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Abstract

In this paper, we find some basic results of Multiplication Lattice
Modules.
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1 Introduction

Multiplicative lattices are studied by R P Dilworth [3] and D D Anderson
[1]. A multiplicative lattice L is a complete lattice provided with commutative,
associative and join distributive multiplication in which the largest element I
acts as a multiplicative identity. An element a € L is called proper if a < 1.
A proper element p of L is said to be prime if ab < p implies a < p or
b < p. An element m < 1 is called maximal if m < x < 1 implies x = 1.
If a € Lbe L, aa:b)is the join of all elements ¢ in L such that ¢b < a.
A proper element p of L is said to be primary if ab < p implies a < p or
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b™ < p for some positive integer n. If a € L, the radical of a denoted by
Va=V{z e L|z" <a,n € Z,}. An element e € L is called meet principal
if (aN(b:e))e=aeANb, for all a,b € L. An element e € L is called join
principal if (a Vbe) : e = (a : e) Vb for all a,b € L and an element e € L
is called principal if it is both meet and join principal. An element a € L is
called compact if a < Xba implies a < by V bag V ........ V by, for some finite

subset {aq, ag, ....... a,}

If each element of L is the join of compact elements then L said to be
compactly generated lattice (CG - Lattice) and if each element of L is the
join of principal elements then L said to be principally generated lattice (PG -
Lattice). A multiplicative lattice L called r-lattice if it is modular, principally
generated, compactly generated and in which the largest element I is compact.

Let M be a complete lattice and L be a multiplicative lattice then M is
called L-module or module over L if there is a multiplication between elements
of Land M written as aB where a € L and B € M which satisfies the following
properties,

1. (ab)B = a(bB)

2. (\/aa)(\ﬁ/Bg) = \/ﬁaaBg

3. IB=1DB

4. OB = Oy, forall a,a, ,b € Land B, Bz € B, where 1 is the supremum
of L and O is the infimum of L.We denote by 0,, and I,; the least element
and the greatest element of M.

Let M be a L-module. If N € M and a € L then (N : a) = V{X €
M | aX < N}. If a,b € L, we write (a : b)) = V{z € L | bx < a} If
A,B e M, then (A: B)=V{x € L | B < A}. An L-module M is called a
multiplication L-module if for every element N € M there exists an element
a € L such that N = aly;. An element N of M is called meet principal if
(aN(B:N))N =aN A B for all a € L and for all B € M. An element N of
M is called join principal if aV (B : N) = (aN V B) : N for all a € L and for
all B € M and N is said to be principal if it is both meet principal and join
principal.

A proper element N of M is said to be prime if a X < N implies X < N
or alpyy < N thatis a < (N : Iy) for every a € L, X € M. If N is prime
element of M then (N : Ij,) is prime element of L [4](proposition (3.6)). An
element N < I in M is said to be primary if aX < N implies X < N or
a"Ipy < N that is a™ < (N : Iy) for some integer n. If (Op @ Ipr) = O then
M is called faithful L-Module. For B € M ,v/B=V{a€ L | a"Iy < B} for
some positive integer n.If each element of M is the join of principal (compact)



On multiplication lattice modules 1489

elements of M then M is called principally generated (compactly generated)
lattice. Our multiplicative lattice L. will be an r-lattice and lattice module M
will be a faithful multiplication PG-Lattice (Principally generated) L-Module.

2 Prime element, primary elements and radi-
cals

Free multiplication modules are studied by Saeed Rajaee [6]. In his paper,
he gave the relation between prime and primary ideals of a ring R and the
corresponding prime and primary submodules in a module over R. The next
theorem gives the relation between a prime element in a multiplicative lattice
and a prime element in a lattice module. Similarly, we obtain the relation for
primary element in L and primary element in M.

Theorem 2.1. Let M be a lattice module and p be a prime element of L and g
be a primary element of L then (Iy; : p) is a prime element of M and (Iy; : q)
1s a primary element of M. Morever for element a and b of L, aly < blyy
implies a < b if and only if (aly : Iy) = a.

Proof. Let p be a prime element of L and aX < (I : p) = Q. Suppose, X &
(In 2 p), let Y < alp. We show that, Y < (I : p) or equivalently, pY < Iy
which is obvious. Hence, aly < (Ip; : p) and hence, (I : p) is prime element
of M. Next, let q be a primary element of L and aX < (Ip : ¢q). Suppose,
X & (In 2 q) and Y < a™Ip;. We show that, Y < (I @ ¢) or equivalently,
qY < Iy which is obvious. Hence, a"Ip; < (Ip : q) and (I : q) is primary
element of M. Suppose, aly, < bl implies a < b, we have a < (aly : Iy).
Let Y € S={xe L | xly < aly}. Therefore, Y1y < aly and hence,
Y < a [2]. This shows that, (aly : Ins) = a. Conversely, let (aly : In) = a.
If alyy < by then (alys : Iyy) < (bl : Iyy) and hence, a < b. O

In the next result, we obtain another presentation of radical of an element A
of M.

Theorem 2.2. Let M be a multiplication L-Module and element A € M.
Then, VA = V4 where A = qly.

Proof. We have, VA=V{a € L | a"l,y <A, n€z} [1]. Let A= qly for
some ¢ € L. Then, VA=V{a € L | a"Iyy < qly, n € z,} =V{a € L |
a* < q n€z+}.So,\/Z:\/§, qe L. a

We prove some elementary properties of radicals. For properties of radicals
in a multiplicative lattice one can refer N K Thakare and C S Manjarekar [7].
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Theorem 2.3. Let M be a multiplicative L-Module where for any element A

and B of M,
1. VVA=VA
2. VAVVB <VAVB

3. If AvVB=1, then AV B =

4-
5.

VAV B=+VA

VAN B = VANVB if multiplication distributes over meet.

Proof. Let A =aly;, and B = bl for some elements a and b of L, then by

theorem (2.2) VA= Vva , VB = v/b. Now, we have,

1.

2.

VA= Va= = VA

We have, VAV VB = /aVVb; AVB=(aVbly,vVAVB=+aVD,
Vavyvb = V{z € L | 2" < a}]V[V{zr € L | 2" < b}]. Let
reSUS where S={r el | 2" <ayand S ={x €L | 2" <
b}.Sox € S orx € S'. Then, 2" < a or 2™ < b, n,m € Z,,n >
m. Hence, 2" < aVband z € {y | y" < aVb} =5;. Therefore,

VaVv Vb <VaVb. This shows that, VAV VB = \/aV Vb <VaVb=
VAV B.

Let, AV B = Iy. Then, alp V bly = (aV b)Iyy = Iy. So, aVb=1Ip.
Hence, vVaV b= +/I; thatis VAV B =

We have, VAV B = aly Vbly = \/(aVb)Iy = VaVb We know
that, vVa Vb= 1/v/aV vb. Therefore, VAV B =+/v/AV VB.

. We have, VAAVB = JaAVb, AAB = aly AbIy = (a Ab)Iy (Since,

multiplication distributes over meet). But, VA A B = va Ab = \/aAVb.

Therefore, VAN B = VANVB.

The next theorem gives the relation between primary element of lattice
module M and prime element of multiplicative lattice L. O

Theorem 2.4. Let M be a multiplication L-module, where for any element A
of M, if Q is primary element of M then \/Q is prime element of L.

Proof. Let Q) = qlyy, for some element q of L. Now, (Q : Ipy) = (¢l : Iy) = ¢
is a primary element of L. Hence, ,/q is a prime element of L. Therefore, by
theorem (2.2), v/@Q = /g is prime element of L. a
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The next result gives the characterization for elements to be equal.

Theorem 2.5. Let Ny and Ny be two elements of multiplication lattice module
M. Then (Ny : Inr) = (Ny : Iy) if and only if Ny = Ns.

Proof. Let,N; = aly and Ny = bl for some element a,b of L.Let,(Ng :
Ing) = (No @ Ipg). Then (aly : Iny) = (blyy @ Ipr).Hence, a = b and aly =
bIy.Conversely, let Ny = Ny .So,aly = bly gives (aly : Ipy) = (bIy = Lyy)
and therefore, (N7 : Iy7) = (No @ Iy). O

One may ask the question whether the prime element is minimal or not.The
answer is given in the next theorem.

Theorem 2.6. Let N be a prime element of multiplication L-Module M and
p is the prime element of L and (N : In;) > p, then N is not a minimal prime
element of M.

Proof. Since, M is a multiplication L. module, N = qI;; for some element q of
L. We have, (N : In) = (qlp ¢ In) = q is the prime element of L. Let p be
a prime element in L. p = (pIy : Iny) < (N : Ipy). Therefore, ply, is a prime
element of M contained in N [2] and hence, N is not a minimal prime element
of M. O

The next result follows immediately.

Theorem 2.7. Let M be a multiplication L-module and N be a minimal prime
element of M then there is no prime element p of L where (N : Ip;) > p.

The next theorem gives a property of local multiplicative lattice.

Theorem 2.8. Let (L, m) be a local multiplicative lattice and M be a multipli-
cation L-Module such that Iy # miIy then mly is a maximal prime element
of M.

Proof. Since, m is maximal element of L. then mI); is maximal element of
M and hence, it is a prime element [4]. Let N be prime element such that
N > mlIy. Then, (N : Iy) = (mly : Iyy) = m. This implies N = m1y; Thus,
mly; is a maximal prime element of M. U
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