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Abstract

In this paper we present convergence theorems for Pettis integral of
functions defined on a complete probability space and taking values in
a complete locally convex topological vector space.
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1 Introduction

We present convergence theorems for Pettis integral of functions defined on
a complete probability space and taking values in a complete locally convex
topological vector space, Theorems 2.2 and 2.3, which are the analogues of the
known convergence theorems for Pettis integral of functions taking values in a
Banach space. For that purpose, we apply a technique which is based on the
limit projective of Banach spaces, Lemma 2.1.

Theorem 2.2 is the analogue of Vitali Theorem for Pettis integral of func-
tions taking values in a Banach space, Theorem 8.1 in [6]. Theorem 2.2 has
been proved by another approach in [7]. Theorem 2.3 is the analogue of The-
orem 2.8 in [9]. For more information on convergence theorems for Pettis
integral, see [6], [7], [8], [4] and [2].
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Throughout this paper (€2, %, 1) is a complete probability space and V' is a
complete locally convex space with its topology 7 and topological dual V'. By
P we denote the family of all continuous semi-norms in this space; for every
p € P, VP denotes the quotient vector space of the vector space V' with respect
to the equivalence relation = ~, y < p(xr —y) = 0; the map ¢, : V — V? is
the canonical quotient map, thus is the equivalence class of an element with
respect to the relation ”~,”; the quotient normed space (V?,p) is called the
normed component of the space V', where p(¢,(x)) = p(z), for each z € V;
the Banach space (V',p) which is the completlon of the space (Vp ,p) is called
the Banach Component of the space V; V’ and V are the topological duals of

(V?.p) and (V",P) respectively. It is easy to see that
V' = {7, 00,/ € V/,peP}, (1)

because for every v' € V', we have that |v'(.)] € P . For every p,q € P
such that p < ¢, we define the map g,, : V¢ — V? by g,,(w,) = w,, for all

wy € V7, where w, = ¢,(x), for some vector x € w,. We define also the map

Tpg Vq — V" as the continuous linear extension of g Jpq, for every p, ¢ € P such

that p < gq.
The following definition is given by [1], Definition 1.

Definition 1.1 A function f : S — V is called Pettis integrable if the
function v'of is Lebesque integrable for each v’ € V' and if for every measurable
set E of Q, there is a vector xp € V such that v'(xg) = [v'(f(s)) for every
v € V'. The vector xg is said to be Pettis integral of function f on E and we

denote:

If V is a Banach space, this definition is the same with Definition 2, [3], p.52.

Definition 1.2 A family H of real-valued integrable functions defined on 2
18 said to be uniformly integrable if it satisfies the conditions

1. suppep [o |h] < oo,

2. For each € > 0 there is 6(€) > 0 such that the inequality

sup/ |h| <€
heH JE

holds for every E € ¥ satisfying u(E) < (e).
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Let f:Q — V be a function at let p € P. We put

Zy ={v, 0 (dp o f)/v, € B(V))},
where B (‘7;)’) is the closed unit ball in ‘7p’. It is clear to see that

Z8 = {t, 0 (¢p0 f)/7, € B(V,)}

—/

where B(V) is the closed unit ball in V;.

2 Convergence theorems for Pettis integral

The proof of the following auxiliary lemma is similar in spirit to the proof of
Lemma 4.1 in [5].

Lemma 2.1 Let f : Q — V be a function. The function f is Pettis inte-
grable if and only if for every p € P the function ¢, o f is Pettis integrable in
the Banach component (Vp,]_o). In this case, we have

6,((P) /E /) =(P) /E b,0f forall peP, Ec¥. 2)

Proof. Suppose that the function f is Pettis integrable and let p € P. Then,
by Definition 1.1 and (1), the function v}, o (¢, o f) = v’ o f is the Lebesgue
integrable, for each v, € B (1713’) We have also that for each E € ¥, there is a
vector x € V such that v'(zg) = [,v" o f, for all v/ € V'. Hence, we obtain
by (1) that

(v, 0 ¢p)(zE) = / (U, 0 ¢p) o f foreach 7w, € B(V}).

E

Therefore, the function ¢, o f is Pettis integrable in the Banach component
(V",p) and ¢p(xp) = (P) [, dpo f, for all E € %.

Conversely, assume that for every p € P the function ¢, o f is Pettis
integrable in the Banach component (V',7), and let v/ € V' and E € %
are given. Then, by the equality (1), there exist p € P and v, € B (‘7;)’) such
that v = v, 0 ¢, and the function v" o f =¥, o (¢, o f) is Lebesgue integrable.
We have also that for each p € P there exists I,(E) € V" such that

EZ(TP(E)) = /E%o (ppo f) = /Ei?;o (ppo f) for all E; EV; (3)

~ _ =
where v, = U, |,
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Assume that two arbitrary continuous seminorms p and ¢ such that p <

q are given. Since I,(F) € V?, there is a sequence (wy) C V47 such that

limy, oo wy = E,(E). Then, lim, . wy = ypq(Tq(E)), where wy = gpq(w}),
for all n € N. Hence
lim ' (w?) = T,(G,,(T,(E))) forall @, eV, (4)

where v, =7 |7,. By virtue of (3), we have

n—oo n—oo

:/Eﬂéo(’gquO%)Of:[Eﬂgo(d)pof):g;(jp(E))

lim ), (wy) = lim (U, 0 gpe) (wy) = /E@; 0 Gpg) © (&g 0 f)

for all v, € V;, where v, =7, |7, The last result together with (4) yields
o — — _ —/
0, (G, (I4(E))) =1,(I,) forall 7,eV,

Therefore by Corollary IV.6.2 in [11], we obtain g,,(I4(E)) = I,(E). Hence,
by Theorem I1.5.4 in [10], there is a vector I;(E) € V such that

¢p(I;(E)) =1,(E) foreach pe€P.

Thus, since v = v} o ¢, we have

VIHE)) = T (op(I(E))) = T, (E)) = /E 0 (dpo f) = /E @0y f.

Hence

V(e = [ ot

E

and since v' and E are arbitrary, the last equality holds for each v" € V' and
E € ¥. This means that f is Pettis integrable and I;(E) = (P) [, f, for all
E € ¥. Hence, the equality (2) holds and the proof is finished.

Theorem 2.2 Let (f,) be a sequence of Pettis integrable functions f, : Q —
V oand let f:Q — V be a function such that

(i) for every v' € V', we have v' o f,, = v' o f u- a.e.;
(ii) for every p € P, we have | J, oy Z?n is uniformly integrable.
Then, f is Pettis integrable and, for each E € ), we have

tn(P) [ =) [ f

in the weak topology o(V,V').
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Proof. By Lemma 2.1, each function ¢, o f, is Pettis integrable in the Banach
component (V*,7) and

P)[E@,ofn :¢p((P)/Efn) for each FE €.

By hypothesis and (1), for each v}, € V), we have 0, 0 (¢, 0 f,) — v}, 0 (¢ 0 f),
p- a.e. Thus, the conditions of Theorem 8.1 in [6] are satisfied. Therefore, the
function ¢, o f is Pettis integrable in the Banach component (Vp,ﬁ) and

lim 7 ( /¢p fn) =T, )/@,Of) for each FE €, EI’DGV;.
E

n—oo

Hence, by Lemma 2.1, we obtain that f is Pettis integrable and

lim ( v o ¢p)(( /fn v o ¢p) (P)/f) for all E € Q, 51’06‘71:,
E

n—oo

where v, =7 |7,. Further, we obtain by (1) that

lim v'((P)/Efn) = v'((P)/Ef) forall Ee€Q, v eV’

n—oo

and the proof is finished.

Theorem 2.3 Let (f,) be a sequence of Pettis integrable functions f, : Q —
V' converging point-wise to a function f : Q — V in (V, 7). Then the following
are equivalent.

(i) for every p € P, the family |, cy Z?n is uniformly integrable;

(ii) the function f is Pettis integrable and, for each E € Q, we have

JLrEO(P)/ /f in (V7).

Proof. Note that the sequence (f,,) converges point-wise to f in (V, 1), if and
only if for every p € P the sequence ¢, o f,, converges point-wise to ¢, o f in
the normed component (V?, p).

(i) = (i7) Let p be an element of P. We have that the sequence ¢, o f,
converges point-wise to ¢, o f in the Banach component (V ,P). we have also
by Lemma 2.1 that each function ¢, o f, is Pettis integrable in the Banach
component (V',7) and

(P) /E(gbp o fn) = ¢p((P) /E fn) € VP forall E €. (5)
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So, the conditions of Theorem 2.8 in [9] are satisfied. Therefore, the function
¢p o f is Pettis integrable in the Banach component (Vp,ﬁ) and the equality

n—oo

i (P) [ 0,0 £ = (P) [ 0,01 (6)

holds in (V?,P), for each E € Q.

Let E be an element of ¥. We have that for every p € P, the function ¢, o0 f
is Pettis integrable in the Banach component (V", 7). Therefore, by Lemma
2.1, the function f is Pettis integrable and

() [ opof=a(P) [ 1) eV (7)

Hence, inserting the right-hand-sides of (5) and (7) to (6), we obtain

lim ¢p((P)/Efn) :¢p((P)/Ef) for each peP.

n—oo

Therefore, lim, .o (P) [, fo = (P) [, [ in (V7).
(73) = (i) Assume that (i7) holds and let £ € 3 and p € P. We have that
the equality

lim o,((P) [ ) =anl(P) [ 1) 8

holds in the Banach space (Vp,]_o). Accor(ﬁng to Lemma 2.1, the functions
¢po f and ¢, o f, are Pettis integrable in (V*,p) and

6P [ =) [por o) [ 5)=P) [ 6010

Hence, inserting the right-hand-sides of these equalities to (8), we obtain that
the equality

1im(P)/E¢pofn:(P)/E¢pOf

n—oo

holds in (V*,p). Therefore, by Theorem 2.8 in [9], the family |,y 77 s
uniformly integrable and the proof is finished.
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