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Abstract

The main objective of this paper is to control an infectious disease
by carrying out a vaccination program in a SIRS model where primary
and secondary infected (or susceptible) individuals are different in in-
fectivity (or susceptibility) and recovery rate. Vaccination program to
be performed by vaccinating two different percentages of primary and
secondary susceptible individuals. To understand the behavior of in-
fection we compute the basic reproduction number R0, and discuss it’s
relationship with the existence, stability and bifurcation of equilibriums.
Also we obtain a threshold for vaccine coverage percentage in order the
infection to be controlled.

Mathematics Subject Classification: 92D25, 92D30
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1 Introduction

Epidemiology is the branch of biology which deals with the mathematical mod-
eling of spread of diseases. Many problems arising in epidemiology may be de-
scribed, in a first formulation, by means of differential equations. This means
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that the models are constructed by averaging some population and keeping
only the time variable. To the best of our knowledge the first mathematical
model of epidemiology was formulated and solved by Daniel Bernoulli in 1760.
Since the time of Kermack and McKendrick [7], the study of mathematical
epidemiology has grown rapidly, with a large variety of models having been
formulated and applied to infectious disease [2, 16]. Unfortunately, sometimes
even the simplest mathematical models of natural phenomena with sets of first
order ordinary differential equations are non integrable. Nucci and Leach [12]
have discussed these features and obtained an integrable SIS model by apply-
ing lie analysis. Many other mathematical tools such as stability theory [10],
bifurcation theory [6], Lyapunov method [8], Poincare Bendixon type theo-
rems [4], index and topological concepts can be used to study these differential
equations arising in biology. There is an extensive literature concerning epi-
demiological models. Considerable attention has been given to these models
by several authors see [2, 11]. As far as we know, there is no analytic solution
of these models, as mentioned by singh [14].
consider a population which remains constant and which is divide into three
classes: the susceptible individuals, denoted by S, who can catch the diseases,
the infected individuals, denoted by I, who are infected and can transmit the
disease to the susceptible individuals, and the removed class, denoted by R,
who had the disease and recovered or died or have developed immunity or have
been removed from contact with the other classes. Since from the modeling
perspective only the overall state of a person with respect to the disease is
relevant, the progress of individuals is schematically described by

S −→ I −→ R

These types of models are known as SIR models. This model is deterministic.
In the SIS models, the infected individuals I, return to the susceptible class S,
on recovery because the disease confers no immunity against reinfection. Such
models are more effective for diseases caused by bacteria or helminth agents
and also for most sexually transmitted disease. The progress of individuals in
this model is schematically described by

S −→ I −→ S

Kermack and McKendrick [7] provided the mathematical models for SIR and
SIS.
The basic reproduction number R0, is arguably the most important quantity
in infectious disease epidemiology. It is among the quantities most urgently
estimated for emerging infectious diseases in outbreak situations, and its value
provides insight when designing control intervention for established infections.
From a theoretical point of view R0, plays a vital role in the analysis of, and
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consequent insight from, infectious disease models. There is hardly a paper on
dynamic epidemiological models in the literature where R0, does not play a
role. R0, is defined as the average number of new cases of an infection caused
by one typical infected individual, in a population consisting of susceptible
individuals only, or equivalently the ratio of the rate of infection to the rate of
recovery. A basic result in modern epidemiology is the existence of a threshold
value for the basic reproduction number such that if R0, is below the threshold,
an epidemic outbreak does not follow the introduction of an infected individual
in the community [3, 5, 9, 15]. Recently in [2, 3] a new approach for computing
R0 is presented that we explain it here by an example, consider the following
SEI model with a latent category

d

dt
S = μN − μS − β

SI

N
,

d

dt
E = β

SI

N
− (μ + ν)E,

d

dt
I = νE − μI.

where S, E, I and N denote the size of susceptible, latently infected, infected
and total population respectively, the Greek letters are the infection parame-
ters, that we will explain them in our model. The second and third equations
are called the infection subsystem. The infection free equilibrium is E = I = 0,
S = N by replacing S with N in the infection subsystem the following system
is obtained and called the linearized infection subsystem

d

dt
E = βI − (ν + μ)E,

d

dt
I = νE − μI.

The linearized infection subsystem is written in the form d
dt

X = (T + Σ)X
where X = (E, I)T , and T , Σ are 2 × 2 matrices where T is computed in this
case: by showing the infection states E, I respectively by 1, 2 and supposing
that an infected individual of type j introduced to a infection free community,
the rate at which this individual produce infected individuals of type i, is the
entry Tij . So Tij = 0 when no new cases produced by an individual in infected
state j can be in infected state i immediately after infection. By regarding the
linearized infection subsystem and T , Σ can be obtained. In this example

T =

(
0 β
0 0

)
, Σ =

( −(μ + ν) 0
ν −μ

)
.

Then the next-generation matrix with large domain, KL, is introduced with
KL = −TΣ−1 and the basic reproduction number R0, is the dominant eigen-
value of KL, in this example R0 = βν/(μ(μ + ν)). In [13] the authors have
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considered an infectious disease with this assumption: the individuals that
being infected for the first time (primary infected) and the individuals which
having experienced the infection at least once before (secondary infected) are
different in recovery rate and infectivity also they have supposed the infection
hasn’t vertical transmission, so newborns are primary susceptible, to control
the infection they have considered a vaccination program such that a constant
percentage of newborns are vaccinated, the aim of [13] is investigating the pro-
gram success. [1] has concentrated on a more generally vaccination program
which involves [13] as an special case, in [1] there is an infectious disease in a
population with the same differences between primary and secondary infected
individuals, as [13] where vertical transmission doesn’t exist. To control the
infection, a vaccination program is done such that a constant percentage of
primary susceptible are vaccinated, note that vaccination program in [13] is
the limited vaccination program in [1] for newborns. In this paper we consider
more generally conditions for infection and more covering vaccination program.
We give a brief outline of the paper: we have an infection in a population with
constant size such that the infection is not fatal, the acquired immunity disap-
pears as time goes on, the incidence rate is linear, in fact proportional to the
density of infected and susceptible individuals, there is vertical transmission
(some of infections, such as Pertussis, Salmonellosis, Shigellosis, Tuberculose,
Sarcoidosis, Anthrax do not have vertical transmission but some of them such
as HIV, Hepatitis, Syphilis, Toxoplasmosis, Cytomegalovirus, Rubella, Liste-
riosis have vertical transmission therefore this paper is a good supplement to
[1]), primary and secondary infected individuals have difference in infectivity
and recovery rate and primary and secondary susceptible individuals have dif-
ference in susceptibility. To control the infection we carry out a vaccination
program such that a constant percentage of primary and a different constant
percentage of secondary susceptible individuals are vaccinated simultaneously
(in [1] only a constant percentage of primary susceptible individuals have vac-
cinated so in this sense this paper is more complete). A number of most
important questions that arise are:
(1) When we should start the program?
(2) What is the minimum vaccination coverage to have a successful program?
(3) If we can increase the vaccination coverage whatever we want?
(4) When we can be sure that the infection will remove?
(5) When the program fails and a pandemic may happen?
The main objective of this paper is answering to these questions. A short
answer is if R0(1) < 1 < R0(0) we must start the program with p = p1; here
R0(p) is the basic reproduction number, p is the vaccination coverage and p1

will be introduced in section 4. In this case, we may also increase p whatever
we want to make infection damping process faster. Finally we will see that
R0(p) < 1 or R0(p) > 1 respectively mean that ”the infection will be removed
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automatically” or ”a pandemic will occur eventually”; thus passing through
R0(p) = 1 a biological bifurcation occurs in the pattern of pandemic.

2 Formulation of the model and the basic re-

production number

Consider a community in which there is difference between individuals being
infected for the first time (primary infected) and individuals having experi-
enced the infection at least once before (secondary infected). Hence the total
population is subdivided into: individuals who have never experienced the
infection(primary susceptible, whose population is S1), primarily infected in-
dividuals (whose population is I1), recovered individuals (whose population is
R), individuals who have lost their acquired immunity (secondary susceptible,
whose population is S2), secondary infected individuals (whose population is
I2) and vaccinated individuals (whose population is V ). If we show the total
population by N(t) and suppose homogenous mixing of population we have: at
time ”t” a parturient with probabilities (I1(t)+I2(t))/N(t),(S1(t)+S2(t))/N(t)
and (V (t) + R(t))/N(t) respectively is infected, susceptible and immune. By
vertical transmission, antibody and antigen are transferred from mothers to
fetuses therefore infected, susceptible and immune mothers respectively will
have I1, S1 and V neonates, if we assume that individuals to be born with
rate μ, the portion of S1, I1 and V of newborns respectively is μ(S1 + S2),
μ(I1 + I2) and μ(R + V ). Also we suppose that individuals in S1 die with rate
μ and get infected with primary rate of infection λ(t) = k(I1 + rI2), where k
is the transmission rate of I1 and r is the relative infectivity of I2 with respect
to I1, also they get vaccinated with rate p. Individuals in I1 die with rate
μ (the infection is not fatal) and recover with rate α. Individuals in R die
with rate μ and lose their immunity with rate σ, to become S2. Individuals
in S2 die with rate μ and get infected with secondary rate of infection gλ(t),
where g represents the relative susceptibility of S2 with respect to S1 and get
vaccinated with rate gp. Individuals in I2 die with rate μ (the infection is not
fatal) and recover with rate qα where q represents the relation of the recovery
rate of I2 to the recovery rate of I1 and finally individuals in V die with rate
μ and lose their immunity and become S2 with rate bσ the parameter b rep-
resents the relative loss of immunity of V with respect to R. If b = 0, then
the vaccine conveys life long protection, while a value of b = 1 means that the
vaccine induced immunity lasts as long as natural immunity. All parameters
r, b, g and q are dimensionless. If r > 1, then I2 have higher transmissibility
than I1 and vice versa. However, If q > 1, then the infectious period of I2

is shorter than that of I1 and vice versa. Finally, a value of g < 1 means
that S2 have reduced susceptibility and vice versa. We restrict ourselves to
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the case g < 1. If we show the proportion of subpopulation i.e. I1(t/μ0)/N ,
I2(t/μ0)/N , S1(t/μ0)/N , R(t/μ0)/N , V (t/μ0)/N and S2(t/μ0)/N (where μ0 is
a quantity with dimension ”time” and value ”1”) again by I1, I2, S1, R, V
and S2 then we have the following dimension less system

d

dt
I1 = λ(t)S1 + μI2 − αI1,

d

dt
I2 = gλ(t)S2 − (μ + qα)I2,

d

dt
S1 = μS2 − (p + λ(t))S1, (1)

d

dt
R = αI1 + qαI2 − (σ + μ)R,

d

dt
V = pS1 + μR + gpS2 − bσV,

d

dt
S2 = bσV + σR − (gp + μ + gλ(t))S2.

λ(t) = κ(I1 + rI2) where κ = Nk. Clearly I1 + I2 + S1 + R + V + S2 = 1 all
parameters and all subpopulation proportions are nonnegative. The solutions
of system (1) exist and remain nonnegative for nonnegative initial conditions.

Figure. 1 compartmental model to show the transitions between model states

The basic reproduction number denoted by R0, is the average number of new
cases produced by an infected case, during the infection period, when intro-
duced into a infection free population with a vaccination program [9]. Model
(1) has the infection free equilibrium

E0 = (I0
1 , I

0
2 , S

0
1 , R

0, V 0, S0
2)

= (0, 0,
bμσ

bμσ + p(μ + bσ + gp)
, 0,

p(μ + gp)

bμσ + p(μ + bσ + gp)
,

bpσ

bμσ + p(μ + bσ + gp)
). (2)
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based on the general approach in [2, 3] that we explained in section (1) we
have T and Σ as

T =

(
κS0

1 rκS0
1

gκS0
2 rgκS0

2

)
, Σ =

( −α μ
0 −(qα + μ)

)
.

hence KL is given by

KL = −TΣ−1 =

(
κS0

1 rκS0
1

gκS0
2 rgκS0

2

) (
1/α μ/α(qα + μ)
0 1/(qα + μ)

)

=

(
κS0

1/α κS0
1((μ/α) + r)/(qα + μ)

gκS0
2/α gκS0

2((μ/α) + r)/(qα + μ)

)
.

so R0, is given by

R0(p) = ρ(KL) =
κS0

1

α + μ
+ rg

κS0
2

qα + μ
=

bκσ(μ(qα + μ) + gp(rα + μ))

α(qα + μ)(p(gp + μ) + bσ(p + μ))
. (3)

In the following subjects R0(p), plays an important role. In section (3) we
investigate the relationship between R0(p) and the existence and stability of
infection free equilibrium E0, precisely we show that R0(p) < 1 with condition
(6) imply the global stability of E0, which grantees the program success, in
section (4) we obtain necessary condition to start the vaccination program also
threshold p1, such that if p > p1, then R0(p) < 1, and finally in section (5)
by numerical simulation we conclude that R0(p) < 1, singly is sufficient for
global stability of infection free equilibrium E0, also R0(p) > 1, is sufficient for
existence of endemic equilibrium E1, so the model has backward bifurcation
in p1. We summarize the main results in the following main theorem.
Main theorem Consider the two stages SIRS model (1), we have:
(a) The necessary condition to start vaccinating is: R0(1) < 1 < R0(0).
(b) For program success we must vaccine at least p1, percentage of S1 and
gp1, percentage of S2, also increasing the vaccine coverage can not leads to
undesired results.
(c) R0(p) < 1, with condition (6) imply the global stability of infection free
equilibrium which grantees the program success.
(d) In p1, model (1), has a backward bifurcation, if p < p1, then system has
two equilibriums and if p > p1, it has one equilibrium.

3 Infection free Equilibrium, existence and sta-

bility

In this section we investigate the relationship between R0(p), and stability of
E0. Since the size of population is constant we can reduce model (1) to a
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model with lower dimension as follows

d

dt
I1 = λ(t)S1 + μI2 − αI1,

d

dt
I2 = gλ(t)S2 − (μ + qα)I2,

d

dt
S1 = μS2 − (p + λ(t))S1, (4)

d

dt
R = α(I1 + qI2) − (σ + μ)R,

d

dt
S2 = bσ − bσI1 − bσI2 − bσS1 − σ(b − 1)R − (gλ(t) + μ + gp + bσ)S2.

we peruse (4) in the following region

Ω = {(I1, I2, S1, R, S2) : I1, I2, S1, R, S2 ≥ 0, I1 + I2 + S1 + R + S2 ≤ 1}.
if F0 = (0, 0, bμσ/(bμσ + p(gp + μ + bσ)), 0, bpσ/(bμσ + p(gp + μ + bσ))
The linear part of (4) a F0 is as follows.

⎛
⎜⎜⎜⎜⎜⎝

−α + bκμσ
p(gp+μ)+bσ(p+μ)

μ + bκrμσ
p(gp+μ)+bσ(p+μ)

0 0 0
bgκpσ

p(gp+μ)+bσ(p+μ)
−qα − μ + bgκprσ

p(gp+μ)+bσ(p+μ)
0 0 0

− bκμσ
p(gp+μ)+bσ(p+μ)

− bκrμσ
p(gp+μ)+bσ(p+μ)

−p 0 0

α qα 0 −(μ + σ) 0

−bσ − bgκpσ
p(gp+μ)+bσ(p+μ)

−bσ − bgκprσ
p(gp+μ)+bσ(p+μ)

−bσ (1 − b)σ −(μ + bσ + gp)

⎞
⎟⎟⎟⎟⎟⎠

.

The eigenvalues are r1 = −(σ + μ) < 0 and r2, r3 which are the roots of the
equation

r2 + B1r + C1 = 0,

B1 = bσ + p + gp + μ,

C1 = bpσ + gp2 + bμσ + pμ.

since all of coefficients are positive the real parts of r2 and r3 are negative, r4,
r5, which are the roots of the following equation

A2r
2 + B2r + C2 = 0,

A2 = gp2 + pμ + bpσ + bμσ,

B2 = gp2α + gp2qα + gp2μ + pαμ + pqαμ + pμ2 − bgprκσ + bpασ + bpqασ − bκμσ + bpμσ

+ bαμσ + bqαμσ + bμ2σ,

C2 = gqp2α2 + gp2αμ + pqμα2 + pαμ2 − bgprασκ + bpqσα2 − bgpκμσ + bpαμσ − bqκαμσ

+ bqα2μσ − bκμ2σ + bαμ2σ.
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Since A2 is positive, if B2 and C2 are positive then real parts of r4 and r5

are negative and if C2 is negative then real part of r4 or r5 is positive. The
positivity of B2 and C2 are respectively equivalent to the following conditions

R0(p) − 1 <
μ + gpμ2 + gpαμ(1 + q) + α(gprα + q + 2)

α(gpr(qα + μ) + 1)
⇔ B2 > 0

R0(p) − 1 < 0 ⇔ C2 > 0

so the local stability of E0, is determined by the following proposition.

Proposition 3.1 The infection free equilibrium E0, exists for all parameter
values. It is locally stable if and only if R0(p) < 1.

Obviously (S1, R, S2) space is an invariant manifold for model (4). By project-
ing (4) on this space, we have the following system.

d

dt
S1 = μS2 − pS1,

d

dt
R = −(σ + μ)R, (5)

d

dt
S2 = −bσS1 − (gp + bσ + μ)S2 − σ(b − 1)R + bσ.

(5) is a linear system with only one equilibrium (S0
1 , R

0, S0
2), where the eigen-

values at it are r1 = −(σ + μ) and r2, r3 which are the roots of the equation

r2 + B3r + C3 = 0

B3 = bσ + μ + gp + p,

C3 = bpσ + bσμ + pμ + gp2.

similarly, every coefficients are positive so real part of eigenvalues are negative,
hence (S0

1 , R
0, S0

2) is stable namely, every solution of (5), converges to it. In
other word every solution of (4), that is contained entirely in (S1, R, S2) space,
converges to F0. If we can obtain conditions that, every solutions of (4) ap-
proaches (S1, R, S2) space, by the continuity with respect to the initial values,
we conclude that every solution of (4), converges to F0, therefore F0 is globally
stable. If we suppose

α > κ(1 + g) max(1,
r

q
) (6)

then we have

d(I1 + I2)

dt
= I1(κS1 − α + gκS2) + I2(rκS1 + rgκS2 − qα) < 0.
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if γ(t) = (I1(t), I2(t), S1(t), R(t), S2(t)) is a solution of (4), then I1(t) + I2(t)
converges to zero as t → ∞, therefore γ(t) approaches (S1, R, S2) space. So
the global stability of E0 is determined by the following proposition.

Proposition 3.2 If R0(p) < 1 and (6) is satisfied then the infection free
equilibrium is globally stable. So part (c) of main theorem is satisfied.

Conjecture 3.3 we guess R0(p) < 1 singly is sufficient for global stability
of E0, and R0(p) > 1 implies that there exist one endemic equilibrium point E1,
but we can not present sufficient mathematical reasons, numerical simulation
confirm the guess (see section (5)).

Remark 3.4 By proposition (3.1) if R0(p) > 1, E0 is unstable so the max-
imum dimension of it’s stable manifold is 4, since every four dimensional sub-
manifold of R

5 has lebesgue measure zero, almost every solution of (4) in a
neighborhood of E0 doesn’t belong to it’s stable manifold, in other word, almost
every solution of (4) in a neighborhood of Eo repelled from a neighborhood of
E0 namely, if R0(p) > 1 introducing even few infected individuals into a in-
fection free population with a dual vaccination program might bring it into a
pandemic.

4 Vaccination coverage threshold

In this section we find firstly, necessary condition to start vaccinating and
secondly, a threshold for vaccine coverage percentage p1, such that, if few in-
fected individual is introduced to a completely susceptible community with a
dual vaccination program, a pandemic doesn’t happen, if R0(0) < 1 by propo-
sition (3.2) and conjecture (3.3) vaccination isn’t necessary, then we suppose
R0(0) > 1, but this question arises ”does exist any p such that R0(p) < 1”?
By (3) we have R0(p) > 1, = 1, < 1 respectively equivalent to

Ap2 + Bp + C < 0, = 0, > 0 (7)

A = gqα2 + gαμ,

B = qα2μ + bqσα2 + αμ2 + bαμσ − bgrκασ − bgκμσ,

C = bqα2μσ + bαμ2σ − bκμ2σ − bqκαμσ.

Since A is positive then Ap2 +Bp+C > 0 takes place out of it’s roots, we show
it’s roots by p0 < p1, certainly p0 < 0, otherwise 0 is out of roots so R0(0) < 1
which is contrary to assumption, hence (7) has at most one root in (0, 1), if
p1 ∈ (0, 1) for every p ∈ (p1, 1), we have ∂

∂p
R0(p) < 0, so R0(p) is decreasing



The control of an infectious disease in a two stages SIRS model 707

on (p1, 1), then certainly R0(1) < 1, vice versa if R0(1) < 1, obviously there
exist a p such that R0(p) < 1. Therefore the necessary condition to start
vaccinating is R0(1) < 1 < R0(0), also if we want to start vaccinating we must
vaccine p percent of S1, and gp percent of S2, where p1 < p < 1. Accordingly
we can increase the vaccine coverage percentage whatever we want therefore
the vaccine can not be a source of infection.

Proposition 4.1 R0(1) < 1 < R0(0) is necessary for caring out the vac-
cination program and to avoiding a pandemic when few infected individuals
introduced into a completely susceptible community with a dual vaccination
program, we must have p > p1. This proposition satisfy parts (a) and (b) of
main theorem.

5 Numerical simulation; global stability of in-

fection free equilibrium and backward bifur-

cation

In this section we show the validity of conjecture (3.3) by numerical compu-
tation. In table (1) we correspond numerical values to parameters of model
(4), in each row the necessary condition for vaccinating is satisfied, the table
shows that, R0(p) > 1 if and only if there is an endemic point, this is one part
of conjecture and subsequently results model (4), has backward bifurcation in
p1 (see table1). For the other part of conjecture (global stability of E0), we
again correspond numerical values to parameters such that, R0(p) < 1 and (6)
is’t satisfied. If we set the parameters in the first row of table withe p = 0.4
in (4) then the situation is that we wish, and the following system is obtained

d

dt
I1 = 0.9I1S1 + 1.7I2S1 + 0.1I2 − 0.2I1,

d

dt
I2 = 0.675I1S1 + 2.43675I2S1 + 0.42I2,

d

dt
S1 = 0.1S2 − 0.4S1 − 0.9I1S1 − 1.71I2S1, (8)

d

dt
R = 0.2I1 + 0.22I2 − 0.35R,

d

dt
S2 = −0.0625I1 − 0.625I2 − 0.0625S1 + 0.046875R

− 0.675I1S2 − 2.43675I2S2 − 0.4625S2 + 0.0625.

with reference to table E0 = (0, 0, 0.0327, 0, 0.1307), for global stability of E0,
a number of solutions of (8) with the following initial values are computed and
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for these solutions the graph of each component is plotted in a figure. (see
figures 2,3,4,5,6)

(I1(0), I2(0), S1(0), R(0), S2(0)) = (0.0967, 0.0144, 0.0484, 0.1592, 0.0231),

(I1(0), I2(0), S1(0), R(0), S2(0)) = (0.1830, 0.4379, 0.1396, 0.1992, 0.1776),

(I1(0), I2(0), S1(0), R(0), S2(0)) = (0.1118, 0.1766, 0.1835, 0.1375, 0.1205),

(I1(0), I2(0), S1(0), R(0), S2(0)) = (0.0111, 0.0949, 0.0841, 0.1447, 0.1097),

(I1(0), I2(0), S1(0), R(0), S2(0)) = (0.0285, 0.1580, 0.1775, 0.1576, 0.2216).

as figures[2,3,4,5] show every solution goes to E0.

Remark 5.1 By numerical simulation, (4) has a backward bifurcation in
p = p1 since if p > p1 it has only one equilibrium E0, and if p < p1 it has
two equilibriums E0, E1. Also numerical simulation shows R0(p) < 1 singly is
sufficient for global stability of E0. Thus part (d) of main theorem is satisfied.

Figure 2. lim I1(t)t→∞ = 0

Figure 3. lim I2(t)t→∞ = 0
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Figure 4.lim S1(t)t→∞ = 0.0327

Figure 5. lim S2(t)t→∞ = 0.1307

Figure 6. lim R(t)t→∞ = 0
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Parameters Minimum Vaccine coverage Equilibrium(s)
vaccine cover-
age

Reproduction num-
ber

b = 0.25 κ = 0.9
g = 0.75 μ = 0.1
q = 1.1 α = 0.1
r = 1.9 σ = 0.25

P1 =
0.3018

P = 0.1;
R0(P ) = 1.9922

E0 = (0, 0, 0.2083, 0, 0.2083)
E1 = (0.1089, 0.1014, 0.04292, 0.1259, 0.1594)

P = 0.4;
R0(P ) = 1.8088

E0 = (0, 0, 0.0327, 0, 0.1307)
E1: Doesn’t exist

b = 1.25 κ = 1
g = 0.05 μ = 0.15
q = 0.1 α = 0.3
r = 1.1 σ = 0.4

P1 =
0.3912

P = 0.38;
R0(P ) = 1.0159

E0 = (0, 0, 0.2278, 0, 0.5771)
E1 = (0.0052, 0.0010, 0.2233, 0.0029, 0.5751)

P = 0.41;
R0(P ) = 0.9749

E0 = (0, 0, 0.2143, 0, 0.5859)
E1: Doesn’t exist

b = 0.5 κ = 0.15
g = 0.2 μ = 0.05
q = 0.5 α = 0.1
r = 0.1 σ = 0.85

P1 =
0.0263

P = 0;
R0(P ) = 1.5

E0 = (0, 0, 1, 0, 0)
E1 = (0.1151, 0.0077, 0.6400, 0.01322, 0.2224)

P = 0.1;
R0(P ) = 0.5586

E0 = (0, 0, 0.3003, 0, 0.6007)
E1: Doesn’t exist

b = 0.5 κ = 0.15
g = 0.2 μ = 0.05
q = 0.5 α = 0.1
r = 0.1 σ = 0.85

P1 =
0.0114

P = 0.01;
R0(P ) = 1.0849

E0 = (0, 0, 0.3703, 0, 0.3703)
E1 = (0.0008, 0.0002, 0.3380, 0.0273, 0.3758)

P = 0.012;
R0(P ) = 0.9655

E0 = (0, 0, 0.3238, 0, 0.3886)
E1: Doesn’t exist

b = 1.5 κ = 2
g = 0.9 μ = 0.9
q = 1.5 α = 0.9
r = 0.05 σ = 0.6

P1 =
0.6185

P = 0.5;
R0(P ) = 1.1256

E0 = (0, 0, 0.4186, 0, 0.2325)
E1 = (0.0335, 0.0062, 0.3634, 0.0257, 0.2292)

P = 0.7;
R0(P ) = 0.9276

E0 = (0, 0, 0.3226, 0, 0.2509)
E1: Doesn’t exist

Table 1: Numerical simulation confirms the conjecture (3.3)
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