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Abstract

This article covers a theory of dense subsets in general semigroups,
including basic algebraic properties of dense and disjunctive subsets,
characterizations of dense subset preserving homomorphisms and some
remarkable properties of dense elements.

1 Introduction

Let A be a set, which we call an alphabet. The monoid A∗ is the free monoid

on A. The set of nonempty word on A is denoted by A+, which is a semigroup

and is called the free semigroup on A. The length |w| of a word w = a1a2 · · ·an

with ai ∈ A is the number n of letters in w. We often denote by wa the number

of occurrences of a ∈ A.

1This research is supported by the National Natural Science Foundation of China
(10961014); the Science Foundation of the Education Department of Jiangxi Province.
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Any subset of a free monoid A∗ is called a language over A. There are

many important classes of languages such as dense languages and disjunctive

languages (that is, dense subsets and disjunctive subsets of free monoid, which

we well define later) are investigated in literatures. In this paper, we well

discuss such subsets in general semigroups.

Let S be a semigroup, L be any subset of S. For x ∈ S we define the set

of all contexts of x with respect to L by

ContL(x) =
{
(u, v) ∈ S1 × S1 | uxv ∈ L

}
.

The syntactic congruence of L, also called the (two sided) principal con-

gruence of L, denoted by PL (or PL(S)) is defined by xPLy if and only if

ContL(x) = ContL(y). That is:

PL =
{
(x, y) ∈ S × S | ∀u, v ∈ S1(uxv ∈ L ↔ uyv ∈ L)

}
.

The left (resp. right) principal equivalences of L, denoted by P
(l)
L (resp.

P
(r)
L ) are defined similarly by using left (resp. right) contexts of an element of

S with respect to L. For example,

P
(l)
L =

{
(x, y) ∈ S × S | ∀u ∈ S1(ux ∈ L ↔ uy ∈ L)

}
.

One verifies that L is union of classes of PL (resp. P
(l)
L , P

(r)
L ). In fact we

have the following:

Proposition 1.1 (see [6]). PL (resp. P
(l)
L , P

(r)
L ) is the largest congruence

(resp. left congruence, right congruence) on S for which L is union of classes

of PL (resp. P
(l)
L , P

(r)
L ).

Let L be any subset of S. An element x ∈ S is called completable (resp.

left completable, right completable) in L if

∃u, v ∈ S1(uxv ∈ L)

(resp. ∃u ∈ S1(ux ∈ L), ∃u ∈ S1(xu ∈ L)).

x is called bi-completable in L if it is both left and right completable. An

element which is not (left, right, bi-) completable in L is called (left, right,

bi-) incompletable. We call The subset L dense if every elements of S are

completable in L. Otherwise we call it thin. Similarly we can define left (resp.

right, bi-) dense and left (resp. right, bi-) thin. If the (left, right, bi-) dense

subset L is a singleton, the unique element of L is called a (left, right, bi-)

dense element. If the subsemigroup generated by L is (left, right, bi-) dense

then L is called (left, right, bi-) complete, otherwise L is called (left, right, bi-)

incomplete.
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All the concepts above can be extend to monoids without modification.

Let S be a semigroup (resp. monoid), we define the syntactic semigroup (resp.

monoid) of L ⊆ S as Syn(L) = S/PL and call the natural homomorphism

from S onto Syn(L) the syntactic homomorphism of L. We denote the PL-

class containing x by [x]L.

The subset L of S is called disjunctive (resp. left disjunctive, right dis-

junctive) if PL (resp. P
(l)
L , P

(r)
L ) is the equality relation 1S. Notice that L

and S \ L has the same principal (left, right) congruences, hence L is (left,

right) disjunctive in S if and only if S \L is (left, right) disjunctive in S. This

observation will be shown useful later.

If S = A∗ is the free monoid generated by an alphabet A, then the dense

(resp. left dense, right dense, bi-dense) subsets of S are called dense (resp. left

dense, right dense, bi-dense) languages over A; and the disjunctive (resp. left

disjunctive, right disjunctive) subsets of S are usually called disjunctive (resp.

left disjunctive, right disjunctive) languages over A.

The following proposition encourages us more or less to study the disjunc-

tive subsets of general semigroups (especially the existence problem).

Proposition 1.2 ([6]). A monoid M is isomorphic to the syntactic monoid

of a language L over alphabet A if and only if M contains a disjunctive sub-

set. Furthermore, A can be chosen as a finite set if and only if M is finitely

generated.

2 Basic Properties

In the following discussions, we will only treat of dense and disjunctive subsets.

Similar results are also hold, unless otherwise stated, for left (resp. right, bi-)

dense subsets and left (resp. right) disjunctive subsets.

Proposition 2.1. Let L ⊆ S. Then L is dense if and only if for any x ∈ S

there exist u, v ∈ S such that uxv ∈ S.

Proposition 2.2. Let L ⊆ S. Then

(1) L is dense in S if and only if L is dense in S1.

(2) L is disjunctive in S if and only if L is disjunctive in S1.

The above proposition tells us that we can always consider dense and dis-

junctive properties in some monoids.

Proposition 2.3. If L is dense subset of S, L ⊆ L′ ⊆ S then L′ is dense in

S.
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Proposition 2.4. Let L1, L2, · · · , Ln be any nonempty subsets of S. Let M =

L1 ∪ L2 ∪ · · · ∪ Ln, N = L1L2 · · ·Ln. Then

(1) M is dense if and only if one of the Li (i = 1, · · · , n) is dense.

(2) If one of the Li (i = 1, · · · , n) is dense then N is dense.

Remark 2.5. (1) In general, part (2) of this proposition is not hold for Left

(resp. right, bi-) dense subsets. For example, A∗ is left dense language over A

but A∗a is not, where a is a letter in A.

(2) The converse of (2) in the above proposition is not true. For example,

let S = {a, b, c} be a semilattice such that ab = c. Let L1 = {a}, L2 = {b}.
Then L1 and L2 are not dense but L1L2 = {c} is dense.

(3) If S is a free monoid, then the converse of (2) in the above proposition

is hold (see for example [10]).

Corollary 2.6. Finite semigroups always contain dense elements.

The finiteness condition in the above corollary is necessary. In fact, it is

well know that free monoids have no finite dense subsets.

Proposition 2.7. If S contains the zero element 0, then

(1) L ⊆ S is dense if and only if 0 ∈ L.

(2) The complements of dense (thin) subsets of S are thin (dense).

(3) If S contains disjunctive subsets, then S contains both dense dis-

junctive subsets and thin disjunctive subsets.

(4) The concepts dense, left dense, right dense, bi-dense are all equiv-

alent.

Proposition 2.8. If S has no zero element, then the disjunctive subsets of S

are dense.

If S = A∗ is a free monoid, we have:

Proposition 2.9 ([8]). L ⊆ A∗ is dense if and only if it contains disjunctive

subsets.

Proposition 2.10. Let S and T be any semigroups which have no zero ele-

ments, X × Y ⊆ S × T . Then:

(1) X × Y is dense in S × T if and only if X and Y are dense in S

and T respectively.

(2) If S and T are monoids, then X ×Y is disjunctive in S ×T if and

only if X and Y are disjunctive in S and T respectively.

Notice that the above proposition can be easily extend to the direct product

of any collection of semigroups.
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Remark 2.11. The sufficiency of Item (2) in the above proposition is not

hold in the semigroup without identity. For example, let S = T = {a, b} be

left zero semigroups and X = Y = {a}. Then X and Y are disjunctive in S

and T respectively, but X × Y is not disjunctive in S × T .

3 Dense Subset Preserving Homomorphisms

Let S and T be any semigroups. A homomorphism ϕ from S onto T is said to

recognize a subset L of S if ϕ−1ϕ(L) = L.

Proposition 3.1. Let S and T be any semigroups, ϕ be a homomorphism

from S onto T , X ⊆ S and Y ⊆ T . Then

(1) If X is dense then ϕ(X) is also dense.

(2) If Y is dense then ϕ−1(Y ) is also dense.

In particular if ϕ recognizes X, then X is dense if and only if ϕ(X) is dense.

Corollary 3.2. Let S and T be any semigroups, ϕ be a homomorphism from

S onto T , X ⊆ S and Y ⊆ T . Then

(1) If X is complete then ϕ(X) is also complete.

(2) If Y is complete then ϕ−1(Y ) is also complete.

In particular if ϕ recognizes X, then X is complete if and only if ϕ(X) is

complete.

In the formal language theory and the theory of codes, we often consider

the homomorphisms which preserving some properties about languages. For

example a homomorphism ϕ : A∗ → B∗ is called a code (resp. primitive

word)-preserving homomorphism if ϕ maps all codes (resp. primitive words)

over A to codes (resp. primitive words) over B (see [9] or [10]). Let S and T

be any semigroups, we can similarly define the dense (resp. complete) subset

preserving homomorphism ϕ : S → T . The above proposition tells us that

any epimorphism is dense (resp. complete) subset preserving. For finitely

generated free monoids, we can obtain a stronger property (see Theorem 3.9).

Proposition 3.3. Let S and T be any two semigroups (or monoids) generated

by A and B respectively, ϕ be a homomorphism from S to T . Then

(1) ϕ is dense subset preserving if and only if ϕ(S) is dense in T .

(2) ϕ is complete subset preserving if and only if ϕ(A) is complete in

T .

Corollary 3.4. Let S and T be any two semigroups and ϕ be a homomorphism

from S to T . Then ϕ is dense subset preserving if and only if ϕ is complete

subset preserving.
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Now we consider dense language preserving homomorphisms in free mo-

noids. In the following discussion, we suppose A and B be any alphabets, ϕ

be a homomorphism from A∗ to B∗.

Lemma 3.5 (see [1]). Let X be a thin code over A. Then X is a maximal

code if and only if X is complete.

Lemma 3.6 (see [1, 10]). ϕ is injective if and only if ϕ(A) is a code over B

and |ϕ(A)| = |A|.
Proposition 3.7. If ϕ is injective and A is finite, then ϕ is dense subset

preserving if and only if ϕ(A) is a maximal code.

The following example shows that the finiteness of A is necessary.

Example 3.8. Let B = {a, b} and A be the restricted Dyck code over B. That

is

A = {w ∈ B∗ | wa = wb and ua > ub for any nontrivial prefix u of w} .

Let ϕ |A be the embedding mapping. Since A is a code over B, we have, by

Lemma 3.6, ϕ is injective. Since A is dense in B∗, we have, by Proposition 3.3,

ϕ is dense subset preserving. But one can easily show that A is not a maximal

code over B.

Theorem 3.9. Let A be a finite alphabet with n > 1 letters. Then the endo-

morphism ϕ of A∗ is dense subset preserving if and only if ϕ is an automor-

phism.

Proof. We need only show the direct part.

Let A = {a1, · · · , an} and B = ϕ(A) = {w1, · · · , wn}. For any word

w ∈ A∗, let C(w) represent the content of w (that is the set of letters occurring

in w) and c(w) = |C(w)|. Let m = max {|w| | w ∈ B}.
(1) If c(wi) 
= 1 for some i ∈ {1, · · ·n}. Since A is finite, there exists an ai

such that a+
i ∩B = ∅. Then w = a2m

i is incompletable in B∗ = ϕ(A)∗ = ϕ(A∗).
That is ϕ(A∗) is thin while A∗ is dense. Hence ϕ can not preserve dense subsets,

a contradiction.

(2) Hence c(wi) = 1 for all i ∈ {1, · · ·n}. That is wi = asi

ki
with ki ∈

{1, · · ·n} and si > 0.

(i) If there exists an si > 1. Then ajaki
aj, (ki 
= j) is incompletable in

B∗ = ϕ(A∗). A contradiction.

(ii) Hence si = 1 for all i. That is B ⊆ A. If wi = wj for some i 
= j. Since

A is finite, there exists an ak /∈ B. Then ak is incompletable in B∗ = ϕ(A∗).
A contradiction. Hence wi 
= wj for i 
= j. We have B = ϕ(A) = A. Hence ϕ

is an isomorphism.
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Corollary 3.10. If A is a finite alphabet and ϕ is a dense subset preserving

homomorphism from A∗ to B∗. Then |A| ≥ |B|. If |A| = |B|, then ϕ is an

isomorphism.

Disjunctive languages are generalized in some directions in the literature.

f -disjunctive languages, rf -disjunctive languages, nd-disjunctive languages,

ni-disjunctive languages, g-disjunctive languages, q-disjunctive languages and

qf -disjunctive languages are studied in past decades (see [2, 3, 4, 7]). We call

all these languages the generalized disjunctive languages.

Corollary 3.11. Let A be a finite alphabet with n > 1 letters. Then the

endomorphism ϕ of A∗ is (generalized) disjunctive language preserving if and

only if ϕ is an automorphism.

4 Dense Elements

Now we cope with the (left, right, bi-) dense elements of a semigroup S. Let

J(S), L(S), R(S) and H(S) represent the set of all dense, left dense, right

dense, bi-dense elements respectively. Clearly, H(S) = L(S)∩R(S) and L(S)∪
R(S) ⊆ J(S). Moreover, we have:

Theorem 4.1. The following statements on any semigroup S are equivalent.

(1) J(S) 
= ∅ (resp. L(S) 
= ∅, R(S) 
= ∅, H(S) 
= ∅).
(2) J(S) (resp. L(S), R(S), H(S)) is the minimum ideal (resp. left

ideal, right ideal, quasi-ideal) of S.

(3) S has the minimum ideal (resp. left ideal, right ideal, quasi-ideal).

(4) J(S) (resp. L(S), R(S), H(S)) is the minimum J (resp. L, R,

H)-class of S.

(5) J(S) (resp. L(S), R(S), H(S)) is simple (resp. left simple, right

simple, a group).

Corollary 4.2. Let S be any semigroup. Then all elements of S are dense

(resp. left dense, right dense, bi-dense) if and only if S is simple (resp. left

simple, right simple, a group).

The following corollary will be shown useful in the formal language theory.

Corollary 4.3. Let L be a language over A and ϕ : w �→ w be the syntactic

homomorphism of L. Denote

J = {w ∈ Syn(L) | [w]L = ϕ−1(w) is a dense PL-class} .

L = {w ∈ Syn(L) | [w]L = ϕ−1(w) is a left dense PL-class} .

R = {w ∈ Syn(L) | [w]L = ϕ−1(w) is a right dense PL-class} .

H = {w ∈ Syn(L) | [w]L = ϕ−1(w) is a bi-dense PL-class} .
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Then clearly H = L∩R and L∪R ⊆ J . Furthermore, the following statements

are equivalent:

(1) J 
= ∅ (resp. L 
= ∅, R 
= ∅, H 
= ∅).
(2) J (resp. L, R, H) is the minimum ideal (resp. left ideal, right

ideal, quasi-ideal) of Syn(L).

(3) Syn(L) has the minimum ideal (resp. left ideal, right ideal, quasi-

ideal).

(4) J (resp. L, R, H) is the minimum J (resp. L, R, H) class of

Syn(L).

(5) J (resp. L, R, H) is simple (resp. left simple, right simple, a

group).
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