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1. INTRODUCTION

The g-log-concavity of the ¢-Stirling Polynomials of the second kind S,[m, k]
was conjectured by M. Wachs and D. White in [6]. They used a computer
program to prove this conjecture for m < 20. Also, in [3],the g-log-concavity
of the ¢-Stirling numbers of the second kind was studied by using combinatorial
interpretations in terms of “0 — 1tableauz”.
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The log-concave property has been also studied for F.Z. Zhao in [7]. In
Theorem 2.5, Zhao proved that for a given sequence a = (ag, a1, ..., an,...) of
real numbers, the generalized Stirling numbers S,(n, k) of the second kind are
log-concave.

2. NOTATIONS AND DEFINITIONS

In this section, by following Pierre Léroux notations [3], see also [2] and [6],
we define the ¢-Stirling polynomials of the second kind.

Definition 1. For a real variable ¢ € R\ {1} and m in N, where N is the set

of all natural numbers, the ¢-Stirling polynomial in the variable q of the second
kind is defined as

(1) Sy[m, k] = S [m — 1,k — 1] + [k],S,[m — 1, k],
where

(2) S,[0,0] = 1, Sy[m,k] =0 if E<0 or k>m,
and where

(3) mly:=14+q+q*+-+q¢"", with [0,=0

Definition 2. The g-binomaial coefficients { Z } , are defined by
q

{n] Il if 0<k<n

0 if k<0ork>n,

where
[m]g! == [1]g[2]¢ - - - [m]g, with [0]g! =1

In [1], L. M. Butler proved the g-log-concavity in k of the ¢-binomial

coefficient { Z } , and announced the conjecture that the ¢-Stirling polyno-

q
mial of the second kind S,[m, k| is ¢-log-concave in k. Also, in [5], B. E. Sagan

proved that { Z } is strongly ¢-log concave. Later, many mathematicians

q
settled this conjecture and related open questions concerning the ¢-Stirling

numbers, see [6]. Different methods of proof were proposed, see for example
[4].

3. PARTIAL RESULTS

In this paper we prove that the ¢-Stirling polynomial of the second kind are
log-concave. For this purpose, we have some partial reults. From Definition
1, we deduce the following five Claims, where the proofs of Claims 1, 2 and 4
are based on the mathematical induction method. The proof of Claim 3 comes
from Claim 2, and the proof of Claim 5 comes from Claim 4.
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Claim 1. For any m in N, we have S;[m, m] = 1.
Claim 2. For any m in N,
(4) Sy[m+1,m] = > [i]
=1
Claim 3. For any m € N, the polynomial S;[m + 1,m| has degree m — 1.
Claim 4. For any m in N,
(5) Sq[m +2,m)| Z i+ 1,1
i=1
Claim 5. For any m in N, the polynomial S,[m + 2, m| has degree 2m — 2.
Note 1. In this paper, we will consider only the q-Stirling polynomials of the
second kind Sy[m + k,m], where k =1, 2.
Now, we give the following definitions:

Definition 2. A g-polynomial of degree ¢, p(q) = ag+a1q+asg®+---+aq’
is said to be log-concave, see [3], if

(6) Qi1 <aof, for 1<i<t-—1.

Note 2. The log-concavity property for sequences is found in combinatorial
analysis and other branches of Mathematics. For example, in [4], B. E. Sagan
proved the log-concavity in k for:

The binomial coefficients ( 7;; ), the Stirling numbers of the first kind
c(n, k), and the Stirling numbers of the second kind S(n, k).

4. MAIN RESULTS
The main results of this paper are now given. That is, we will prove that

the -Stirling Polynomials of the second kind S,[m + k, m| are log-concave for
k=12

Theorem 1. The ¢-Stirling Polynomial of the second kind S,[m + 1,m] is
log-concave for any m in N.

3

Proof. By Claim 3, since S,[m + 1,m] =

Ing

Il
=)

(m — z) q', it follows that
Q1G] = (m—(z’—l)) <m—(z’+1)) = (m—z’

Hence o; 1,1 < a?.
This proves Theorem 1. U

2 2
—1, and o? = (m—z’) :

N——
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Theorem 2. The ¢-Stirling Polynomial of the second kind
Sq [m + 27 m]
= (a0 + a1q) + (@’ + -+ + am-1q™ ) + (am@™ + -+ 4 Q2m—2¢"" )

1s log-concave for any m in N.

Proof.
In order to prove the log-cancavity, we will consider the following six cases:

1) apaz < a?
2) ajaz < a2,

3) ajaqo < aﬁl, for 7 even and odd, where 2 < 7 <m — 3,

5

)
) a
4) a9y, < a2, for m even and odd,
) Q1 Qg1 < a , for m even and odd, and
)

6) ajao < O‘g+1> for j even and odd, where m < 7 < 2m — 4.

For this purpose, we will find an explicit formula for the coefficients «;, with
1=0,2,...,2m — 2, which is given in the following Lemma, and whose proof
is given in the Appendix.

Lemma 1. The q- Stirling polynomial Sy[m + 2,m] can be written as:
Sq [m _I— 27 m]
= (ap + a1q) + (a2q2 + -+ Ozm_lqm_l) + (g™ + -+ OQm_2q2m—2)’

where
a) For j =0,1,

b) For j=2,3,...,m—1,

(]‘g )m2+( 2] )m+i_2_§ _E] if j is even
Qy; =
G+1) o, (1—42) 3., 7 r
CARE Ry dd
st mt g i —g iiso

c) Forj=mm+1,...,2m — 2,
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om— )3 (2m—j)? (2m—j
(m12j) +(m8 J) _(m12 J) if i is even

Oéj =
(2m—j)*  (@2m-j4)? @2m-j) 1
_ _ - dd
2 g 12 g Uiwso

Back to the proof of Theorem 2, we will consider the following cases:

Case 1. From Lemma 1,
a%—aoagz(mz—l)z
_ 2 _ 2

_(m(m+1\[8 [(4m—3 Ag 6m* —17 o4 ™ +m

2 12 8 12 2
Lo, 1, 1 3 2 1 2
= qm'—m +m+1=1(m+1)(m —m?+4) = Z(m+1) [m?*(m — 1) +4] .
Since m € N, it follows that

a% — agag > 0.

Case 2. From Lemma 1,
) 8 4m + 3 A4 6m? — 7 2+mz+m2
G2 M =79 8 12 2

27 4m + 3 6m? —7 m?+m 1
—[m2=1] |2= = - i
[ }{12 ( 8 )9+( 12 )3+ 2 8}

1 1 1
:Zm4—§m3+4m2—|—2m+1 = Z(m4—2m3—|—5m2—|—8m—|—4)
1
:Z[mg(m—2)+5m2—l—8m—l—4}.

Note that if m =1, m3(m —2) +5m?*+8m+4=-1+5+8+4 =16 > 0.
Then for any m € N, we have

a% —ajag > 0.

Case 3. Consider 2 < j <m — 3.

3a) Suppose that j is even. Then j+1 is odd and j+ 2 is even. Thus, from
part b) of Lemma 1, if we arrange over the powers of j, the coeflicient a; are:

(7)
15 [4m+3 2 6m? — 7 ‘+m2+m 73 ever
127 s )/ 2 )/ 2 J

1 5 [(4m+3\ , [(6m*=7\ . m*+m 1 .
— B L — 2 ifjis odd
127 ( g )‘7+( o )/t T Ty MBe
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Hence, by (7),

2
Qjp1 — AjQj+2

- |- () e (M) <j+1>+m2;m—§]2

1, [4m+3 2 6m? — 7 4+m2+m
~ 12! s )’ 12 )7 2
1 dm + 3\ . 6m? —7Y\ . m? +m

= +2)° - G+2P+(—5— )G +2)+

8 12 2

= 12m* — 24m®j + (245° — 12 4 125) m* + (185> + 805 — 8;° + 48) m
+ 48 — 353 + 252 + 48§ + 5*
(12m* — 24m®j + 12m?5?) + (12m?5° — 8mj®) + (12m?*j — 12m?)
+ (18my® — 35%) + (80myj + 48m + 48 + 25 + 485 + j*)

Now, since 2 < j <m — 3 < m, it follows that
12m* — 24m?*j + 12m?5% = 12m*(m? — 2mj + j%) = 12m*(m — j)?
12m?5? — 8mj* = mj*(12m — 85) = mj*[8(m — j) + 4m)
12m?j — 12m?* = 12m*(j — 1)
18myj? — 357 = 352 (6m — j) = 35%[(m — j) + 5m]
and since 80mj + 48m + 48 + 252 + 485 + j* > 0, it follows that

> 0,
> 0,
> 0,
> 0,

2
Oéj+1 — Q049 Z 0.

3b). Suppose now that j is odd. Then j + 1 is even and j 42 is odd. Thus,
from (7),

2
Oéj+1 — Q042

2 8

1 Am + 3 6m? — 17 m>+m 1
[12(J+) ( 3 )(J+)+( B )(J+)+ 5 8]
= 12m* — 24m?®j + (245° + 12 4 245) m* + (65° + 565 — 8j° + 42) m

+24 — 5% — j% 4+ 255 + 5
= (12m" — 24m®5 + 12m%5?) + (12m%5 — 8mj®) + (6my° — j* — 5°)
+ (12m? + 24m®5* + 56myj + 42m + 24 + 25 + j*)

Again, since 2 < 5 < m — 3 < m, it follows that
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12m* — 24m?*j + 12m?5? = 12m*(m? — 2mj + j%) = 12m*(m — j)* > 0,
12m?5? — 8mj* = mj*(12m — 85) = mj*[8(m — j) + 4m] > 0,
6my® — j* — 5% = 5%(6m — j — 1) = j*[(m — j) + (m — 1) + 4m] > 0,

and since 12m? + 24m?j2 + 56mj + 42m + 24 + 255 + j* > 0, it follows that

2
Oéj+1 — 042 Z 0.

Case 4.

4a). Suppose that m is even. The m — 2 is even and m — 1 is odd. Then
from Lemma 1,

oo () i (D

Los L, 1 5o 19 5 1,
S Lo, 1 1 _ 5 19 EINCIINE
memgn TR TR T T

)

1
:@m(5m—1)(m+2220, forany m in N.

4b). Suppose that m is odd. Then m — 2 is odd and m — 1 is even. Again,
from Lemma 1,

2
Q1 — Qp—20ly,

— {%(m_l)g_ (4m8+ 3) (m—172+ (M) (m —11) + ngmr

12
1 4m + 3 6m? —17 m24+m 1
— | =(m—2)* - — 22 [ — -2 - =
{12(7” ) ( 8 )(m )+( 12 )(m )+ 8]
Los 1, 1 1 5oy Tos 2 ] 1
= -m ——m—=| = —m' +—m"+ —m"+ —m— —
" T TR T TR 16 A8 1m ' 18

1
Z@(2+m)(m—l—1)(5m2—l—6m—3)20, forany m in N.

Thus, from 4a) and 4b) we have

2
O — Q20 > 0.
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Case 5.

5a). Suppose that m is even. Then m — 1 and m + 1 are odd. Thus from
Lemma 1,

1 1 Ik
2 03 o2
Q, — Op—1 Qi1 {12771 +8m 12m}
1 4m + 3 6m? — 7 m2+m 1
— | =(m—-1)> - —1)2 —1 - =
0m =0 = () - (P ey P
1 1 1 1 1 1 1
i _13 - -1 2~ _ I I’ 3~ 52
{12(7” Jrgm=1 = qpm=1 8} TR
1
= 5" m*(2+m)(m+1) >0 forany m in N

5b). Suppose that m is odd. Then m — 1 and m + 1 are even. Thus from
Lemma 1,

Lowy e 1 177
Gm = Gm—1@mit = g0 TGl T M Ty
1 4m + 3 6m? — 7 m* +m
—(m—1) — —1)? -1
50m =0 = () - v (T -+
1 1 1 1 1 1
o _13 - -1 - -1 _ 4 3__ 2 -
{12(7" Jrgm =1 = pm )} B TR TR TR
1
5 ( 1)im+1)°>0, forany m in N

Thus, from 5a) and 5b) we have

2
Qpy — Q11 2> 0.

Case 6. Consider m < j < 2m — 4.

6a). Suppose that j is even. Then from Lemma 1,

{ y+1 +(2m—(j+1>>2_<2m—(j+1>>_1}2
8 12 8
{2m—y (2m — j)? (2m—j)]
8 12

{( (J+2)) +(2m—(j+2))2_(2m—(j+2))]
8 12
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Lo (2 N, (Lo 3. 1),
=-m —=j—=1|m — —j+=]m
3 3773 27 T TG

1, 3, 1 1, 1, 1
+(_6‘7 B _8‘7)””(16‘7 ST AR TE )
1
T8

Now, since 0 <m < 7 <2m —4 < 2m — 2, it follows that 0 < 2m — 7 —2 <
2m —j — 1 Then (2m — j — 1)(2m — j — 2) > 0. Therefore,

=(2m—j—1)(2m —j—2)(2m — j)*.

2
Oéj+1 — Q049 Z 0.

6b). Suppose now that j is odd. Then j + 1 is even and j + 2 is odd. Then
by Lemma 1,

{ y+1) +(2m—(j+1))2_(2m—(j+1))}2
8 12
{m—y 2m—j>2_<2m—j>_1}
8 12 8
{( (J+2)) +(2m—(j+2))2_(2m—(j+2))_}]
8 12 8

418(2m i D@m— ) 2m— j— 1)

Since 0 < m < 7 < 2m —4 < 2m — 2 < 2m, it follows that
0<2m—j<2m—j+1. Then (2m — 5+ 1)(2m — j) > 0. Therefore

«

2
i1~ 0y > 0.

This completes the proof of Theorem 2. 0J

5. APPENDIX

In order to prove Lemma 1, we need the following eight Lemmas.
Lemma 2. For any m € N,
m—1 i 2m—2 m—1
st =3 (S0 )+ 3 (3 m-n)e
7=0 k=0 =m k=j—m+1

Proof. By Claim 3, [m|,S,[m + 1, m] is a polynomial of degree 2m — 2, and
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[m]gSqlm +1,m] = [m], : (m — i)qi

=(1+q+@P+ - +q"Hm+ (m—1)g+ (m—2)¢*+

Hence,

This

[m]gSy[m + 1, m] = (m—l—(m—l)q—l—(m—2)q2+...
+(WQ—I-(m—1)q2+(m—2)q3+...+2qm—1+qm)

+ qm—l)

+ -+ (mqm_l + (m—1)q¢"+ (m — 2)qm+1 4+t q2m—2)‘
By factoring the powers of ¢,

[m]ySylm + 1,m] =m+ (m

+-oF (m+(m ) (m—=2)4+---+2+1)¢"
(1424 (m=1))g" + (1424 (m —2))¢" "
_|__|_(1_|_2)q(2m 2)- 1_|_1q2m 2

) E (5 )

k=0

proves Lemma 2.

Lemma 3. For any m € N,

SQ[m+2>m] :P_I_Qa

where

5 if i s even
% if 1 1s odd

Proof. Note that from Claim 4,

Sylm +2,m] = Z[z’]qu[z' +1,1],

and from Lemma 2,

+(m—1))qg+ (m+( — 1)+ (m —2))¢*
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sinan -5 [(8 (Sen)e B £ eon)o)|

=1 7=0 k=0 =j—i+1

Then by taking the sum over the index i, we get:

Sylm +2,m] = <Z(1 — k:)) 7+ <Z(1 — k:)) ¢

+2 Z(z—m)quZ(Z(z—k))qj
’ <Z(3—k)>qj

where P is the first column of this expression, and () is the second one. That

I I o I

+---+Z_<Z(m—2— )q +Z<Z —1—k)>qj
+ ’_ <Z(m—k‘)> 7,
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and
Q=2 <Z(1—k>> qf+2<2 (2—k>> =D < > (3—k>> ¢
2(m—2)-2 m—2—1
AR ( (m—2—k;))qf
j=m—2 k=j—(m—2)+1

2(m—1)— m—1-1 2m—2 m—1
T S B S ) L i (D SR I
j=m—1 k=j—(m—1)+1 Jj=m  \k=j—m+1
Now, by considering the sums over the index j, we get for P:

pP= <Z(1 - k‘)q0> + <Z(2 — k)’ + 2(2 - k‘)q1>

k=0

+---+<Z(m k)q +m —2+m_ (m—k;)qm—1>.

k=0 k=0 k=0
By factoring the powers of ¢,

P= <Z(1—k)+-"+2(m—1—k)+2(m—k)>qO

+<§(2_k)+...+§(m—1—k)+§(m—k)>q1
+< : (3—k)+- -+ 2 (m—1—k)+ 2 (m—k)>q2
—|----+<§(m—2—k)+§(m—l—k)+§(m—k)>qm_3
+ C__j(m —1-k)+ g(m = k‘)) ¢+ ::(m - k‘)) ¢
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Then,
r=|y <Z(j+1—k>> ¢’ ’_ <Z(j+1—k>>]q1
+ Z_< (j+1—k:)> ¢+ +[Z_ <_(]—|—1—k‘)>]qm_2

Hence,

On the other hand, by considering the sums over the index j, we get for Q:

Q= (0g") + <Z(2 - k‘)q2> - <Z(3 k) +> (83— k‘)q4>

k=1 k=1 2
3 3 3
+ (D =R +> (A-k)+ ) (4- k‘)q6>
=1 o k=3
m—3 m—3
+ (m—2—k)g" >+ + Y (m—2 k‘)qzm‘6>
k=1 k=m—3
m—2 m—2
+ (m—1—k)g" ™+ + (m—1 k)qzm“‘)
k=1 k=m-—2
m—1 m—1 m—1
- (m—k)¢™ + Z(m — k)™t 4+ Z (m k:)qzm_2> .
k=1 k=2 k=m—1

Then by factoring, @) can be written as:
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Q= [Z@—k)

- , ; 4
* Z<3_k>+z(4_k) q'+ Z(4—k;)+2(5_k) %
L k=2 k=1 P —
[ 3 4 : _
+ D A=k + ) 5k + > (6-k)|
Lk=3 k—2 1 |
[ 4 5 6 :
+ DBk +D) 6k +> (T—k)|d
Lk=3 k—2 1 |
{[X]qm if m 1iseven, or [A]qu if m+41 iseven,or
+ >
A edd [Blg™™ if m+1 isodd
m—1 m—1
+ Z (m —_ k)] q2m—3 + Z (m_ kf)] q2m—2’
k=m—2 [—
where
% %—1—1 m—1
m m
X:Z<E+1—k‘)+ (5%—2—]{;)4_...4_ (m — k),
= k=5 -1 k=1
mTfl—l—l mTil—l—z m—1
1 1
Y = mEL k) AL k) S =),
2 2
b= k=gt =1 k=1
(m4+1)—-1—(2 1)
1
A= (m—l—l—(%_l)_k)
k=1+m4 -1
(m+1)—1— (L)
1
LY (mH_(%)_k)
k=1+m4L
(m+1)—1-2 (m+1)—1—1
S m+1-2-k)+ S (m+1-1-k),

k=1

2

Miguel Angel Alvarez and Jaime Navarro

¢ +

q3

>3-k
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(mA1)—1—(2-1) . (mA1)-1—(2) -
B= ¥ <m+1—<§—1)—k‘)+ <m+1—<§)—k‘)
k=1+2-1 k=142
(m4+1)—1—2 (m4+1)—1—1
ot > (m+l-2-k)+ > (m+1-1-k)
k=3 k=2
Hence,
M1 2
Q=[>2-k|’+ D B-k|d
Lk=1 k=1
[3-1 /41— i [254-1 /51— ]
+ < (4—J—k)> '+ < G-ji—k||¢
| =0 \k=1+; ] | =0 \k=1+j ]
[5-1 /6-1—j ] (51 /71— ]
X (S mien) o | S (Sa-sn)| 0
| =0 \k=1+j ] | =0 \k=1+j ]

5=0 \ k=1+j
-l fme1—g
(m—y—k‘)) g if m isodd
7=0 k=1+j
[1—1 [(m+1)—1—j T (m1)—1 '
: m ,m—+ 1is odd
+ (m+1-j7—k) q“,l:{mH2 .
j=1 k=147 5, m+ l1s even
(121 [(m+2)—1—j 7 (mt2)-1 '
) m ,m + 21is odd
+ (m+2-35-k) q+{l={mﬁ N
=2 k=147 5, M+ 21s even
[Em3l 1 f(om-3)-1—j
| X Y, @m=3-j-k)]|¢m
L j=m—3 k=1+j
[Cm2 1 [/ (2m-2)-1—j
A ST emean) [
j=m—2 k=1+j
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That is,
m -1 i—=1—j 2m—2 -1 i—1—j
@:z< <z—j—k>)q@+z (z (z—y—m)qz
=2 \j=0 k=1+j i=m+1 \j=i—m k=1+j
with '
I 5 if ¢ 1iseven
% if ¢ isodd

This proves Lemma 3.

Lemma 4. The coefficients of the polynomial
2m—2

Sym+2,m| = Zajq

are given by:

a)

a=> ((j+1)z'—j(j2+1)), for j=0,1

i=j+1
b)
a ‘ g+ C if j s even
- 1) =2 =/
& i:JZH((‘H )i 2 )+{D if j s odd
for2 <5 <m—1, where

7—1 J—2 ]
C +y (j-1- + ‘(5%—1—1{:)
k=1 k=2 k:%
and
j—1 j—2 Tl =1
D= — —1- A, Y.
G-k +> (G-1—k) + +Z( —+2 k:)
k=1 k=2 p=i=1

E if j s even
aj =
! F if § isodd

form < j5 <2m — 2, where
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and
J J
F= Z (5= +1-k)+ Z (= F2—k) ot > (m—k)
k=11 k=2t _o k=j+1-m

m—1 0 m—1 1
Sgm+2,m) = > > (i+1-k)| ¢+ Z(j+1—k)] ¢
j=0 k=0 j=1 k=0
m—1 2 0 1—j ]
+ YU+1-k)+> > 2-j-k|
L j=2 k=0 J=0 k=1+j .
fm—1 3 0 2—j ]
+ (J+1—Fk)+ B—j—k|d
L j=3 k=0 J=0 k=1+j .

Y

m=D=1  4f 4 —1is odd

mT_l if m —1iseven
2 )

if mis even

if misodd

if m+1isodd

l—{i’ if m+ 1is even

mrs if m 4+ 2is even
if m+2isodd

2 Y

m—2 2m—3—j
_|__|_[Z Z (2m—2—g—k:) q2m—2’
j=m—2 k=1+j
where
m—1 m—1 -1 m—2—j
G= > (G+1—k)+ (m—1—j—k),
j=m—1 k=0 =0 k=1+j
I=1 m—1—j
j=0 k=1+j
-1 m—j
I:Z Z (m+1—7—k), and
j=1 k=1+j
-1 m+1—j
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Now, by taking the sum over the index j, we get

Sylm +2,m] = Z(l—k:)+2(2—k:)+---+2(m—k:)] ¢

+ i(z—m _(3—k:)+---+i(m—k:) q'

+ ;@—m;@—m --+§(m—k)>+<;(2—k) ¢
+ ki(4_k)+ki(5_k)+ +: (m—k)>+<i(3—k) ¢
+ ;(5—k)+---+§(m—k)>+<g(3—k)+g(4—k) q¢*
+ g(G—k)%—---%—g(m—k))%—(: (4—k)+i(5—k) ¢

i 1 k=14+(1-1)
(-1 m—2 m—1—(1-1)
+ D m=k)+ Y (m=1=k)+--+ > (m—(-1)—k)|q¢"
| k=1 k=2 k=14(1-1)
(1 m—2 m—(l—1)
+ D> m=k)+> (m—1—=k)+-—+ > (m+1-(1—-1)—k)|q""
| k=2 k=3 k=1+(1-1)

m—1 m—2 m+1—(1-1)
+ (m—k)+> (m=1—k)+--+ >  (m+2-(1—-1)—k)|g""
k=3 k=4 k=1+(1-1)

m—1 m—2
+ (m — k) + Z(m—1—k)]q2m—4
k=m—3 k=m—2
m—1 m—1
- (m—k)| ¢ 3 + (m — k:)] g2
k=m—2 k=m—1
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Now, by taking the sums over the index k, we get

Sq[m+2m]:[1—|—2+---—l—m]q0

+[24+1)+B+2)+ -+ (m+ (m—1)]¢"
+[B4+2+D)+@+3+2)+--+(m+m—1)+(m—2))+ (1)] ¢
+[4+3+2+ D)+ +(m+m-1D+m—-2)+m-3)+2+1)]¢

+ [K]g™ ' + [L]¢™ + +[M]g™t! + [N]g™"?
AR G R Gl G P (/T s

where

K=m+m-1)+m-2)+---+1+[(m—-2)+(m—-3)+---+1]
+tm=—2=-20-1D]+[m—-3-2(l—1)]+---+1,

L=[m-1)+m-=2)+--4+1+[m-3)+(m—4) + -+ 1]
+-o 4 [m=1)—2(l—-D]+[(m—2)—-2(l—-1)] +--- + 1,

M=[m-2)+m-=3)+---+1 +[(m—-4) +(m~—5) + - +1]
+o - [(m =20 =]+ [(m—1)—=2(l —=1)] +--- + 1, and

N=[m-3)+m-4)+ ---+1+[(m—-=5+(m—6)+ -+ 1]
+-F+[m+1)=2(0l—-1]+ (m—2(—-
Now, note that the coefficient of ¢* can be written as:
202+3+4+--+m)— (m—1).
The coefficient of ¢% can be written as:
33+4+5+--+m)—(m—2)(1+2)+1.
The coefficient of ¢3 can be written as:
A4 4546+ +m)—(m—3)(1+2+3)+ (2+1).
The coefficient of ¢* can be written as:
554 64+T+4m)—(m—4)(1+2+3+4)+(1)+B+2+1).
The coefficient of ¢° can be written as:

6(6+7+8+ - +m)—(m—5)(1+2+3+4+5)+(2+1)+ (4+3+2+1).

That is, the coefficient of ¢™~! can be written as:
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m(m) — (D[1+2+--+(m—-1]+[(m—=2)+(m—3)+ -+ 1]
+{(m—4)+(m—=5)+---+1]+---+[(m—2-2(1-1))+(m—3-2(1—1))+- - -+1].

Thus,
p— 1 p—
Sylm +2,m| = [Z Z Zlq+3Zz Z 5 +1|¢q
i=1 =2 =2 =3 =3
m 3341 )
+ |4 1 — +2+1
_ ; ; 5 2+1)|4q
ST e CR)) s
- 1 2+1
+ 5;z ; s+ +E+2+1)] ¢
O & 5(5+ 1) ;
+16) i= R+ +E+3 241
_ ; ; 5 (2+1)+( )| g
+ _miz’— m(m + 1) b m—1
i=m i=m 2 s
(-1 m—2 m—1—(1-1)
+ D m=k)+Y (m=1=k) -4 D> (m—(-1)—k)|q"
| k=1 k=2 k=1+(1—1)
-m—l m—2 m—(1—1)
D m=k)+Y (m=T1—k)+--+ Y (m+l-(-1)—k)|¢""
| k=2 k=3 k=1+(1—1)
[ m—1 m—2
+| > (m—k)+ (m—1 —k)] ¢
Lk=m—3 k=m—2
[ m—1 m—1
+ (m—Fk)| ¢*"° + (m — k‘)] "2,
Lk=m—2 k=m—1
where
(m—1)—1 (m—1)—2 m-l m— 1
b1 = ; ((m—1)—k)+ 2 ((m—1)—1—k)+-- -+ (T +1— k:)
= = k=m=1

if m — 11is even, or
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m—2 m—3 m772+1
-2
bna =Y (m=1)=k)+) (m=2)=k)+--+ > (m—+2—k:)
k=1 k=2 f=ms2
if m — 11is odd.
Hence,

1

i 2 k=1+(1-1)
(-1 m—2 m—(1—1)
+ (m—k)+> (m=1—k)+--+ > (m+1-(01—-1)—k)|¢""
= k=3 k=1+(1—1)
[ m—1 m—2
S -k (m—1—k;)]q2m—4
Lk=m—3 k=m—2
[ m—1 m—1
Y men|e= s | Y e k)] =
Lk=m—2 k=m—1
Thus, if
Sq [m + 2> m]

= (o + a1q) + (a2q2 + am_lqm_l) + (amqm S azm_2q2m—2) :
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then we note that

a)
(8)

) 0= 3 (G- L)
i=j+1

where

j—1 j—2 i
(10) b= G =R+ D (G=1=k) 4+ D (S +1-k)ifjis even,

k=1 k=2 h=1
and

j—1 j—2 s

(1) b= G-k +> (j—1—k) Z —+2—k:)ifjisodd

k=1 k=2 k=15t

¢) For m < j < 2m — 2 we consider two cases:

Case 1.

Consider m even. In this case [ = % Thus,

am:Z(m—k‘)—l—Z(m—l—k‘)—l—---—Fi (%—l—l—k‘),
k=1 k=2 k=%
m—1 m—2 mTH

Am+1

Qom—4

Qom—3

Case 2.

=Y (m—k)+> (m—1—k)+-+ (%+2—k>,---,

k=2 k=3 -
m—1 m—2
S NI S
k=m—3 k=m—2
m—1 m—1
= (m—=Fk), and agu_o= Z (m—k).
k=m—2 k=m—1

Consider m odd. In this case, | = mT— Then
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2
k=1 k=2 f=m=l
m—1 m—2 mTil‘Fl m—1
Qme1 =Y (m—k)+> (m—1—k)+-+ Y (T+2—k:),---,
k=2 k=3 p=ml
m—1 m—2
Qom—a = Y (m—k)+ (m—1-k),
k=m—3 k=m—2
m—1 m—1
Qom—3 = (m—Fk), and agyn_2= Z (m—k).
k=m—2 k=m—1

Then from cases 1 and 2, we can write a; for m < j < 2m — 2 as:

m—1 m—2

(12) aj= > (m—k+ Y (m—-1-k) +Z( +1—)

k=j+1—m k=j+2—m

if 7 is even, and

(13) «a; = mz_ (m—k)+ mz_ (m—1—k)+---+ i (‘%—l—l—k‘)

if 7 is odd.
This proves Lemma 4. U

The proofs of the following five Lemmas are straightforward.

Lemma 5. For 2 < j <m — 1, the first term in (9) can be written as:

< 2 2 2 T
i=j+1

Lemma 6. For 2 < j <m — 1, the term given in (10) can be written as:

J—1

Jj—2 ]
—k)+Y (G—1—k)+ +Z( +1—1<:):Zk:(2j+1—k:)
k=2 — k=1

k=1
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and the term given in (11) can be written as:

(15)

j-1 j=2 e =
SG-k+Y (G-1-k)++ Y. (—+2—k:): k(25 +1—4k).
k=1 k=2 h=izl k=1

Lemma 7. For 2 < j <m — 1, the right hand side of (14) can be written as:

3 3 2 4
‘ AR S IR
Zk‘@y +1—4k) = 13 + S 19 if 7 is even,

k=1
and the right hand side of (15) can be written as:

- 43 42 .
J J J r . .
E +1- = 4= - — = dd.
2 (27 + 1 — 4k) Bt3 S if § iso

Lemma 8. For m < j <2m — 2, the term given in (12) can be written as:

m—1 m—2

> meb 3 mo1-by +Z( i )

k(dm — 25 +1—4k) if j 1is even.
k=1
and the term given in (13) can be written as:

m— m—2 i
(m—k)+ Z (m—1—k) Z (E—I—l—k‘)
=j+1-m k=j+2—m :%_
m— 4L
2
= k(dm —2j +1—4k) if j s odd
k=1

Lemma 9. Consider m < j < 2m — 2.
a) If j is even, then

m—1

Zk:4m—2j+1—4k:)
k=1
2 1, 1. 1

L , i3t
_ =3 - 2 2 . - _J J 7
_3m+(2 ])m+(2‘7 2/ G)m 27812
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b) If j is odd, then

m— 4L

> k(4m —2j + 1 —4k)
k=1

_2 3 1 . 2 Ly 1.1 j3 j2 J 1
—3m+(2 ])m—l—(2] J )m + 5+ 3

Proof of Lemma 1.
a) For j = 0,1, the proof comes from (8).

b) Suppose that 2 < j < m — 1 and j is even. Then from (9), Lemma 4,
(10) and Lemma 7,

. 1 1_.2 Y 1 .3 .2 .
aj:(3+)m2+( B0 I [V ) BN A

2 2 2 1278 12
CG+Y 5 (=57 L1y 5 f° 1 1)
=T Mt mAl Ty tg) Tt T T 1)
G+ 5, (-5 3.4 33 T
DR R TR TR T

Suppose now that j is odd. Then again by Lemmas 4, 6 and 7,

G+ 5, (1-5% ja+y P22 51

A R T R S T
G+ o, A=) 3, 72 7. 1
Ty MMM T o Tl Ty

c¢) Suppose that m < j < 2m — 2 and j is even. Then by Lemmas 4, 8 and

2 4 N 1, 1. 1 1 5 145 1
aj=;m+ | s—7]|m + 3 T3 )M Y +§j —I—E]

2 4o, L PN T SRS I N A SR
-m° —jm°+ —j*m — — —m°— —jm+ = —= —
3 J J J 2 Y 6" 127

(8m3 —12m2j+6mj2—j3) N (4m2 —4mj+j2) N (—2m+j)

8 12

_@m—P  @m—jP  @m—j)
12 8 12

Suppose now that j is odd. Then again by Lemmas 4, 8 and 9,
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2 1 . 1. 1.1 1. 1. 1 1
aj:—m3+(——j)m2+(—32——3——)m——33+—]2+—j——

3 2 2 2 6 12 8 12 8
Hence,
2m — j)3 2m — j)? 2m — 7 1
aj:( )7 7 j) 1
12 8 12 8
This completes the proof of Lemma 1 0J
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