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Abstract

Let T denote an operator on a Hilbert space H and let {A;} be a g-frame for
the orthogonal complement of the kernel Np. We construct a sequence of operators
{¢n} of the form ¢,,(.) = Z?Zl g7 (-)A; which converges to the psuedoinverse Tt of T
in the strong operator topology as n — co. The operators {¢,} can be found using
finite-dimensional methods. We also prove an adaptive iterative version of the result.
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1 Introduction

Let H, K be two separable Hilbert spaces and {W;},cs be a sequence of closed subspaces of
IC, where J is a subset of Z. Let B(H, W) be the collection of all bounded linear operators

from H into W;. For each sequence {W;};cs, we define the space (Z jeJ @Wj)ﬁ by
(Yew;), = {{ahiesl g5 €W; and Y flgsl* < oo} (1)
jET jET
With the inner product defined by

(it Ag) =D i 95)-

Jj€J

It is clear that (ZjEJ @Wj)ﬂ is a Hilbert space.
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Definition 1.1. Let A; € B(H,W;) for all j € J. A family A = {A;};cs is called
a generalized frame or simply a g-frame for H with respect to {W;};cs if there exist
constants 0 < A < B < oo such that

AIFIP <IN FIP < BIIFIP - Vf eH. (2)
jeJ
The constants A and B are called g-frame bounds. The synthesis operator of A given
by

Ta: (Z @Wj>g2 —H Ta({g5}jen) = D_Ajgj-
jed jed
The adjoint operator of T, which is called the analysis operator also obtain as follows
Ti:H — (Z @Wj)ﬁ Tif = {Aif}ies
Jj€J
By composing T with its adjoint 7'y, we obtain the generalized frame operator
SniH—H, Saf=Ts, Tif=> MNAf
jeJ

which is a bounded, self-adjoint, positive and invertible operator and Cly < Sy < DlIy.
We call the operators T' and T™*, synthesis and analysis operators, respectively. A g-frame
for a subspace yields a representation of the orthogonal projection onto the subspace.

Given a sequence {A;};c 7, let Py denote the orthogonal projection onto span{A;f(Wj)}jeJ.
Let {A; € B(H,Wj) : j € J} be a g-Bessel sequence for H. The operator

S:H-—H, Sf=Y ANAf (3)
jedJ
is a positive and bounded operator.
A simple computation shows that

(SEF =0 _NMEH =D WNEAH =D IINFIP YfeH. (4)

jeJ jedJ jedJ
Therefore
A(f, ) < (S, f) < B{f, f) (5)
ie.,
Al < S < BI. (6)

This implies that S is an invertible operator if and only if {A; € B(H,W;) : j € J} is a
g-frame for H. For more details about the theory and applications of generalized frames
we refer the readers to [4,5].
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2 Linear approximation of pseudo-inverse operators

Let H,K be two Hilbert spaces and B(H,K) the set of bounded linear operators from
‘H into K. The range and the null space of T € B(H,K) are denoted by Ry and Np
,respectively. Suppose that the operator T' € B(H,K) has a closed range. Then there
exists a unique bounded operator T1: K — H satisfying:

TT'T =T \T'TTT=T" (T'T)* =T'"T ,(TT* =TT" (7)

The operator T is called the pseudo-inverse operator of T. If T is a bounded invertible
operator, then TT = T~1. Alternatively, 7T can be characterized as the unique linear
operator fromH to H for which

Nl =R# RL=N§ TT'f=f VfeRr (8)

It is well known that 7T is the orthogonal projection of H onto Ry and that 777 is the
orthogonal projection of H onto N%. Let Pr, denote the orthogonal projection of H onto
Rp and observe that for arbitrary f € ‘H we have

(I - Pr,)f € Ry = Nr ¥ (9)
Therefore
T'f =T'Pp,f+T'(I — Pr,)f = T'Pg, f. (10)

The purpose of this note is to present a method for approximation of TT. Let T :
H — H be a bounded linear operator with closed range Rp . let {A;}icr be a g-
frame for the subspace N% with respect to {W;}ier. For each finite subset J C I, let
Hy =3span{A;(W;)}jes. Then {A;}jes is a g-frame for H,; with respect to {W;};e; with
g-frame operator given by

SJZHJ—>HJ SJf:ZA;Ajf
JjeJ
Also, {AjT*}jey is a g-frame for T'(H ) with respect to {W;};e; with g-frame operator
given by

Vy:T(Hy) —T(Hy) Vif =) TANANTf  VfeT(H,)
jedJ

where V; is a invertible, bounded linear operator onto 7'(H ;). When in the following we
write Vfl, it is understood that we invert V; as an operator from T'(H ) onto T(H ).

Also for all f € T(H ;) we have

Vif =Y TANNT = T(Y NA) (T f) = TS, PyT* f

JjeJ JjeJ

or

Vof =Y TNNT = T(Y NA) (T f) = TPyS,T* f

JjeJ JjeJ
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Hence for all f € T(Hj)
Vif = TP;S,T*f = TS, PyT*f.

Lemma 2.1. Let {A;};c; be a g-frame sequence for H with respect to {w;}je;. Then
the orthogonal projection onto Hy = span{A}(w;)}jes is given by

Py, =Y Sy'NAf VfEN. (11)
JjeJ

Proof. By assumption we have S~1(Hy) = Hy. Hence for all g € H we have

O SN F.g) =D (SyIAAf,g) =) (PuySy AN f,g) = (£, > A%jA; Sy Pryg)

jeJ jed jeJ jed
= (fs Prog) = (PHo [, 9)
Hence P, f =3 c; SXlA;fAjf. O

Lemma 2.2. Let f € H be and I C J be finite. Then

infoer, |lf = Toll = f =T
where v is defined by
=Y NATVSUf forall feH.
jel

Proof. Let f € H be arbitary and W C H. We have ||f — Pw f|| = inf, ew || f — k|| where
Py : ' H — W is orthogonal projection. Then

inf ||f —T¢||= inf |[f—hl=]|f—P :
<Z>16nH1Hf 2|l helgmllf I =1If = Pra, f

In addition
P f =Y TAATATS.
jel
Hence
Prw f =3 TASNTVEf =Ty A GATV).

i€t jel

Put
Y=Y NNTVIF =T NNTV)

g€l jel

Therefore we obtain

Jnf Ilf =Toll = inf [If Al =If = Pro,fll = |f = Tl
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Lemma 2.2 leads to a method for approximation of TTf. Let {I,},enbe a family of
finite subsets of I such thatly C I»... C I, / I. Abusing the notation, we will write
Hn, Sn, Vi, Py instead of ‘Hy, , Sr,, Vi, Pr, . The following lemma states that for f € Ry
we can make infy ¢y, || f — T'¢|| arbitrarily small by choosing n large enough.

Lemma 2.3. Let f € Ry be, then
i oo 0f e, | = T =0,
Proof. By lemma (2.2) we have
limneooigfem“f = Té|| = limp—os| f = Pra,, [l
we show given f € H,

limn%ooPTan = f

Since I C I C ... C I, /' I and {A,}jes is a g-frame for N% with respect to {W;};es
therefore

Ni = span{A;(W;)}

and
HiCHy C ... CHy / Nf
Then
Ni = span{H,}
and

TNy = span{THy }nen.
On the other hand
T(H)=T(Nr & Ny) = T(Ny) = span{T(Hy)}nen
Since
T(H1) CT(He) C...CT(Hy) /T(H)
Therefore given f € H
limp—oco Pron,) Prao f = Prowyf  and  limp—oo Py, f = f  forall f € Rr

Then
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The next theorem shows how we can obtain a family of operators {¢, }nen that converges

to T in the strong operator topology.
Lemma 2.4. For n € N, define ¢, : H — H by

bnf =Y NATV,f

J€Jn

then

Proof. Let f € H. We have Tonf = ;c; TAIAT*V, ' f=Pr3nyf as n — oo.

Then

Since
span{A;(W))}jes = Ni
and given n € N, we have ¢, f € NTl. Then
T'Ténf = ¢nf.
It follows that

limgy —oobnf = limTTTT f = T1F.

3 Nonlinear iterative approximation of 77 f

In the previous section, the index sets {I,}nen were fixed independentlyof f .

As a

consequence, we obtained a family of operators {¢, } convergingto T’ T in the strong operator
topology. We now describe an elementdependent method for approximation of 7T f . This
means that we fix f € H and that the choice of {I,,},en depends on f . The advantage
is that the choice of In at the nth step of the approximation might fit f better, but the
disadvantage is that the method becomes nonlinear. This method is inspired by various
versions of matching pursuit algorithms; cf. [1,2, 3]. Corresponding to an index set I,
we use the notation H,, S,,V, as in Section 2. First, fix f € H and let € > 0 be given.

Choose the set I; such that
| Prrf — Prio Profll < €
Write Pr,. f = Pryx, Pr, f + R1 and observe that

| Py fII* = || Prag, Pry f1|* + || R |
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Now choose I, such that ||R; — Pry, R1|| < e. Write Ry = Pry, R1 + Ro and observe that
|Re|| = |R1 — Pri, Ra|| < €
Thus

PRy f = (Prog Pref + Pro, Ra)l| = || Rl < e.

In general, after constructing R,,, choosel,+; such that
[ Bn — Pro, .. Rall < 5(2_n_1)-

Write R, = Pry,,, Rn + Rp+1 and observe that ||Rp4q] < e(27"71). Thus, with Ry =
Pr, f we have

n
1Pry fI1P =D I Prosy Bill® + [ R |1
k=0

Since {A;T" }ier,.,, is a g-frame for THy 41 and the corresponding g-frame operatoris Vi1,
we have by Lemma 2.1 that

Pry, Rie= Y TNANTV R,
JE€Jk+1

Put gy = Y ey, AjAT*V, Y Ry, then Prog, , Ry, = Tgy. We obtain

n
1Prrf =T gill <e2 1)
k=0

The iterative approximation of Pg, f leads to the following result on approximation of
Thf.

Lemma 3.1. Let f € H be and construct {g}2, as above. Then

ITTF =" gill < e HITT

k=0
Proof. First observe that for all k¥ € N we have
gr € span{A;(W))}jes = Nt
also TTf € Ryt = NTl, and since T'T : H — NTl is the orthogonal projection onto N:%-
We obtain

n n n
T =D gl = |\ TTTTTf = TIT(Y " g)|| < |TTNTTTf =T gl

k=0 k=0 k=0

n
= 1T Prrf =T Y gell <@ " HITT.
k=0



1984 Mohammad Sadegh Asgari and Seyedeh Sara Karimizad

Let P denote the orthogonal projection onto span {A;7™};ck41. Then
n
If =PI =T onll
k=0

By writing Pf = Tg, g might approximate T f even better than > r—o 9. However, for
large index sets, calculation of g becomes more involved because of the need to invert the
frame operator corresponding to {A; T} k41

The motivation behind the iterative method is to split the inversion into successive inver-
sions of smaller matrices. However, in the worst case the index set I, may have a lot of
overlap with I, I5,... ,I,—1 (or even include those sets) and then the iterative method is
not appropriate.
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