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Abstract
The aim of this paper to introduce the concept of almost (g, g1’ )7")-
homeomorphism on bigeneralized topological space. Also, we introduce
the concept of (u, )™ -homeomorphism on bigeneralized topologi-
cal space. Basic properties, characterizations and relationships between
(1, 1) ™) -homeomorphism and almost (s, 11" ) ™™ -homeomorphism are
obtained.
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1 introduction

A. Csafszaf [3] introduced the concepts of generalized neighborhood systems
and generalized topological spaces. He also introduced the concepts of con-
tinuous functions and associated interior and closure operators on generalized
neighborhood systems and generalized topological spaces. In particular, he
investigated characterizations for the generalized continuous function by us-
ing a closure operator defined on generalized neighborhood systems. In [4] |
he introduced and studied the notions of g-a-open sets, g-semi-open sets, g-
preopen sets and g-(F-open sets in generalized topological spaces. W. K. Min
6] introduced the notion of almost (g, ¢')-continuity and investigated proper-
ties of such functions and relationships among (g, g')-continuity, almost (g, g')-
continuity and weak (g, g')-continuity. C. Boonpok [1] introduced the concept
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of bigeneralized topological spaces and studied (m.n)-closed sets and (m.n)-
open sets in bigeneralized topological spaces. He also introduced the notion
of weakly open functions on bigeneralized topological spaces and investigated
properties of such functions. Recently, in 2011, T. Duangphui and at al [5] in-
troduced the notions of (u, u')™™-continuous, almost (p, u')"™™-continuous
and weakly (u, ,u')(m’")—continuous functions. They obtained many characteri-
zations and properties of such functions. In this paper, we introduce the con-
cepts of (p, p')™™-homeomorphism and almost (p, #')™™-homeomorphism
on bigeneralized topological spaces. We obtain several characterizations and
properties of almost (u, ,u')(m’”)—homeomorphism. Moreover, many terms are
reduced when we use the term of pairwise almost (u, 11’ )™™-homeomorphism
instead of the term of almost (y, 1 )™™-homeomorphism as we see through
this paper.

2 Preliminaries

Definition 2.1. [3] Let X be a nonempty set and p a collection of subsets of
X. Then p is called a generalized topology (briefly GT) on X if and only if
0 € pandV; e pforiel#0implies |, ; Vi € p. We call the pair (X, ) a
generalized topological space (briefly GT'S) on X. The elements of p are called
p-open sets and the complements are called p-closed sets.

The closure of a subset A in a generalized topological space (X, ), denoted
by ¢, (A), is the intersection of generalized closed sets including A, i.e., the
smallest pi-closed set containing A. The interior of A, denoted by i, (A), is
the union of generalized open sets contained in A, i.e., the largest p-open set
contained in A.

Proposition 2.1. [6] Let (X, u) be a generalized topological space. For subsets
A and B of X, the following properties hold.

(1) ¢, (X —A) =X —i,(A) and i, (X —A) =X —c, (A);

(2)if X — A€ p, then ¢, (A) = A and if A € p, then i, (A) = A;

(3) If AC B, then ¢, (A) C ¢, (B) and i, (A) C i, (B);

(4) ACc,(A) and i, (A) C A;

(5) cu (e (A)) = ¢, (A) and iy, (i, (A)) = iy (A).

Proposition 2.2. [6] Let (X, p) be a generalized topological space and A C X.
Then

(1) x € i, (A) if and only if there exists V € p such that v € V C A;

(2) x € c, (A) if and only if VN A#D for every p-open set V' containing x.

Definition 2.2. [1] Let X be a nonempty set and p4, p2 be generalized topolo-
gies on X. A triple (X, o) is said to be a bigeneralized topological space
(briefly BGT'S).
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Let (X, 1, u2) be a bigeneralized topological space and A a subset of X.
The closure of A and the interior of A with respect to u,, are denoted by
Cun(A) and 4, (A), respectively, for m =1, 2.

Definition 2.3. [1] A subset A of a bigeneralized topological space (X, 1, pi2)
is called (m,n)-closed if ¢, (c,, (A)) = A, where m,n = 1,2 and m # n. The
complement of (m,n)-closed set is called (m,n)-open.

Definition 2.4. [1] A subset H of a bigeneralized topological space (X, 1, pi2)
is said to be: (i) fi(mn)-reqular open if H = i,, (c,,(H)), where m,n = 1,2
and m # n.

(i1) fe(m,n)-semi-open if H C ¢, (i,,, (H)), where m,n = 1,2 and m # n.
(iii) fi(m,n)-peropen if H C iy, (¢, (H)), where m,n = 1,2 and m # n.

(iv) u(mn -a-open if H C i, (c,, (i,,,(H))), where m,n = 1,2 and m # n.

(V) p B-open if H C ¢, (i, (cu, (H))), where m,n = 1,2 and m # n.

Definition 2.5. [5] Let (X, %, p%) and (Y, i, p3-) be bigeneralized topologi-
cal spaces. A function f : (X, pk, p%) — (Y, pd-, i) is said to be (p, p/) ™) -
continuous at a point x € X if for each p{*-open set V' containing f(z), there
exists a py-open set U containing x such that f(U) C V', where m,n = 1,2
and m # n.

A function f : (X, k., pk) — (Y, pd-, pi3-) is said to be (p, ') "™™ -continuous
if it has this property at each point = € X.

A function f : (X, u, p%) — (Y, i, p?) is said to be pairwise (pu, p") ™™ -
continuous if f is (u, )M -continuous and (p, ') *V-continuous.

Theorem 2.1. [5] For a function f: (X, uk, %) — (Y, 3, 3 the follow-
ing properties are equivalent:

(1) f is (u, ') ™™ -continuous;

(2) F(V) = iy (1 (V) for cvery V €

(8) [ (i (B)) € iyn (f~H(B)) for every subset B of Y,

(4) cun (fH(F)) = fH(F) for every pyt-closed subset F' of Y.

Definition 2.6. [5] Let (X, uk, %) and (Y, ui-, pi3-) be bigeneralized topolog-
ical spaces. A function f : (X, uk, u3%) — (Y, ui, u¥) is said to be almost
(i, u/)(m’”)—continuous at a point x € X if for each puj*-open set V' containing
f(x), there exists a u%-open set U containing x such that f(U) C iym(c.m (V)),
where m,n = 1,2 and m # n.

A function f: (X, pk, p%) — (Y, pd, pi2.) is said to be almost (p, pu' )™ -
continuous if it has this property at each point x € X.

A function f : (X, puk,p4%) — (Y, pui,p3) is said to be pairwise al-
most (j, 1) ™™ -continuous if f is almost (u, p')-continuous and almost
(11, ') >Y-continuous.
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Theorem 2.2. [5] For a function f: (X, uk, u%) — (Y, i, i) the follow-
ing properties are equivalent:
(1) f is almost (p, ' )"™™ -continuous;

(2) f7H(V ) C iy (f (i (e (V1)) for every V€ pi?;

(3) en (f~ (Cuy( e (F)))) € f~HF ) for every i -closed subset F' of Y ;

(4) e (f~Hewp (g (cup (B))))) € fHewp (B)) for every subset B of Y ;

(5) f_l(Z n(B )) - ZMX( (Zuy( Ny(zﬂy( ))))) for every subset B of Y ;

(6) f~H(V ) is a Wy -open subset of X for every fim ) -reqular open subset V' of

Y,
(7) [7HF) is a p%-closed subset of X for every iy, -reqular closed subset F
of Y.

3 Almost (p, i)™ -homeomorphisms

Definition 3.1. Let (X, uk, u%) and (Y, pi-, u?) be bigeneralized topological
spaces. A bijection f : (X, uk,p%) — (Y, ps-, pi2) is said to be (p, p')™™-
homeomorphism if f is (p, i) ™™ -continuous and £~ is (u, p' )™ -continuous.

A function f : (X, ., p%) — (Y, i, p?) is said to be pairwise (p, p") ™™ -
homeomorphism if f is (ju, i1’ )2 -homeomorphism and (u, i) *"-homeomorphism.

Proposition 3.1. A bijection f : (X, uk,p%) — (Y, ud, u¥) is pairwise
(11, 1) ™™ -homeomorphism if and only if both f and f~ are pairwise (u, p') ™™ -
conlinuous.

Proof. Obvious from Definition 2.5 and Definition 3.1. U

Lemma 3.1. For a function f : (X, uk,pu%) — (Y, ui, ud) the following
properties are equivalent:

(1) f=% is (u, ') ™™ -continuous;

(2) f(U) = ium (f(U)) for every U € p;

(3) fliun (A)) Cium(f(A)) for every subset A of X;

(4) cum (f(H)) = f(H) for every j’x-closed subset H of X.

Proposition 3.2. For any bijection [ : (X, u’, pu%) — (Y, uy-, p2) the fol-
lowing properties are equivalent:

(1) f is (u, ') ™™ -homeomorphism;

(2) [ iy (B)) = iyn (f71(B)) for every subset B of Y';

(3) fliyn (A)) = ium(f(A)) for every subset A of X.

Proof. (1) = (2) Let B be any subset of Y. By Theorem 2.1(3), f~' (i, (B)) €
iy (f71(B)). By Lemma 3.1(3), f(iun f~H((B)) C i (f(f~1(B)) since f~" is
(p, 1) ™™-continuous and f~'(B) is a subset of X. Thus, i,y (f~'(B)) C
S~ (i (B)). Hence, f= (i (B)) = iy (f7(B)).

(2) <= (3) Obvious.

(2) = (1) It follows immediately from Theorem 2.1(3) and Lemma 3.1(3). O
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Definition 3.2. Let (X, puk,p%) and (Y, ui-, u3) be bigeneralized topologi-
cal spaces. A bijection f : (X, uk, u%) — (Y, ui-, 42 ) is said to be almost
(11, 12 )™ -homeomorphism if f is almost (u, g )™™-continuous and f~' is
almost (p, ') ™™)-continuous.

A function f : (X, uk,p%) — (Y, 13-) is said to be pairwise almost
(11, 1) ™™ -homeomorphism if f is almost (p, u')™?-homeomorphism and al-
most (p, p1')*Y-homeomorphism.

From the above definitions of (u, z«') ™™ -homeomorphism and almost (s, p')(™"-
homeomorphism, we have the following implication but the reverse relation
may not be true in general:

(14, 42') ™™ -homeomorphism == almost (u, ') ™™-homeomorphism.

Example 3.1. Let X =Y = {a,b,c}, puk = {0,{a},{b,c},X}, p% =

{Q)v {0} .{a, b}, {b,c}, X}, :u%/ = {®7 {a}. {0}, {a, b}, {b,c}, X}, :U%/ = {®7 {c}.{a,c}t}
Let f: (X, uk, p%) — (Y, ), 4d) be the identity function. Then f is almost

(11, 4 )M?-homeomorphism but it is not (u, g')™?-homeomorphism.

Theorem 3.1. A bijection f: (X, uk, u%) — (Y, p3-, p2) is pairwise almost
(11, 12 )™ -homeomorphism if and only if both f and f~' are pairwise almost
(11, 1) ™™ -continuous.

Proof. Obvious from Definition 2.6 and Definition 3.2. U

Lemma 3.2. For any bijection f : (X, uk, p%) — (Y, us-, u2) the following
properties are equivalent:

(1) f~% is almost (p, ' )™™ -continuous;

(2) FU) € b (i (e ) Jor evry U € 1

(3) cum (f(cpm (Zu (H )))) f(H) for every p'-closed subset H of X ;

(4) ¢ (03 G (e, (AD))) € ey (4)) for every subset A of X ;

(5) f iy (A)) C typ (f(zux(cux(zux( ))))) for every subset A of X ;

(6) f(U ) is a py'-open subset of Y for every pi, m)-reqular open subset U of
X;

(7) f(H) is a py-closed subset of Y for every pupm)-regular closed subset H
of X .

Theorem 3.2. For any bijection [ : (X, pk, u%) — (Y, pi-, pi3-) the following
properties are equivalent:

(1) f is pairwise almost (u, ' )™™ -homeomorphism;

(2) f(cux( ) = Cup (f(U)) and f (Cuy (V) = Cu w(f7HV) for every figmn)-
reqular open subset U of X and for every pimn)-reqular open subset V' of Y,
where m,n = 1,2 and m # n;

(3) F iy, (H)) = g (F(H)) and £~ (i (F)) = e (f7(F)) for every ugm -
reqular closed subset H of X and for every fimn)-reqular closed subset F' of
Y, where m,n =1,2 and m # n.
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Proof. (1) = (2) Let U be any ji(m n)-regular open subset of X, where m,n =
1,2 and m # n. By Lemma 3.2(4), we have ¢, (f(U)) € f(cun (U)), since f~!
is pairwise almost (s, p')™™-continuous. For f(U) is pl-open subset of Y,
then ¢, (f(U)) i fi(mn)-regular closed subset of ¥ and hence f~! (¢, (f(U)))
is p-closed subset of X. This implies ¢, (U) € f~(cum (f(U))) and hence
fleun (U)) € e (f(U)). Consequently, f(c,n (U)) = cum(f(U)).

Let V' be any pi(mn-regular open subset of Y, where m,n = 1,2 and
m # n. By Theorem 2.2(4), we have ¢,n(f~'(V)) C f~ (¢ (V)), since f is
pairwise almost (y, u')™™-continuous. From Theorem 2.2(6), f~1(V) is p'k-
open subset of X and then ¢,n (f~"(V)) is fi(mn)-regular closed subset of X.
By the proof above, we have f~'(c,n (V) = cum (f~H(V)).
(2) = (3) Obvious.
(3) = (1) Let V' be any fi(mn)-regular open subset of Y, where m,n = 1,2
and m # n. Since ¢;n (V') 18 f(nm)-regular closed subset of Y. By (3), it follows
F i (€ (V))) = i (£ e (V). Thus, £71(V) = i (£ e (V) amd
hence f~(V) is u%-open subset of X. By Theorem 2.2(6), f is pairwise almost
(11, g1 ) ™™ -continuous.

Let U be any fumn)-regular open subset of X, where m,n = 1,2 and
m # n. Since ¢, (U) is fi(nm)-regular closed subset of X. By (3), it fol-
lows Fip (e, (UN) = iy (Fley (0)). Thus, F(U) = iy (f(ey, (0))) amd
hence f(U) is pu-open subset of Y. By Lemma 3.2(6), f~! is pairwise almost
(11, 1) ™™ -continuous.

0

Theorem 3.3. For any bijection [ : (X, puk, u%) — (Y, pi-, pi3-) the following
properties are equivalent:

(1) f is pairwise almost (u, p') ™™ -homeomorphism;

(2) f(A) is pmn)-regular open subset of Y if and only if A is ji(nm)-reqular
open subset of X, where m,n =1,2 and m #n ;

(3) [7H(B) is fumm)-reqular open subset of X for every pig,m-regular open
subset B of Y, where m,n =1,2 and m # n ;

(4) For every subset A of X, where m,n = 1,2 and m # n, we have

f(iu’}( (C/L? (A)) = by (Cui} (f(A));

(5) For every subset A of X, where m,n = 1,2 and m # n, we have

f(%? (iu} (A)) = Cuy (Z.MQ” (f(A))).

Proof. We prove only the implications (1) = (2) and (3) == (1). The impli-
cations (2) = (3), (1) = (4), (4) <= (5) and (4) = (1) are straightforward.
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(1) = (2) Let A be any fi(mn)-regular open subset of X, where m,n = 1,2
and m # n. Thus, f(A) = f(iup(cum(A))). For cun (A) is i m)-regular
closed subset of X, then f(A) = i, (f(c,m(A))), from Theorem 3.3(3). By
using Theorem 3.3(2), we get f(A) = i, (c,m(f(A))). Consequently, f(A) is
[ (n,m)-regular open subset of Y.

Conversely, Let A be any subset of X such that f(A) is fi(n,m)-regular open
subset of Y, where m,n = 1,2 and m # n. By the proof above it follows A is
f(m,n)-regular open subset of X.

(3) = (1) Let A= f~1(B) be any fi(m,n»-regular open subset of X, where
m,n = 1,2 and m # n. By (3), f(A) = B is fi(nm)-regular open subset
of Y and hence f(A) is uf-open subset of Y . By Lemma 3.2(6), f~! is
pairwise almost (u, ¢’ )™™-continuous. Let B be [i(m,n)-Tegular open subset of
Y, where m,n = 1,2 and m # n. By (3), f~1(B) i fi(n,m)-regular open subset
of X and hence f~!(B) is pf-open subset of X . By Theorem 3.2(6), f is
pairwise almost (p, u')™™-continuous. Thus, f is pairwise almost (1, p)™™-
homeomorphism.

O

Theorem 3.4. For any bijection f : (X, uk,p%) — (Y, py-, p3) the follow-

ing properties are equivalent:

(1) f is almost (p, p ) ™™ -homeomorphism;

(2) T Cup (U)) = i (1 (g (U)))) and £~ (e (V))) = g (F i (e (V)
for every pi, m)-B-open subset U of X and for every ji(y, n)-B3-open subset V' of

Y;

(3) f (i (e (U))) = e (f (i (e (U))) and fﬁl(iuﬁ (Cup (V) = i (fil(iu?” (cup (V))))
Jor every pi(n m)-semi-open subset U of X and for every pum n)-semi-open subset

VoofY;

(4) F i o (U)) = g ([ (g (U)))) and £~ (i (e (V))) =y (i (e (V)
for every pig, m)-a-open subset U of X and for every jim n)-c-open subset V' of

Y;

(5) For every pig, m)-preopen subset U of X and for every fim n)-preopen subset

V of Y we have

f(iu?( (Cu? (0))) = (ny (f(zu?( (Cu? (U))))

and
f_l(ip&” (Cu’; (V) = on3 (f_l(iu?” (Cu’; (V))))-

Proof. (1) = (2) Let U be any i, )-3-open subset of X and V' be any fi(mn,n)-
3-open subset of Y. Since d,n (cm(U)) 18 finm)-regular open subset of X and
i (Cun (V7)) 38 fi(mny-regular open subset of Y, by Lemma 3.2 (6) and The-
orem 3.2(6), f(ins (€42 (U))) = (£ (i (e (D)) and F~ (i (6 (V) =
g, (7 (g (e (V)
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(2) = (3) Since every fi(n,m)-semi-open subset U of X is ji(nm)-B-open and
eVerY [i(m,n)-semi-open subset V' of Y is ji(y, ,)-B-open, it is obvious.

(3) = (4) Since every [i(n,m)-c-open subset U of X is fi(, ,)-semi-open and
eVery fi(m,n)--open subset V' of Y is fi(, ,)-semi-open, it is obvious.

(4) = (1) Let A be any subset of X and B be any subset of of Y. Since
iyn (A) 18 fi(n,m)-a-open subset of X and i,m(B) i fi(m,n)-a-open subset of Y,
by (4) we have

f(iu?( (Cu? (i/& (A4)))) = (ny (f(zu?( (Cu? (i/& (4)))))

and

f_l(iu$ (Cu’; (Zli¢(B)))) = lun (f_l(iu?‘ (Cui} (ZMQ”B)))))

Thus, f(lu’}( (A)) € iu?(f(iu’}( (C/L? (iu} (A))))) and fﬁl(iuﬁ(B)) C tun (fil(ip&” (Cui} (ZH¢B)))))
From Lemma 3.2(5) and Theorem 2.2(5), f is almost (u, 1) ™™ -homeomorphism.

(1) = (5) Obvious.

(5) = (1) Let U be any ji(nm)-regular open subset of X and V' be any
H(m,n)-regular open subset of Y. Since U is fi(,,m)-preopen subset of X and

V' iS fi(mny-preopen subset of Y, by (5), we have f(U) = i, (f(U)) and

f7HV) = (f7H(V)). Thus f(U) is py*-open subset of Y and f~'(V) is pk-

open subset of X. Consequently, f is almost (1, ,u')(m’")—homeomorphism. O

Theorem 3.5. For any bijection [ : (X, pk, u%) — (Y, pi-, pi3-) the following
properties are equivalent:

(1) f is pairwise almost (u, ' )™™ -homeomorphism;

(2) Flinse (e (U))) = i (cup (F(U))) Jor cvery ugm my-G-open subset U of X,
where my,n = 1,2 and m # n;

(3) fliup(cm (U))) = iun (cum (f(U))) for every pigmmn)-semi-open subset U of
X, where m,n = 1,2 and m # n;

(4) fup(cun (U))) = i (cum (f(U))) for every pimmy-preopen subset U of X,

where m,n = 1,2 and m # n.

Proof. We only prove the implication (4) == (1). The implications (1) =
(2), (2) = (3), (3) = (1) and (1) = (4) are straightforward.
(4) = (1) Let A be any fi(mn)-regular open subset of X, where m,n = 1,2
and m # n. Since A is fim ) -preopen subset of X, by (4), it follows f(A) =
iy (cum (f(A))) and hence f(A) is pi(nm)-regular open subset of Y. Let f(A)
be finm)-regular open subset of Y. Then f(im(c,n (A))) = f(A) and hence
A =i,m(cm (A))). Thus, Ais pim,n-regular open subset of X. By Theorem
3.3(2), f is pairwise almost (i, ¢ )™™-homeomorphism.

U
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