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Abstract
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1. INTRODUCTION

The idea of statistical convergence which is closely related to the concept of
natural density or asymptotic density of a subset of the set of natural numbers
N, was first introduced by Fast [3]. The weighted statistical convergence is
defined by V. Karakaja and T.A.Chishti [2]. And the well defined version of the
statistically weighted convergence sequences is given by Mursaleen et al., [15].
The interesting role in our results play the product of summability methods
(N, p,q)(E,l) and we call it Norlund-Euler summability method. The concept of
statistical convergence plays an important role in the summability theory and
functional analysis. The relationship between the summability theory and
statistical convergence has been introduced by Schoenberg [7]. Afterwards, the
statistical convergence has been studied as a summability method by many
researchers such as Fridy [8], Freedman et al. [9], Kolk [10, 11], Fridy and Miller
[12], Fridy and Orhan [13,14], Mursaleen et al., [15] , Savas [16], Braha [3-5].
Also, some topological properties of statistical convergence sequence spaces
have been studied by Salat [17]. Besides in [18, 19], Connor showed the relations
between statistical convergence and functional analysis.

In general, statistical convergence of weighted means is studied as a class of
regular matrix transformations. In this work, we introduce and study the concept
of weighted Norlund-Euler statistical convergence. The relations among
(N,p,q)E.]) -summability —and Sne) sequence of weighted statistically

convergent sequences related to the weight (N , P, q)(E,l).

Let KN and K, ={k € K:k <n}. Then the natural density of K is defined
by

K
o(K) = limu if the limit exists, where |Kn| denotes the cardinality of K .

n—oo n

A sequence X=(X,) of real numbers is said to be statistically convergent to
provided that for every & >0 the set g (¢) = feK:[x,-L|ze} has natural
density zero (Fast [5] and Steinhauss [14]), for eachg >0,

lim - {j <n:x, - L[> £} 0

n—o0 n
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in this case we write L =st—limX or (S-limx =L). The symbol S denotes the
set of all statistically convergent sequences.

Let z X, be a given infinite series with sequence of its N partial sum {Sn }
n=0

If (E,1) transform is defined as

nn
Erl1 :i Sy
2" &=\k

And we say that this summability method is convergent if E,) — S asp _s oo. In

this case we say the series an is (E,I) — summable to a definite number S.
n=0

(Hardy [19])

And we will write S, — S (E,1), as 1 — oo.

Let (pn )and (qn) be the two sequences of non-zero real constants such that
P=p,+p,+..+p,, P,=p,=0

Q,=q,+q,+..+0,, Q,=q9,=0

For the given sequences (p, ) and (q, ), convolution p+*(q is defined by:

_ z pnqn—k

Rn: p*q_k=0

The series Z X, or the sequence {Sn} is summable to S by generalized Norlund
n=0

method and it is denoted by S, — S (N, p,q) if

£ =RLZ P..0,S,
n v=0

tendsto S,as n - oo -
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Let us use in consideration the following method of summability:

1 n k k
tnp’q’E = R_z pn—quEli = Z Pr-k Ak Ak Z( JSV
v=0 v

n k=0 nkO

If tP*® — 'S as n— oo, then we say that the series an or the sequence {Sn}
n=0

is summable to S by Norlund-Euler method and it is denoted by

S, > S(N, p,a)E.l)

Remark: If p, =1,9, =1, then we get Euler summability method

Let us denote by |(N, D,Q)(EJ) the sequence space all strongly convergent
sequences X = (X, ) which are (N, p,q)E,l)summable to L:

_{x X, ank % o Z( J|xV—L|:0forsomeL}

The matrix A= (anﬂk) in (N , P, q)(E,l) - summability is given by

1 1 &(k).
— — Jf k<n
Rn pn—qu 2k ;(Vj

0,if k>n

an,k =

Now we are able to give the definition of the weighted statistical convergence
related to the (N, p,q)E,1) — summability method.

Definition 1.1. A sequence X=(X,) is said to be weighted Norlund-Euler

statistical convergent if for every ¢~ ().

! k<R :p qizk: K |x,-L|>¢
Rn —n'n—kksz:On v =

lim— =0

n—oo

The set of weighted Norlund-Euler statistical convergence sequence is denoted
by S, as follows:
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k(K
Sy = {x =(x,): limRL {k <R, : PoyUy ZLKZ(”] X, —L[2 g} =0, for some L}
noe R o

If the sequence X=(X,) is S,z -convergence, then we also use the notation
X, = L(Sye).

Definition 1.2. A sequence X =(X,)1is said to be
[(N, p,q)E.1)], —summable(0 < r < o)

B L 1 &(k '
o the limit L if 1Mo 2, pn-quz—kz;,(nJlxv -L| =0

n—oo Rn k=1
, and we write it as X = L([(N’ p,q)(E,l)]r)

In these case L is called the limit [(N’ F q)(E’l)]r ~ limit of X.

In these paper, we establish the relation of S,.- convergence with statistical
summability (N, p,q)E.1) and [(N, p,q)E.1)],

2. MAIN RESULTS

In our first theorem we establish the relation between S, -statistical

convergence and statistical summability (N, p,q)(E,1) .

k(K
Theorem 2.1. Let p, .q, ZikZ( j| X, —L|<M forall ke N.If a sequence
v

v=0

X=(X,) is Sy -statistically convergent to L then it statistically summable
(N, p,q)E.1) to L but not conversely.

Proof: Since x=(X,) is S,z -statistically convergent to L,
1 1 &(k

lim— k<R, : — X,—Lz&=0

Nesoo Rn { n pn—qu 2k ;(VJ| v | } ,
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K (k
where K, :{keN : pnkaszZ[ J|XV—L|25}.
14

v=0

, 1 &(k
Write K, (¢)= kSRn:pn,quz—kZ |X, —L[>¢&pand
! v=0 14
c 1 &(k
KS (e) = ksRn:qukz—kz |X, —L|<é&p . Than
" 14

v=0

E
{PeE L‘

1 & k k
R Z Pndk Z(Vj(xv - L)‘

n k=0 =0

1 k
L3, quz—kVZ_;(V)xv - L‘

n k=0

1 1 & (k 1 < 1 & (k
=R 2 Pt 2| 06D X Pty | % L)

n k=0 v=0 n k=0 =0
kEKRn (¢) keKg (&) Kén (&) Kﬁn (&)
1 n n 1 k
SR_Z Pn- Ak Z |(Xk_|—)|+_z Pn- qu_kz | (X — L) |
k=0 k=0 =0
" Ky () " Kg, (&) ’

1 1 &(k 1
SR_nM‘{kSRnipn—kaz_kVZ(;(nJ’Xv_Lyzg}|+R_ zg

n keK,gn (¢)

1 1 & (k | K (&) |
=M |{kan : pnquz—k;‘;(njm—L|25}|+5RR——>0+5.1=5

n n

n k (k
as N — oo which implies that t ZRLZ Pk 2%2( ]XV — L. Thatis, X is
=\

n k=0

(N, p,q)(E,l)-summable to L and hence statistically summable (N, p,q)(E,l)to L.

Example 1: Let us consider that p, =1 and g, =1 for all neN. Also we define
the following sequence:

X =(X,) as follows:

{\/E,if k =n?
Xk=

0,if k=n
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Then we have R, :zlzn+l and

k=0
X, — 0| > g}

{k<R anquzkzu Jn

:—1—>O,as N — oo,

Rn n+

On the other hand,

RIS ) s NELD 2 W ML S ol
R, & P v 17 n+l1 2°Z\v)Y n+1&2¢ &l
1 &k

n
—— ) —=——>w,as N > o.
n+1&<2 4

These examples proves that converse is not true.

Next theorem gives the relation between S, -statistically convergent and

[(N. p.afE.L)],

Theorem 2.2.

a. Let a sequence X=(X,) is [(N, p,q)(E,l)]r - summable to L. If the following

are valid , then X =(X,)is S, -statistically convergent to L:
Casel: O<r<land 05X, —L<l1
Case2: 1<r<owand 1</x, —L|<©.

b. Let X =(X,)1s Sye -statistically convergent to L and
1 &(k : :
Pr Ak 2—kz | X, —L|<M (k=1,2,3,...). If the following are valid, then
1%

x, = LI(N, p,a)E.1)], :

Casel: O0<r<land 1M <

Case2: 1<r<wand 0<M <.
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Proof:

. 1 &(k . 1 &(k
a. Since pn—quz_kz y |x, —L] an—kaz_kz y |x, —L]

v=0 v=0

for case 1. and case2., thenas N — o

n k=0
1 & 1 & j -
> — X, —L[>—
I 2k§1(vj' L 3 k:Z Pri O
Kg, (£)
1 | Kg ()]
— Zgzg
Rn k=1 Rn
Kgy (£)
&
lim| R“( )|=Owh re

1 (K
KRn (&)= {k <R, POk ZTZ(VJ |x, —L[z 5}
v=0

Hence S, -statistically convergent to L.

b. Suppose that x =(X,) 1s S, -statistically convergent to L. Then for ¢ >0,

k(K
we have 0 (K,) = ({k eN:p,9q 2%2( J| X, —L]> 5}) =0. Since
v=0 14

Kk (k
Pn Uk 2%2[ jl X, —L|<£M (k=1,2,..), we have
v=0 14

19 1 & (k r
— — x —L| =
R k; Pr-i i K V; (Vj| v |

Kg, (2) Kg, (&)

=0 v=0
2Kz, (£) keKg, (£) keKg, (£)

1 n 1 & k o1 n 1
R Z pn—kazT z (VJ|XV_L +— z Pni A =

k

)

keKg, (8)

(kJI X, —L['=S5,(n)+S,(n)
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n k k
Sl(n)=L z pn—kaL z [JMV_LV

k

R, k=0 2% 5 14

keKg, (£) keKg, (£)
1 : 1 K k

Sz(n):_ Z POk 7 z | X _L|r-
_ K y

R, k=0 2%, 4

keKRn(g) keKRn(s)

n k
Now if k & K, (¢£)then sl(n)=i > pn_quik > |x, =L
! R, ko 2750 v

keKg, (2) keKg, (2)

<L e 3 [Nxtee ik e
_Rnk_ n—-k k2k v v R R,

=0 v=0 n
keKg, (&) keKg, (£)
For ke Kg, (&), we have
1 < 1 & (k
Sy(M =~ Poic o X, L[
2 Rn k=0Z: n—k "k 2k V=OZ: v
keKg, () keKg, (£)
Ly Lo (K : & (k
S - X, —L|< (su - X —L
R, k:oZ: P Ux K V:OZ: [VJ| , —LI=( kp k:()z Pn-k Yk K V:OZ: [Vj| , = LIX
keKRn (&) keKRn (&) keKRn (€) kEKRn (&)
| Kg (&) ,
<M R——>0,as n — . Since

n

1 &(k
O (K,)= 5NE({k € N:p,,0y ZTZ(VJ |x, —L[2 5}) =0.
v=0

Hence x, — L[(N, p,q)E.1)], .

3. Application to approximation theorem

Let C[a,b]be the space of all functions f continuous on [a,b]. We know that
C[a,b]is Banach space with norm

KRn (&)

R

n

)
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[ ], = sup [f (0, f € Cla,b]
xe[a,b]

The classical Korovkin approximation theorem states as follows [26]:

Let T, be a sequence of positive linear operators from C[a,b]into C[a,b]. Then
Hm|T, (f,x) - f()| =0, for all  feC[lab] if only if

Hm|T,(f,x) - f,(x)|, =0, for i=0L2 where f(x)=1, f(x)=xdhe
f(x)=x>.

Its statistical version was given by Gadjiev and Orhan [25]. Such type of
approximation theorems are proved by using the concept of almost convergence
[2],[6], [21-27], A -statistical convergence [29,31] and statistical lacunary
summability [30]. Boyanov and Veselinov [23] have proved the Korovkin
theorem onC[0,0)by using the test functions 1,e7*,e*.In addition, some
related papers on this topic can be found in [33-35]. In this paper, we generalize
the result of Boyanov and Veselinov by using the notion of statistical
summability(N, p,q)(E,l)and the same test functions1,e™™,e™>*.We also give an

example to justify that our result is stronger than that of Boyanov and Veselinov
[23].

Let C(1)be the Banach space with the uniform norm

9

. of all real-valued two

dimensional continuous functions on | =[0,) ; provided that lim f (x) is finite.
X—00

Suppose that L, :C(1) - C(l). We write L (f;x)for L, (f(s);X); and we say
that L is a positive operator if L, (f;X) > 0forall f(x)>0.

The following statistical version of Boyanov and Veselinov’s result can be
obtained as a special case of [24].

Teorem A. Let (T,)be a sequence of positive linear operators fromC(l)into
C(l). Than for all f € C(l).

st—lim|T, (f;x) - f(x)], =0

if only if

st —1im|T, (1;) — f ()], =0
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: S.yy_p X —
st—&gg"l’k(e ;X)—e w_O

: 225\ a2x||
st —lim|T, (e %) —e | =0

Similarly one can prove the S -statistical version. Now we prove the following

stronger version by using the notion of statistical summability (N , P, q)(E,l).

Teorem 3.1. Let (T, )be a sequence of positive linear operators fromC(l)into
C(l). Than for all f € C(l).

NE(st) — &iig||Tk(f;x)— fof, =0 (3.1.0)
if only if

NE(st) — ligﬂrrk LX) - f@)|, =0 (3.1.1)

NE(st)—%me‘Tk e*:x-e| =0 (3.1.2)

NE(st)—gg\Tk >x-e™| =0 (3.1.3)

Proof. Since each 1,e7*,e > belongs to C(l),conditions (3.1.1)-(3.1.3) follow
immediately from (3.1.0). Let f eC(l) . Then there exists a constant

M > Osuch that |f(X)| <M for X € | . Therefore,
[f(s)- f(X)|<2M, —o0<s, X<+ (3.1.4)

It is easy to prove that for a given & > 0 there is ad > Osuch that

[f(s)- f(x)|<e (3.1.5)

<o forall xel.

whenever ‘e*S —e’*

Using (3.1.4) and (3.1.5) , putting v, =y, (s,X) = (e° —e*)*, we get
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|f(s)—f(x)|<g+ (wl) Vs —x < 6.
This is,
2M 2M
—5—?(‘//1)< f(s)—- f(X)<5+?(V/1)-

Now, operating T, (1;X) to this inequality since T, (f;X)is monotone and linear.
We obtain

2M 2M
Tunx{—e—:;4waJ<TuLXXf@>—wa<TuLx{e+:;+wa}
Note that X is fixed and so f(X) is constant number. Therefore,

=T (5X) - (l/fl)T LX) < ()= FOOIT (15X) < €T, (1; X)+ (!//I)T 1)

-l (LX) - 5M T, i X)<T (F:x)— FOOT (LX) <eT, (1;X)+ 5M T, (w5X)
(3.1.6)

Also,

T (f3) = F () =T (F;%) = FOT (LX) + F (T, (1;x) - F(x)

=T, (f;x)= FTOOT, LX)+ FOO[T, (Lx)—1]
(3.1.7)

If follows (3.1.6) and (3.1.7) that

T (f3%) = (X) < T, (1; x)+25—'\ka(y/1;x)+ f O[T (LX) —1]
(3.1.8)

Now

T (w;;x)=T, ((e‘s —e™ )2 ;X) =T (67 —2e7°e ™ +e7;X)

=T (€7%X) — 28 T (e°;X) + e T, (I;X)
=[T (e x)—e -2 [T, (e x)—e T+ [T, (,x) —1]
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Using (3.1.8) , we obtain
T () - f(X) <l (0 X)+ {[T (e*;x)—e*]-2e" “M(e™ X)—e’x]+e’2x[Tk(1;X)—1]}+

+ FOOMM (1) —1]

There for

-2x

T (f3x) - f(x)|<

T (1 x)—1\ +2§—'\f\Tk (ex)—e |+

4M o a2

T (e

—Zx;x) _e

? ‘Tk (Gl

Since ‘e’x <

xel

[T (F0— 0], <e+K(T G0 -1], +[To 0 -e7| +[Te™0-e| ),
where K = max{ng M +— M 2§—M} Hence

[T (F50-f()|, <
e+ K(T, @G0 -1], +[T % -e
(3.1.6)

)

”T (e—zs p2x

. 1 &(k 1< 1 &(k
Now replaCIHg Tk ('5 X) Pn-k Ak 272(‘/) by _ZTk (" X) Pook i _kZ[ jand

v=I R, =0 203\
k

k
then by Bm(-,x)pnquikZ( jin (3.1.6) on both sides. For a given
1%

v=1

I > 0 choose ¢’ > 0such that & > r. Define the following sets

D:{msn:”Bm(f,x)— f(x), > F},

r—¢
D, ={m <n:|B,Lx)-1| = K }
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B (t,X)—e*

> r—¢ ’
» 4K

> r—-¢ ’
» 4K

Then Dc D, uD,uUD,, and so o(D)<d(D,)+d(D,)+d(D,).Therefore,
using conditions (3.1.1)—(3.1.3), we get

DZ:{mSn:‘

D, ={m <n:|B,t*,x)—e™

NE (st) — &E?O"Tk (f;x)—f (X)”Oo =0 This completes the proof of the theorem.
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