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Abstract

In present paper, we prove a common unique fixed point theorem for
expansive mappings in S-metric space which correspond to contractive
mapping of theorem 1 in [10].
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1 Introduction and Preliminaries

The advancement and the rich growth of fixed point theorems in metric spaces
have important theoretical and practical applications. The development has
been tremendous in the last three decades. Although the concept of a fixed
point theorem may appear as an abstract notion in metric spaces, it has
remarkable influence on applications such as the theory of differential and
integral equations [2], the game theory relevant to the military, sports and
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medicine as well as economics [3]. In 89, Gahler [5,6] introduced the notion
of 2-metric spaces while Dhage [1] intoduced the concept of D-metric spaces.
Later on, Mustafa and Sims [11] showed that most of the results concerning
Dhage’s D-metric spaces are invalid. Therefore, they introduced a new no-
tion of generalized metric space, called G-metric space. Very recently in [7],
Sedghi, Shobe and Aliouche have introduced the notion of an S-metric space
and proved that this notion is a generalization of a G-metric space and a D∗

metric space. Also, they have proved some properties of S-metric spaces and
some fixed point theorems for a self-map on an S-metric space. An interesting
work that naturally rises is to transport certain results in metric spaces and
known generalized metric spaces to S-metric spaces. In this way, some results
have been obtained in [7,8,9]. In this paper, we present common unique fixed
point theorem for expansive map which is defined in [4] for rational inequality.
Now we recall some notions and lemmas which will be useful later.

Definition 1.1. Let X be a nonempty set. An S-metric on X is a function
S : X3 → [0,∞) that satisfies the following conditions, for each x, y, z, a ∈ X.

1. S(x, y, z) ≥ 0

2. S(x, y, z) = 0 if and only if x = y = z

3. S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a)

The pair (X, S) is called an S-metric space.

Immediate examples of such S-metric spaces are:

(1) Let X = Rn and ‖ . ‖ a norm on X, then S(x, y, z) =‖ y + z − 2x ‖
+ ‖ y − z ‖ is an S-metric on X.

(2) Let X be a nonempty set, d is ordinary metric on X, then S(x, y, z) =
d(x, z) + d(y, z) is an S-metric on X.

Lemma 1.2. [7]: In an S-metric space, we have S(x, x, y) = S(y, y, x).

Definition 1.3. [7]: Let (X, S) be an S-metric space.

(1) A sequence {xn} in X converges to x if and only if S(xn, xn, x) → 0 as
n → ∞. That is for each ε > 0 there exists n0 ∈ N such that for all n ≥ n0,
S(xn, xn, x) < ε and we denote this by limn→∞ xn = x.

(2) A sequence {xn} in X is called a Cauchy sequence if for each ε > 0,
there exists n0 ∈ N such that S(xn, xn, xm) < ε for each n, m ≥ n0.
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(3) The S-metric space (X, S) is said to be complete if every Cauchy se-
quence is convergent in X.

Lemma 1.4. [7]: Let (X, S) be an S-metric space. If the sequence {xn} in
X converges to x, then x is unique.

Lemma 1.5. [7]: Let (X, S) be an S-metric space. If the sequence {xn} in
X converges to x, then {xn} is a Cauchy sequence.

Lemma 1.6. [7]: Let (X, S) be an S-metric space. If there exist sequences
{xn} and {yn} such that limn→∞ xn = x and limn→∞ yn = y, then
limn→∞ S(xn, xn, yn) = S(x, x, y).

Expansive map

Definition 1.7. [7]: Let (X, S) be an S-metric space. A map F : X → X
is said to be expansive if there exists a constant L > 1 such that
S(F (x), F (x), F (y)) ≥ LS(x, x, y) for all x, y ∈ X.

Example 1.8. [7]: Let X = R and S is define by S(x, y, z) =| x − z | +
| y − z | where x, y ∈ R. Then (X, S) is an S-metric space. Define a self
map T on X as follows Tx = βx where β > 1 for all x ∈ X. Clearly T is an
expansive mapping.

2 Main Results:

Theorem 2.1. Let f and g be two surjective self maps on a complete S-
metric space (X, S) and

S(fx, fx, gy) ≥ aS(x, x, fx), S(y, y, gy)

S(x, x, y)
+ b

[
S(x, x, fx) + S(y, y, gy)

]

+ cS(x, x, y) (2.1.1)

with x 	= y Where a, b ≥ 0, c > 1. Then f and g have a common unique
fixed point in X.

Proof: We define a sequence {xn} as follows for n = 0, 1, 2, 3, . . .

x2n = fx2n+1, x2n+1 = gx2n+2 (2.1.2)

If x2n = x2n+1 = x2n+2 for some n then we see that x2n is a fixed point of f
and g. Therefore, we suppose that no two consecutive terms of sequence {xn}
are equal.
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Now consider

S(x2n, x2n, x2n+1) = S(fx2n+1, fx2n+1, gx2n+2)

≥ aS(x2n+1, x2n+1, fx2n+1) S(x2n+2, x2n+2, gx2n+2)

S(x2n+1, x2n+1, x2n+2)

+ b
[
S(x2n+1, x2n+1, fx2n+1) + S(x2n+2, x2n+2, gx2n+2)

]

+ cS(x2n+1, x2n+1, x2n+2)

=
aS(x2n+1, x2n+1, x2n) S(x2n+2, x2n+2, x2n+1)

S(x2n+1, x2n+1, x2n+2)

+ b
[
S(x2n+1, x2n+1, x2n) + S(x2n+2, x2n+2, x2n+1)

]

+ cS(x2n+1, x2n+1, x2n+2)

⇒ (1 − a − b)S(x2n, x2n, x2n+1) ≥ (b + c)S(x2n+1, x2n+1, x2n+2) [by Lemma 1.2]

⇒ S(x2n+1, x2n+1, x2n+2) ≤ 1 − (a + b)

b + c
S(x2n, x2n, x2n+1)

⇒ S(x2n+1, x2n+1, x2n+2) ≤ K1S(x2n, x2n, x2n+1)

where K1 =
[

1−a−b
b+c

]
< 1 (As a + 2b + c > 1)

Similarly we can calculate

⇒ S(x2n+2, x2n+2, x2n+3) ≤ K2S(x2n+1, x2n+1, x2n+2)

where K2 =
[

1−a−b
b+c

]
< 1

and so on

⇒ S(xn, xn, xn+1) ≤ KS(xn−1, xn−1, xn) for n = 1, 2, 3...

where K = max{K1, K2} then K < 1

⇒ S(xn, xn, xn+1) ≤ KnS(x0, x0, x1)

Now we shall prove that {xn} is a cauchy sequence. For this for every positive
integer P , we have
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S(xn, xn, xn+p) ≤ 2S(xn, xn, xn+1) + 2S(xn+1, xn+1, xn+2) + ...

+ 2S(xn+p−2, xn+p−2, xn+p−1) + S(xn+p−1, xn+p−1, xn+p)

≤ 2S(xn, xn, xn+1) + 2S(xn+1, xn+1, xn+2) + ...

+ 2S(xn+p−2, xn+p−2, xn+p−1) + 2S(xn+p−1, xn+p−1, xn+p)

≤
[
2Kn + 2Kn+1 + ... + 2Kn+p−2 + 2Kn+p−1

]
S(x0, x0, x1)

= 2Kn
[
1 + K + K2 + ... + Kp−1

]
S(x0, x0, x1)

<
2Kn

(1 − K)
S(x0, x0, x1)

Which implies that S(xn, xn, xn+p) → 0 as n → ∞.

Therefore {xn} is a cauchy sequence in X, which is complete space, so
{xn} → x ∈ X.

Existence of fixed point: Since f and g are surjective maps and hence
there exist two points y and y′ in X such that

x = fy and x = gy′ (2.1.3)

Consider,

S(x2n, x2n, x) = S(fx2n+1, fx2n+1, gy′)

≥ aS(x2n+1, x2n+1, fx2n+1) S(y′, y′, gy′)
S(x2n+1, x2n+1, y′)

+ b
[
S(x2n+1, x2n+1, fx2n+1) + S(y′, y′, gy′)

]
+ cS(x2n+1, x2n+1, y

′)

=
aS(x2n+1, x2n+1, x2n) S(y′, y′, gy′)

S(x2n+1, x2n+1, y′)

+ b
[
S(x2n+1, x2n+1, x2n) + S(y′, y′, gy′)

]
+ cS(x2n+1, x2n+1, y

′)

As {x2n} and {x2n+1} are subsequences of {xn} as n → ∞, {x2n} → x,
{x2n+1} → x.

Therefore

S(x, x, x) =
aS(x, x, x) S(y′, y′, x)

S(x, x, y′)
+ b

[
S(x, x, x) + S(y′, y′, x)

]

+ cS(x, x, y′) [by Lemma 1.6]
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0 ≥ (b + c)S(x, x, y′) [by Lemma 1.2]

⇒ S(x, x, y′) = 0 (As b + c > 0)

⇒ x = y′ (2.1.4)

In an exactly similar way we can prove that,

x = y (2.1.5)

The fact (2.1.3) along with (2.1.4) and (2.1.5) shows that x is a common fixed
point of f and g.

Uniqueness: Let z be another common fixed point of f and g, that is

fz = z and gz = z (2.1.6)

S(x, x, z) = S(fx, fx, gz)

S(x, x, z) ≥ aS(x, x, fx) S(z, z, gz)

S(x, x, z)
+ b

[
S(x, x, fx) + S(z, z, gz)

]
+ cS(x, x, z)

⇒ S(x, x, z) =
aS(x, x, x) S(z, z, z)

S(x, x, z)
+ b

[
S(x, x, x) + S(z, z, z)

]
+ cS(x, x, z)

⇒ (1 − c)S(x, x, z) ≥ 0

⇒ S(x, x, z) = 0 (As c > 1)

⇒ x = z

This completes the proof of the theorem 2.1

Corollary 2.2. Let f be surjective self map on a complete S-metric space
(X, S) and

S(fx, fx, fy) ≥ aS(x, x, fx), S(y, y, fy)

S(x, x, y)
+ b

[
S(x, x, fx) + S(y, y, fy)

]

+ cS(x, x, y) (2.2.1)

with x 	= y Where a, b ≥ 0, c > 1. Then f has a unique fixed point in X.

Proof: If we put f = g in theorem 2.1 then we get above corollary 2.2.

Corollary 2.3. Let (X, S) be an S-metric space and f : X → X be a
surjection. Suppose that there exist a positive integer n and a real number
K > 1 such that

S(fnx, fnx, fny) ≥ aS(x, x, fnx), S(y, y, fny)

S(x, x, y)
+ b

[
S(x, x, fnx) + S(y, y, fny)

]

+ cS(x, x, y) (2.3.1)

for all x, y ∈ X. Then f has a unique fixed point in X.
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Proof: From corollary 2.2 fn has a unique fixed point z. But fn(fz) =
f(fnz) = fz, so fz is also a fixed point of fn. Hence fz = z, z is a fixed point
of f . Since the fixed point of f is also fixed point of fn, the fixed point of f is
unique.
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