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Abstract

A graph whose edges are labeled either as positive or negative is
called a signed graph. Motivated from the seminal paper of B. D.
Acharya on domination in signed graphs, we in this article, provide
answers to some of the problems in that paper and define open domi-
nation for a signed graph and its open domination number. We analyze
this notion for certain classes of signed graphs and also give exact val-
ues for their open domination numbers. We also discuss about certain
bounds for the open domination number of a signed graph.
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1 Introduction

All graphs in this article are simple. For all definitions in (unsigned) graph
theory used here, unless otherwise mentioned, reader may refer to [5] and for
the terminology and definitions in the theory of dominations for simple graphs,
we refer the reader to [2, 7]. Signed graphs (also called sigraphs) are graphs
with positive or negative labels on the edges. Formally, a sigraph is an ordered
pair Σ = (G, σ) where G = (V,E) is a graph called the underlying graph of Σ
and σ : E → {+1,−1} called a signing, is a function (also called a signature)
from the edge set E of G into the set {+1,−1}. For more details on theory
and applications of signed graphs, one may refer to [3, 4, 8, 9].
A signed graph is all-positive (respectively, all-negative) if all of its edges
are positive (negative); further, it is said to be homogeneous if it is either
all-positive or all-negative and heterogeneous otherwise. +G denotes an all-
positive graph and +Kn, an all-positive complete graph. Similarly −Kn rep-
resents an all-negative complete graph. Note that a graph can be considered
to be a homogeneous signed graph. A signed graph Σ is said to be balanced or
cycle balanced if all of its cycles are positive, where the sign of a cycle is the
product of the signs of its edges. We use N(u) to denote the open neighbour-
hood of a vertex u in a graph .
We denote by P

(r)
n , where 0 ≤ r ≤ n − 1, signed paths of order n and size

n − 1 with r negative edges . Also C
(r)
n , for 0 ≤ r ≤ n, denotes signed cycles

with r negative edges. If ζ : V → {+1,−1} is a function , called a switching
function, then switching of the signed graph Σ = (G, σ) by ζ means changing
σ to σζ defined by:

σζ(uv) = ζ(u)σ(uv)ζ(v). (1)

The switched graph , denoted by Σζ , is the signed graph Σζ = (G, σζ). We
call two signed graphs Σ1 = (G, σ1) and Σ2 = (G, σ2) switching equivalent, if
there exists a switching function ζ : V → {+1,−1} such that Σ1 = Σζ

2.
The following important result is often used in signed graph theory.

Lemma 1.1 ([8]). A signed graph is balanced if and only if it can be switched
to an all-positive signed graph.

2 Domination in Signed Graphs

B D Acharya initiated the discussion of domination theory for signed graphs
in [1] as follows.

Definition 2.1. Let Σ = (V,E, σ) be a signed graph. A subset D ⊆ V of
vertices of Σ is a dominating set of Σ, if there exists a marking µ : V →
{+1,−1} of Σ such that every vertex u of Σ is either in D or whenever u ∈
V \D, N(u) ∩D 6= ∅ and σ(uv) = µ(u)µ(v) for every v ∈ N(u) ∩D.
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A dominating set D of Σ is called a minimal dominating set if no proper
subset ofD becomes a dominating set. A minimum dominating set is a minimal
dominating set with least cardinality. This least number is called domination
number of Σ and is denoted by γ(Σ) . Before we proceed further, we note that
the following is an important result in [1] which will be used in the sequel.

Theorem 2.2 ([1]). Domination is invariant under switching.

In view of the Theorem 2.2 and the Lemma 1.1, it is interesting to see
the discussion of domination in signed graph is more relevant when the signed
graph is unbalanced. In the following results we address some of the problems
found in [1] associated with the domination number and domination of a signed
graph. We denote the set of all dominating set by DΣ. Clearly

DΣ ⊆ DG. (2)

In [1], a problem is given to determine the signed graphs such that DΣ = DG. In
view of Theorem 2.2 and Lemma 1.1, all balanced signed graphs Σ will satisfy
this condition which is proved in [1]. In this regard, we have the following
result to say.

Theorem 2.3. If D ∈ DG is such that N(u)∩N(v) = ∅ for all u, v ∈ D, then
D ∈ DΣ.

Proof. LetD ∈ DG satisfies the property given in the statement of the theorem.
If D = V the proof follows easily from the definition. If not, take the marking
µ such that µ(u) = +1 for all the vertices in u ∈ D and since N(u)∩N(v) = ∅
for all u, v ∈ D, we set µ in V \D as follows. For a vertex w ∈ V \D, we take
µ(w) = σ(uw) whenever u ∈ N(w)∩D. Such a marking will satisfy definition
2.1. Hence D ∈ DΣ.

The dominating set D in Theorem 2.3, is called a perfect dominating set.
Indeed perfect dominating sets in the case of signed graphs will play a crucial
role which we shall see in the subsequent sections.

2.1 Domination number of a signed graph

Now we give exact values for the domination number of certain classes of signed
graphs. We use the following result given in [2] to find the domination number
of signed graph built on complete bipartite graph Km,n.

Lemma 2.4 ([2]). γ(Km,n) = min{m,n, 2}.

Theorem 2.5. γ(K
(r)
m,n) = γ(Km,n) = min{m,n, 2}.
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Proof. If min{m,n} = 1, K
(r)
m,n is a signed star which is balanced and the result

follows. If min{m,n} ≥ 2, take a minimum dominating set D ∈ DKm,n whose
cardinality is 2 (see Lemma 2.4) with its members u and v in different parts.
We claim that N(u) ∩ N(v) = ∅. If not, let w ∈ N(u) ∩ N(v) which implies
that w belongs to both parts which is contradiction to the bipartition. Then
the remaining part follows from Theorem 2.3.

Theorem 2.6. γ(C
(r)
n ) = γ(Cn) = dn

3
e for all r such that 0 ≤ r ≤ n.

Proof. If r is even, as C
(r)
n is balanced, the result follows from Theorem 2.2 and

Lemma 1.1. In the other case, in light of Theorem 2.2, it is enough to prove the
result for the case r = 1. Without loss of generality, let C

(1)
n : v1v2 . . . vnv1 be

the cycle with v2v3 being negative. Let D be that minimum dominating set of
Cn constructed as follows. Taking v1 as the first element in D, move cyclically
around the cycle in such a way that we select every fourth vertex of the cycle
in order until we selected dn

3
e vertices to be in D .(Note that we only have to

select dn
3
e vertices in D since |D| = γ(Cn) = dn

3
e (cf.[2])). Now we argue that

this D will be a minimum dominating set for C
(1)
n . For, the adopted method

of selection described above brings together v2 and v3 in V \D. Thus the only
negative edge v2v3 will create no problem for the marking and the all-positive
marking will solve the issue.

In Theorem 2.5 and Theorem 2.6, we have γ(Σ) = γ(G). In Fig. 1, we give
a signed graph Σ for which γ(Σ) > γ(G).

Figure 1: γ(Σ) > γ(G)

The only minimum dominating set for the underlying graph G in the above
figure is {v1, v3} because we require them to dominate x1, x2 and y1, y2 which
are respectively connected only to v1 and v3. But this minimum dominating
set is not even a dominating set for Σ because no marking is possible satisfying
the definition of dominating set. Also no other set of cardinality 2 will be a
dominating set for Σ. To see this, one can easily verify that sets of cardinality
2 other than {v1, v3} will not be dominating sets for G and hence for Σ, by
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Equation (2).

The above example gives raise to a more general result in the following man-
ner. Note that γ(C

(1)
4 ) = γ(C4), but when C

(1)
4 gets ‘bridged’ in a particular

way as described below it provides the following interesting result. The bridg-
ing operation of C

(1)
4 with two signed graphs Σ1 = (G1, σ1) and Σ2 = (G2, σ2)

where both G1 and G2 are two non-complete graphs having at least one full
degree vertex for each and satisfy ∆(G1) ≥ 2,∆(G2) ≥ 2, is defined by iden-
tifying one full degree vertex in each of Σ1 and Σ2 with two non-adjacent
vertices of C

(1)
4 . Let us denote the resultant graph obtained after this opera-

tion by Σ1 � Σ2. Note that for the underlying graphs G1 and G2, in G1 � G2,
we take the bridging cycle as C4.

Theorem 2.7. γ(Σ1 � Σ2) > γ(G1 �G2)

Proof. Let u and v be the non-adjacent vertices of C
(1)
4 where we attach the

graphs G1 and G2, so that the full degree vertices of G1 and G2 are identified
with one of u or v. Now assuming that the full degree vertex of G1 is identified
with u and that of G2 is identified with v. Then d(G1�G2)(u) = |V (G1)|−1+2 =
|V (G1)|+ 1 and d(G1�G2)(v) = |V (G2)|+ 1, then our claim is that {u, v} is the
only minimum dominating set for G1 �G2 but not a even a dominating set for
Σ1 � Σ2. For, u dominates all the vertices of G1 and the remaining vertices w
and z of the cycle. v takes care of the vertices in G2. Moreover any dominating
set of cardinality two require both u and v as they are needed to dominate the
vertices of G1 and G2 respectively. But in the case of the signed graph Σ1 �Σ2,
no marking is possible for this set {u, v} as per definition 2.1. The reasons for
this are better illustrated in Fig. 2 and Fig. 3 where w and z are the remaining
vertices of C

(1)
4 . Indeed, γ(Σ1 � Σ2) = 1 + γ(G1 � G2) as {u, v, w} or {u, v, z}

will be a minimum dominating set for Σ1 � Σ2.

The above example and the fact that γ(G) ≤ γ(Σ) ≤ |V (G)| give raise to
the following problems.

Problem 2.8. If k is a positive integer such that γ(G) ≤ k ≤ |V (G)|, which
is that signed graph Σ = (G, σ) such that γ(Σ) = k?

Problem 2.9. If k is a non-negative integer such that 0 ≤ k ≤ |V (G)|−γ(G),
which is that signed graph Σ = (G, σ) such that γ(G) + k = γ(Σ) ?

3 Open Domination in Signed graphs

We define D ⊆ V as an open dominating set (also called total dominating set)
of the signed graph Σ = (V,E, σ), if every vertex of Σ is adjacent to at least
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Figure 2: γ(Σ1 � Σ2) > γ(G1 �G2)

Figure 3: Illustration for Theorem 2.7

one vertex of D and if there exists a marking µ : V → {+1,−1} such that
σ(uv) = µ(u)µ(v) for every adjacent u ∈ D and v ∈ V \D.
As each vertex in an open dominating set D is adjacent with at least one other
vertex in D itself (which is not the case with a dominating set), the kernel of
a signed graph Σ in the case of open domination is always empty. Recall that
kernel is the independent dominating set.
It is easy to see that the definition takes care of the case of ordinary graph
G which can be thought of as an all-positive signed graph +G. In this case
the marking µ : V (+G) → {+1,−1} can be taken as the µ(v) = +1 for all
v ∈ V (+G).
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Moreover, Σ must be isolate-free since in the case of open domination no vertex
is allowed to dominate itself.
We denote the set of all open dominating sets of a signed graph Σ by DoΣ. The
following observvation is an easy consequence of the definition.

Observation 3.1.
DoΣ ⊆ DoG. (3)

Equation (3) raises the following natural open question.

Problem 3.2. Determine all signed graphs Σ such that

DoΣ = DoG. (4)

Fig. 4 is a signed graph Σ (a signed wheel) that does not satisfy Equa-
tion (4). Here {v2, v5} is an open dominating set for the underlying wheel but
not for the signed wheel.

Figure 4: Signed wheel

Lemma 3.3. Open domination is switching invariant. i.e., DoΣ = Do
Σζ .

Proof. Let D ∈ DoΣ. Then there exists a marking µ such that σ(uv) =
µ(u)µ(v). To prove that D ∈ Do

Σζ , we note that from Equation (1), σζ(uv) =
ζ(u)µ(u)µ(v)ζ(v). Then setting the function µζ = ζµ we get σζ(uv) = µζ(u)µζ(v),
showing that D ∈ Do

Σζ . Converse follows easily from the fact that (Σζ)ζ =
Σ.

In view of the Lemma 3.3, we have the following important proposition
which makes the discussion of open domination in the case of unbalanced
signed graphs very interesting.

Proposition 3.4. In the case of balanced signed graphs Σ, DoΣ = DoG.

Proof. As Σ = (G, σ) is balanced, there exists a switching function ζ such that
Σζ = +G. Then the result follows from Lemma 3.3 and Lemma 1.1.
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Theorem 3.5. If D ∈ DoG is such that N(u)∩N(v) = ∅ for all u, v ∈ D then
D ∈ DoΣ.

Proof. In view of Equation (3) it is enough to prove here that DoG ⊆ DoΣ for
those D satisfying the conditions in the theorem. Let D ∈ DoG. Mark the
vertices in D to be positive. Since N(u) ∩ N(v) = ∅, we have the freedom to
define the marking µ as follows. For a vertex w ∈ V \D, we take µ(w) = +1
or −1 according as σ(uw) = +1 or −1. Such a marking will satisfy definition
2.1. Hence D ∈ DΣ.

3.1 Open domination number

The minimum cardinality of an open dominating set is defined as the open dom-
ination number of Σ denoted by γt(Σ). An open dominating set of cardinality
γt(Σ) is a minimum open dominating set for Σ. Since every open dominating
set of a signed graph Σ of order n has at least two elements, 2 ≤ γt(Σ) ≤ n.
The inequality is sharp as the lower bound can be attained by a signed star
and the upper bound is attained by the signed graphs built on the underlying
graph G = n

2
K2 when n is even.

Remark 3.6. Since every open dominating set in Σ is also a dominating set

γ(Σ) ≤ γt(Σ) (5)

Towards showing that Inequality (5) can be strict but also can be an equality,

we have γ(C
(1)
6 ) = 2 and γt(C

(1)
6 ) = 4. Also γ(C

(1)
4 ) = 2 = γt(C

(1)
4 ).

Remark 3.7. For a signed graph Σ, its vertex set V (Σ) is trivially an open
dominating set of Σ. Further since DoΣ ⊆ DoG, we must have in general

γt(G) ≤ γt(Σ) (6)

In Fig. 5, we have a signed graph Σ built on the complete graph K5 which
satisfies the strict inequality in Inequality 6, since 2 = γt(K5) < γt(Σ) = 4.

Corollary 3.8. γt(K
(r)
m,n) = γt(Km,n) = 2.

Proof. In the case of minimum open dominating set of Km,n, it is proved in [2]
that γt(Km,n) = 2. The vertices being adjacent in the case of open dominating
sets, take any one vertex from one part and the other vertex from the next
part. This selection will satisfy the condition in Theorem 2.3 and the result
follows.

Theorem 3.9. γt(C
(r)
n ) = γt(Cn) for all r such that 0 ≤ r ≤ n.
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Figure 5: A Signed K5

Proof. From Lemma 3.3,it is enough to prove the case for r = 1. Let D be
that minimum open dominating set for Cn such that the vertices forming the
negative edge belong to D itself. As the marking then depends only on the
edges in between D and V \D, the all-positive marking will take care of the
remaining part of the proof.

In [6], Harary provides an alternative way of looking at balanced signed
graphs by giving a partition of the vertex set V = V1 ∪ V2, called Harary’s
bipartition, one of them possibly empty, such that every negative edge of Σ
has one of its ends in V1 and the other in V2 but no positive edge of Σ has
this property. Regarding the connection between Harary’s bipartition and the
open domination, we have the following theorem.

Theorem 3.10. If a signed graph Σ = (G, σ) is balanced and V = V1 ∪ V2 is
its Harary bipartition and if V1 is an open dominating set for G, then it is an
open dominating set of Σ.

Proof. As the negative edges occur only between V1 and V2 and there are no
positive edges between them, we can assign +1 to all vertices in V1 and−1 to all
vertices in V2. This marking will satisfy the definition of open domination.
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