of M and Ny a slant submanifold of M, with slant angle
6.

Matsumoto and Mihai [17] proved the following theorem .

Theorem 3.1 If Ny Xy Nz is a warped product submanifold of a Sasakian
manifold M, where Ny and N are any submanifold of a Sasakian manifold
M with & tangential to No. Then M 1is a Riemannian product .

On the line of Theorem 3.1 , we can prove the following theorem

Theorem 3.2 If Ny X\ Ny is a warped product submanifold of an S-manifold
M where Nyand No are any submanifold of an S-manifold M with &, tangen-
tial to No. Then M 1s a Riemannian product .

Hence we can consider only nontrivial semi-slant warped product subman-
ifolds as Ny xx Ny and Np x, Ny with £;,&,, ...., €, tangential to Ny and Np
respectively .If § = 7 these warped products are known as warped product
contact CR-submanifolds and contact CR-warped product submanifolds re-
spectively .

Theorem 3.3. Let M be a (2m + s)-dimensional S-manifold . Then there do
not exists warped product submanifolds Ny X Ny on M such that Ny is slant
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submanifold tangent to £,,&,, ..., &, and Ny is an invariant submanifold of M.

Proof. For warped product submanifold Ny x, Ny of M with &, tangential
to Ny.Then by Theorem 2.2

VxZ =VzX = ZIn X, (3.1)

for any X € T'Np and Z € T'Ny.In particular for Z = &, from equations
(2.12) and (3.1) ,

E,InAX =0,
this mean £,In A = 0 i.e.,\ is constant , hence warped product does not exists.

On the same line of Theorem 3.3 of [22] ,we can prove the following theo-
rem.
Theorem 3.4 There does not exists a warped product semi-slant submani-
fold of the type Nr X\ Ny in an S-manifold other than a contact CR-warped
submanifold.

The above theorem motivates us to study the warped product of the type
Nr x, N in S-manifolds .

Let M = Npr x, N, be a contact CR-warped product submanifold of an
S-manifold M. In view of decomposition (2.17) , we may write

h(X,Y) = hpi(X,Y) + hu(X,Y) (3.2)

for each X,Y € TM,where hyp. (X,Y) € fDrand h,(X,Y) € pIf {er, €2,....€,}
be a local orthonormal frame of vector fields on M then we define

n

IRl = g(h(ei, e5), hlei €))).-
ij=1
Now we have the following proposition for the warped product of the type
NT XA Nl.
Proposition 3.1. Let M = Np x, N be a contact CR-warped product
submanifold of an S-manifold M. Then

(i) hypo (X, Z) = —fXInA\fZ =) n,(X)fZ,
(ii) g(h(f X, Z), fW) = X nAg(Z, V),

(iii) g(h(f X, Z), [h(X, 2)) = [Ih(X, Z)|,

for any X € TNy and Z,W € TN, .

Proof. By Gauss formula

hfX,2)=(V2)X + [V2X + (X, Z) = V2 [X,
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Using equations (2.3),(2.5)and (3.1), we have

WfX,Z) = ZZ% )+ XInA\fZ + fh(X,Z) — fXIn\Z
Comparing tangential parts on above equation , we get

Z Ine(X) = fhipi(X, Z) — fXIn\Z,

fhype (X, Z) = FXIAZ + ) Zn,(X),

a=1

taking inner product with W € D+ on both side , we find

—g(M(X, 2), fW) = fXInAg(Z, W) + Y 0 (X)g(Z, W),

a=1

hpe(X,Z) = =fXIAfZ = 0 (X)fZ

Which proves the part (i) of the proposition .
Now on comparing the normal parts

WMfX,Z) = XInAfZ + fhu(X,2) (3.3)

WMfX,Z)— fhu(X,Z2)=X1In\fZ,
Taking inner product with fW,the above equation yields
g(h(f X, 2), fIV) = X n Xg(Z,1V)
Again taking inner product with fh(X, Z) in (3.3),we find
g(h(f X, 2), fM(X, 2)) = ||h(X, 2)|,
which is the part (iii) of the proposition .

For contact CR-warped product submanifold M = Npr x, N, of an S-
manifold M, we have the following theorem.
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Theorem 3.5 Let M = Npx N, be a contact CR-warped product submanifold
of an S-manifold M then
(i) The squared norm of the second fundamental form satisfies

121° = 24 [V In A|* + gs,

where VIn A is the gradient of In\ and q is the dimension of anti-invariant
distribution .
(i) The equality holds if h(D,D) =0 and h(D*, D*) = 0.

Proof. Let {51,£2, ey fs? Xl, XQ, ey Xp, Xp+1 = le, ey Xgp = pr} be a
local orthonormal frame of vector fields on Ny and {Z1, Zs, ..., Z,} be the local
orthonormal frame of vector fields on N, .Then by the definition of squared
norm of the mean curvature vector

2P 2p  q
17 =Y g(h(Xe, X5), h(Xa, X)) + DY g(h(Xi, Z0), h(Xs, Z,)
1,j=1 =1 r=1
—+ Z ZT,Z ZT,Z + Zzg XwS (Xi7€a))
r,s=1 i=1 a=1

+Z Zg (Z1,€,), M2, €,)) (3.4)

r=1 a=1

Using equation (2.12), the above equation provides us the following inequality

|1 ZZg (Xi, Z,), h(X:, Zy) +ZZg (Zr,€0) M(Z0,6,))

=1 r=1 r=1 a=1

On using part (i) of the proposition (3.1) and equation (3.3), the above in-
equality takes the form

k]2 ZZlen)\ (Zy, Z,) + gs,

i=1 r=1

121° = 24 [V In A|* + gs,

Which is a required inequality .
It is evident from (3.4), that if inequality holds identically, then h(D, D) =
0, h(D+, DY) = 0.
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