
International Mathematical Forum, Vol. 8, 2013, no. 21, 1023 - 1048
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/imf.2013.3487

The q-log-Concavity of the q-Stirling

Polynomials of the Second Kind

Miguel Angel Alvarez
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1. Introduction

The q-log-concavity of the q-Stirling Polynomials of the second kind Sq[m, k]
was conjectured by M. Wachs and D. White in [6]. They used a computer
program to prove this conjecture for m ≤ 20. Also, in [3],the q-log-concavity
of the q-Stirling numbers of the second kind was studied by using combinatorial
interpretations in terms of “0 − 1 tableaux”.
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The log-concave property has been also studied for F.Z. Zhao in [7]. In
Theorem 2.5, Zhao proved that for a given sequence a = (a0, a1, . . . , an, . . .) of
real numbers, the generalized Stirling numbers Sa(n, k) of the second kind are
log-concave.

2. Notations and definitions

In this section, by following Pierre Léroux notations [3], see also [2] and [6],
we define the q-Stirling polynomials of the second kind.

Definition 1. For a real variable q ∈ R \ {1} and m in N, where N is the set
of all natural numbers, the q-Stirling polynomial in the variable q of the second
kind is defined as

Sq[m, k] = Sq[m − 1, k − 1] + [k]q Sq[m− 1, k],(1)

where

(2) Sq [0, 0] = 1, Sq [m, k] = 0 if k ≤ 0 or k > m ,

and where

(3) [m]q := 1 + q + q2 + · · · + qm−1, with [0]q = 0

Definition 2. The q-binomial coefficients

[

n

k

]

q

, are defined by

[

n

k

]

q

=







[n]q!

[k]q! [n− k]q!
if 0 ≤ k ≤ n

0 if k < 0 or k > n,

where
[m]q! := [1]q[2]q · · · [m]q, with [0]q! = 1

In [1], L. M. Butler proved the q-log-concavity in k of the q-binomial

coefficient

[

n

k

]

q

, and announced the conjecture that the q-Stirling polyno-

mial of the second kind Sq[m, k] is q-log-concave in k. Also, in [5], B. E. Sagan

proved that

[

n

k

]

q

is strongly q-log concave. Later, many mathematicians

settled this conjecture and related open questions concerning the q-Stirling
numbers, see [6]. Different methods of proof were proposed, see for example
[4].

3. Partial results

In this paper we prove that the q-Stirling polynomial of the second kind are
log-concave. For this purpose, we have some partial reults. From Definition
1, we deduce the following five Claims, where the proofs of Claims 1, 2 and 4
are based on the mathematical induction method. The proof of Claim 3 comes
from Claim 2, and the proof of Claim 5 comes from Claim 4.
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Claim 1. For any m in N, we have Sq[m, m] = 1.

Claim 2. For any m in N,

(4) Sq[m + 1, m] =
m
∑

i=1

[ i ]q

Claim 3. For any m ∈ N, the polynomial Sq[m + 1, m] has degree m − 1.

Claim 4. For any m in N,

(5) Sq[m + 2, m] =
m
∑

i=1

[ i ]q Sq[i + 1, i]

Claim 5. For any m in N, the polynomial Sq[m + 2, m] has degree 2m − 2.

Note 1. In this paper, we will consider only the q-Stirling polynomials of the
second kind Sq[m + k, m], where k = 1, 2.

Now, we give the following definitions:

Definition 2 . A q-polynomial of degree t, p(q) = α0+α1q+α2q
2+· · ·+αtq

t

is said to be log-concave, see [3], if

(6) αi−1αi+1 ≤ α2
i , for 1 ≤ i ≤ t − 1.

Note 2. The log-concavity property for sequences is found in combinatorial
analysis and other branches of Mathematics. For example, in [4], B. E. Sagan
proved the log-concavity in k for:

The binomial coefficients

(

m

k

)

, the Stirling numbers of the first kind

c(n, k), and the Stirling numbers of the second kind S(n, k).

4. Main results

The main results of this paper are now given. That is, we will prove that
the q-Stirling Polynomials of the second kind Sq[m + k, m] are log-concave for
k = 1, 2.

Theorem 1. The q-Stirling Polynomial of the second kind Sq[m + 1, m] is
log-concave for any m in N.

Proof. By Claim 3, since Sq[m + 1, m] =
m−1
∑

i=0

(

m − i
)

qi, it follows that

αi−1αi+1 =
(

m−(i−1)
)(

m−(i+1)
)

=
(

m− i
)2

−1, and α2
i =

(

m− i
)2

.

Hence αi−1αi+1 ≤ α2
i .

This proves Theorem 1. �
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Theorem 2. The q-Stirling Polynomial of the second kind

Sq[m + 2, m]

= (α0 + α1q) + (α2q
2 + · · · + αm−1q

m−1) + (αmqm + · · · + α2m−2q
2m−2)

is log-concave for any m in N.

Proof.
In order to prove the log-cancavity, we will consider the following six cases:

1) α0α2 ≤ α2
1

2) α1α3 ≤ α2
2,

3) αjαj+2 ≤ α2
j+1, for j even and odd, where 2 ≤ j ≤ m − 3,

4) αm−2αm ≤ α2
m−1, for m even and odd,

5) αm−1αm+1 ≤ α2
m, for m even and odd, and

6) αjαj+2 ≤ α2
j+1, for j even and odd, where m ≤ j ≤ 2m − 4.

For this purpose, we will find an explicit formula for the coefficients αi, with
i = 0, 2, . . . , 2m − 2, which is given in the following Lemma, and whose proof
is given in the Appendix.

Lemma 1. The q- Stirling polynomial Sq[m + 2, m] can be written as:

Sq[m + 2, m]

= (α0 + α1q) + (α2q
2 + · · · + αm−1q

m−1) + (αmqm + · · · + α2m−2q
2m−2),

where
a) For j = 0, 1,

αj =
(j + 1)

2
m2 +

(1 − j2)

2
m −

j(j + 1)

2
b) For j = 2, 3, . . . , m − 1,

αj =



















(j + 1)

2
m2 +

(1 − j2)

2
m +

j3

12
−

3

8
j2 −

7

12
j if j is even

(j + 1)

2
m2 +

(1 − j2)

2
m +

j3

12
−

3

8
j2 −

7

12
j −

1

8
if j is odd

c) For j = m, m + 1, . . . , 2m − 2,
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αj =



















(2m − j)3

12
+

(2m − j)2

8
−

(2m − j)

12
if j is even

(2m − j)3

12
+

(2m − j)2

8
−

(2m − j)

12
−

1

8
if j is odd

Back to the proof of Theorem 2, we will consider the following cases:

Case 1. From Lemma 1,

α2
1 − α0α2 =

(

m2 − 1
)2

−

(

m(m + 1)

2

)[

8

12
−

(

4m − 3

8

)

4 +

(

6m2 − 7

12

)

2 +
m2 + m

2

]

=
1

4
m4 −

1

4
m2 + m + 1 =

1

4
(m + 1)(m3 − m2 + 4) =

1

4
(m + 1)

[

m2(m− 1) + 4
]

.

Since m ∈ N, it follows that

α2
1 − α0α2 ≥ 0.

Case 2. From Lemma 1,

α2
2 − α1α3 =

[

8

12
−

(

4m + 3

8

)

4 +

(

6m2 − 7

12

)

2 +
m2 + m

2

]2

−
[

m2 − 1
]

[

27

12
−

(

4m + 3

8

)

9 +

(

6m2 − 7

12

)

3 +
m2 + m

2
−

1

8

]

=
1

4
m4 −

1

2
m3 +

5

4
m2 + 2m + 1 =

1

4

(

m4 − 2m3 + 5m2 + 8m + 4
)

=
1

4

[

m3(m− 2) + 5m2 + 8m + 4
]

.

Note that if m = 1, m3(m− 2) + 5m2 + 8m + 4 = −1 + 5 + 8 + 4 = 16 > 0.
Then for any m ∈ N, we have

α2
2 − α1α3 ≥ 0.

Case 3. Consider 2 ≤ j ≤ m − 3.
3a) Suppose that j is even. Then j +1 is odd and j +2 is even. Thus, from

part b) of Lemma 1, if we arrange over the powers of j, the coefficient αj are:
(7)

αj =























1

12
j3 −

(

4m + 3

8

)

j2 +

(

6m2 − 7

12

)

j +
m2 + m

2
if j is even

1

12
j3 −

(

4m + 3

8

)

j2 +

(

6m2 − 7

12

)

j +
m2 + m

2
−

1

8
if j is odd
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Hence, by (7),

α2
j+1 − αjαj+2

=

[

1

12
(j + 1)3 −

(

4m + 3

8

)

(j + 1)2 +

(

6m2 − 7

12

)

(j + 1) +
m2 + m

2
−

1

8

]2

−

[

1

12
j3 −

(

4m + 3

8

)

j2 +

(

6m2 − 7

12

)

j +
m2 + m

2

]

·

[

1

12
(j + 2)3 −

(

4m + 3

8

)

(j + 2)2 +

(

6m2 − 7

12

)

(j + 2) +
m2 + m

2

]

= 12m4 − 24m3j +
(

24j2 − 12 + 12j
)

m2 +
(

18j2 + 80j − 8j3 + 48
)

m

+ 48 − 3j3 + 2j2 + 48j + j4

=
(

12m4 − 24m3j + 12m2j2
)

+
(

12m2j2 − 8mj3
)

+
(

12m2j − 12m2
)

+
(

18mj2 − 3j3
)

+
(

80mj + 48m + 48 + 2j2 + 48j + j4
)

Now, since 2 ≤ j ≤ m − 3 < m, it follows that

12m4 − 24m3j + 12m2j2 = 12m2(m2 − 2mj + j2) = 12m2(m− j)2 ≥ 0,

12m2j2 − 8mj3 = mj2(12m − 8j) = mj2[8(m− j) + 4m] ≥ 0,

12m2j − 12m2 = 12m2(j − 1) ≥ 0,

18mj2 − 3j3 = 3j2(6m − j) = 3j2[(m− j) + 5m] ≥ 0,

and since 80mj + 48m + 48 + 2j2 + 48j + j4 ≥ 0, it follows that

α2
j+1 − αjαj+2 ≥ 0.

3b). Suppose now that j is odd. Then j +1 is even and j +2 is odd. Thus,
from (7),

α2
j+1 − αjαj+2

=

[

1

12
(j + 1)3 −

(

4m + 3

8

)

(j + 1)2 +

(

6m2 − 7

12

)

(j + 1) +
m2 + m

2

]2

−

[

1

12
j3 −

(

4m + 3

8

)

j2 +

(

6m2 − 7

12

)

j +
m2 + m

2
−

1

8

]

·

[

1

12
(j + 2)3 −

(

4m + 3

8

)

(j + 2)2 +

(

6m2 − 7

12

)

(j + 2) +
m2 + m

2
−

1

8

]

= 12m4 − 24m3j +
(

24j2 + 12 + 24j
)

m2 +
(

6j2 + 56j − 8j3 + 42
)

m

+ 24 − j3 − j2 + 25j + j4

=
(

12m4 − 24m3j + 12m2j2
)

+
(

12m2j2 − 8mj3
)

+
(

6mj2 − j3 − j2
)

+
(

12m2 + 24m2j2 + 56mj + 42m + 24 + 25j + j4
)

Again, since 2 ≤ j ≤ m − 3 < m, it follows that
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12m4 − 24m3j + 12m2j2 = 12m2(m2 − 2mj + j2) = 12m2(m− j)2 ≥ 0,

12m2j2 − 8mj3 = mj2(12m − 8j) = mj2[8(m− j) + 4m] ≥ 0,

6mj2 − j3 − j2 = j2(6m − j − 1) = j2[(m− j) + (m − 1) + 4m] ≥ 0,

and since 12m2 + 24m2j2 + 56mj + 42m + 24 + 25j + j4 ≥ 0, it follows that

α2
j+1 − αjαj+2 ≥ 0.

Case 4.

4a). Suppose that m is even. The m − 2 is even and m − 1 is odd. Then
from Lemma 1,

α2
m−1 − αm−2αm

=

[

1

12
(m − 1)3 −

(

4m + 3

8

)

(m− 1)2 +

(

6m2 − 7

12

)

(m − 11) +
m2 + m

2
−

1

8

]2

−

[

1

12
(m − 2)3 −

(

4m + 3

8

)

(m − 2)2 +

(

6m2 − 7

12

)

(m − 2) +
m2 + m

2

]

·

[

1

12
m3 +

1

8
m2 −

1

12
m

]

=
5

48
m4 +

19

48
m3 +

1

3
m2 −

1

12
m

=
1

48
m(5m − 1)(m + 2)2 ≥ 0 , for any m in N.

4b). Suppose that m is odd. Then m− 2 is odd and m− 1 is even. Again,
from Lemma 1,

α2
m−1 − αm−2αm

=

[

1

12
(m − 1)3 −

(

4m + 3

8

)

(m− 1)2 +

(

6m2 − 7

12

)

(m − 11) +
m2 + m

2

]2

−

[

1

12
(m − 2)3 −

(

4m + 3

8

)

(m − 2)2 +

(

6m2 − 7

12

)

(m − 2) +
m2 + m

2
−

1

8

]

·

[

1

12
m3 +

1

8
m2 −

1

12
m −

1

8

]

=
5

48
m4 +

7

16
m3 +

25

48
m2 +

1

1m
m −

1

18

=
1

48
(2 + m)(m + 1)(5m2 + 6m − 3) ≥ 0 , for any m in N.

Thus, from 4a) and 4b) we have

α2
m−1 − αm−2αm ≥ 0.
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Case 5.

5a). Suppose that m is even. Then m − 1 and m + 1 are odd. Thus from
Lemma 1,

α2
m − αm−1αm+1 =

[

1

12
m3 +

1

8
m2 −

1

12
m

]2

−

[

1

12
(m − 1)3 −

(

4m + 3

8

)

(m − 1)2 +

(

6m2 − 7

12

)

(m − 1) +
m2 + m

2
−

1

8

]

·

[

1

12
(m − 1)3 +

1

8
(m − 1)2 −

1

12
(m− 1) −

1

8

]

=
1

48
m4 +

1

16
m3 −

1

24
m2

=
1

48
m2(2 + m)(m + 1) ≥ 0 , for any m in N.

5b). Suppose that m is odd. Then m − 1 and m + 1 are even. Thus from
Lemma 1,

α2
m − αm−1αm+1 =

[

1

12
m3 +

1

8
m2 −

1

12
m −

1

8

]2

−

[

1

12
(m− 1)3 −

(

4m + 3

8

)

(m − 1)2 +

(

6m2 − 7

12

)

(m− 1) +
m2 + m

2

]

·

[

1

12
(m− 1)3 +

1

8
(m− 1)2 −

1

12
(m − 1)

]

=
1

48
m4 +

1

48
m3 −

1

48
m2 −

1

48
m

=
1

48
m(m− 1)(m + 1)2 ≥ 0 , for any m in N.

Thus, from 5a) and 5b) we have

α2
m − αm−1αm+1 ≥ 0.

Case 6. Consider m ≤ j ≤ 2m − 4.

6a). Suppose that j is even. Then from Lemma 1,

α2
j+1 − αjαj+2

=

[

(2m − (j + 1))3

12
+

(2m − (j + 1))2

8
−

(2m − (j + 1))

12
−

1

8

]2

−

[

(2m − j)3

12
+

(2m − j)2

8
−

(2m − j)

12

]

·

[

(2m − (j + 2))3

12
+

(2m − (j + 2))2

8
−

(2m − (j + 2))

12

]
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=
1

3
m4 +

(

−
2

3
j −

1

2

)

m3 +

(

1

2
j2 +

3

4
j +

1

6

)

m2

+

(

−
1

6
j3 −

3

8
j2 −

1

6
j

)

m +

(

1

16
j3 +

1

48
j4 +

1

24
j2

)

=
1

48
(2m − j − 1)(2m − j − 2)(2m − j)2.

Now, since 0 < m ≤ j ≤ 2m− 4 ≤ 2m− 2, it follows that 0 ≤ 2m− j − 2 ≤
2m − j − 1 Then (2m − j − 1)(2m − j − 2) ≥ 0. Therefore,

α2
j+1 − αjαj+2 ≥ 0.

6b). Suppose now that j is odd. Then j + 1 is even and j + 2 is odd. Then
by Lemma 1,

α2
j+1 − αjαj+2

=

[

(2m − (j + 1))3

12
+

(2m − (j + 1))2

8
−

(2m − (j + 1))

12

]2

−

[

(2m − j)3

12
+

(2m − j)2

8
−

(2m − j)

12
−

1

8

]

·

[

(2m − (j + 2))3

12
+

(2m − (j + 2))2

8
−

(2m − (j + 2))

12
−

1

8

]

=
1

48
(2m − j + 1)(2m − j)(2m − j − 1)2.

Since 0 < m ≤ j ≤ 2m − 4 ≤ 2m − 2 < 2m, it follows that
0 < 2m − j < 2m − j + 1. Then (2m − j + 1)(2m − j) ≥ 0. Therefore

α2
j+1 − αjαj+2 ≥ 0.

This completes the proof of Theorem 2. �

5. Appendix

In order to prove Lemma 1, we need the following eight Lemmas.

Lemma 2. For any m ∈ N,

[m]qSq[m + 1, m] =
m−1
∑

j=0

(

j
∑

k=0

(m − k)

)

qj +
2m−2
∑

j=m

(

m−1
∑

k=j−m+1

(m − k)

)

qj

Proof. By Claim 3, [m]qSq[m +1, m] is a polynomial of degree 2m− 2, and
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[m]qSq[m + 1, m] = [m]q

m−1
∑

i=0

(m − i)qi

= (1 + q + q2 + · · · + qm−1)(m + (m− 1)q + (m − 2)q2 + · · · + qm−1).

Hence,

[m]qSq[m + 1, m] = (m + (m − 1)q + (m− 2)q2 + · · · + qm−1)

+ (mq + (m− 1)q2 + (m− 2)q3 + · · · + 2qm−1 + qm)

+ · · · + (mqm−1 + (m − 1)qm + (m − 2)qm+1 + · · · + q2m−2).

By factoring the powers of q,

[m]qSq[m + 1, m] = m + (m + (m − 1))q + (m + (m − 1) + (m − 2))q2

+ · · · + (m + (m− 1) + (m− 2) + · · · + 2 + 1)qm−1

+ (1 + 2 + · · · + (m − 1))qm + (1 + 2 + · · · (m − 2))qm+1

+ · · · + (1 + 2)q(2m−2)−1 + 1q2m−2

=
m−1
∑

j=0

(

j
∑

k=0

(m − k)

)

qj +
2m−2
∑

j=m

(

m−1
∑

k=j−m+1

(m− k)

)

qj

This proves Lemma 2. �

Lemma 3. For any m ∈ N,

Sq[m + 2, m] = P + Q,

where

P =
m−1
∑

i=0

(

m−1
∑

j=i

i
∑

k=0

(j + 1 − k)

)

qi,

and

Q =

m
∑

i=2

(

l−1
∑

j=0

i−1−j
∑

k=1+j

(i− j − k)

)

qi +

2m−2
∑

i=m+1

(

l−1
∑

j=i−m

i−1−j
∑

k=1+j

(i − j − k)

)

qi,

with

l =

{

i
2

if i is even
i−1
2

if i is odd

Proof. Note that from Claim 4,

Sq[m + 2, m] =
m
∑

i=1

[i]qSq[i + 1, i],

and from Lemma 2,
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Sq[m + 2, m] =
m
∑

i=1

[(

i−1
∑

j=0

(

j
∑

k=0

(i− k)

)

qj +
2i−2
∑

j=i

(

i−1
∑

k=j−i+1

(i− k)

)

qj

)]

.

Then by taking the sum over the index i, we get:

Sq[m + 2, m] =

0
∑

j=0

(

j
∑

k=0

(1 − k)

)

qj +

0
∑

j=1

(

0
∑

k=j

(1 − k)

)

qj

+

1
∑

j=0

(

j
∑

k=0

(2 − k)

)

qj +

2
∑

j=2

(

1
∑

k=j−1

(2 − k)

)

qj

+
2
∑

j=0

(

j
∑

k=0

(3 − k)

)

qj +
4
∑

j=3

(

2
∑

k=j−2

(3 − k)

)

qj

...

+

m−3
∑

j=0

(

j
∑

k=0

(m − 2 − k)

)

qj +

2(m−2)−2
∑

j=m−2





m−2−1
∑

k=j−(m−2)+1

(m− 2 − k)



 qj

+

m−2
∑

j=0

(

j
∑

k=0

(m − 1 − k)

)

qj +

2(m−1)−2
∑

j=m−1





m−1−1
∑

k=j−(m−1)+1

(m− 1 − k)



 qj

+

m−1
∑

j=0

(

j
∑

k=0

(m − k)

)

qj +

2m−2
∑

j=m

(

m−1
∑

k=j−m+1

(m − k)

)

qj

= P + Q,

where P is the first column of this expression, and Q is the second one. That
is,

P =
0
∑

j=0

(

j
∑

k=0

(1 − k)

)

qj +
1
∑

j=0

(

j
∑

k=0

(2 − k)

)

qj +
2
∑

j=0

(

j
∑

k=0

(3 − k)

)

qj

+ · · · +
m−3
∑

j=0

(

j
∑

k=0

(m − 2 − k)

)

qj +
m−2
∑

j=0

(

j
∑

k=0

(m − 1 − k)

)

qj

+
m−1
∑

j=0

(

j
∑

k=0

(m − k)

)

qj,
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and

Q =
0
∑

j=1

(

0
∑

k=j

(1 − k)

)

qj +
2
∑

j=2

(

1
∑

k=j−1

(2 − k)

)

qj +
4
∑

j=3

(

2
∑

k=j−2

(3 − k)

)

qj

+ · · · +

2(m−2)−2
∑

j=m−2





m−2−1
∑

k=j−(m−2)+1

(m− 2 − k)



 qj

+

2(m−1)−2
∑

j=m−1





m−1−1
∑

k=j−(m−1)+1

(m − 1 − k)



 qj +
2m−2
∑

j=m

(

m−1
∑

k=j−m+1

(m − k)

)

qj.

Now, by considering the sums over the index j, we get for P :

P =

(

0
∑

k=0

(1 − k)q0

)

+

(

0
∑

k=0

(2 − k)q0 +
1
∑

k=0

(2 − k)q1

)

+ · · · +

(

0
∑

k=0

(m− k)q0 + · · · +
m−2
∑

k=0

(m − k)qm−2 +
m−1
∑

k=0

(m− k)qm−1

)

.

By factoring the powers of q,

P =

(

0
∑

k=0

(1 − k) + · · · +
0
∑

k=0

(m − 1 − k) +
0
∑

k=0

(m − k)

)

q0

+

(

1
∑

k=0

(2 − k) + · · · +
1
∑

k=0

(m − 1 − k) +
1
∑

k=0

(m− k)

)

q1

+

(

2
∑

k=0

(3 − k) + · · · +
2
∑

k=0

(m − 1 − k) +
2
∑

k=0

(m− k)

)

q2

+ · · · +

(

m−3
∑

k=0

(m − 2 − k) +
m−3
∑

k=0

(m − 1 − k) +
m−3
∑

k=0

(m − k)

)

qm−3

+

(

m−2
∑

k=0

(m− 1 − k) +
m−2
∑

k=0

(m − k)

)

qm−2 +

(

m−1
∑

k=0

(m− k)

)

qm−1.
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Then,

P =

[

m−1
∑

j=0

(

0
∑

k=0

(j + 1 − k)

)]

q0 +

[

m−1
∑

j=1

(

1
∑

k=0

(j + 1 − k)

)]

q1

+

[

m−1
∑

j=2

(

2
∑

k=0

(j + 1 − k)

)]

q2 + · · · +

[

m−1
∑

j=m−2

(

m−2
∑

k=0

(j + 1 − k)

)]

qm−2

+

[

m−1
∑

j=m−1

(

m−1
∑

k=0

(j + 1 − k)

)]

qm−1.

Hence,

P =
m−1
∑

i=0

(

m−1
∑

j=i

i
∑

k=0

(j + 1 − k)

)

qi.

On the other hand, by considering the sums over the index j, we get for Q:

Q =
(

0q1
)

+

(

1
∑

k=1

(2 − k)q2

)

+

(

2
∑

k=1

(3 − k)q3 +

2
∑

k=2

(3 − k)q4

)

+

(

3
∑

k=1

(4 − k)q4 +

3
∑

k=2

(4 − k)q5 +

3
∑

k=3

(4 − k)q6

)

...

+

(

m−3
∑

k=1

(m− 2 − k)qm−2 + · · · +

m−3
∑

k=m−3

(m− 2 − k)q2m−6

)

+

(

m−2
∑

k=1

(m− 1 − k)qm−1 + · · · +
m−2
∑

k=m−2

(m− 1 − k)q2m−4

)

+

(

m−1
∑

k=1

(m− k)qm +
m−1
∑

k=2

(m − k)qm+1 + · · · +
m−1
∑

k=m−1

(m − k)q2m−2

)

.

Then by factoring, Q can be written as:
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Q =

[

1
∑

k=1

(2 − k)

]

q2 +

[

2
∑

k=1

(3 − k)

]

q3

+

[

2
∑

k=2

(3 − k) +
3
∑

k=1

(4 − k)

]

q4 +

[

3
∑

k=2

(4 − k) +
4
∑

k=1

(5 − k)

]

q5

+

[

3
∑

k=3

(4 − k) +
4
∑

k=2

(5 − k) +
5
∑

k=1

(6 − k)

]

q6

+

[

4
∑

k=3

(5 − k) +
5
∑

k=2

(6 − k) +
6
∑

k=1

(7 − k)

]

q7

...

+

{

[X]qm if m is even, or

[Y ]qm if m is odd
+











[A]qm+1 if m + 1 is even, or

[B]qm+1 if m + 1 is odd

...

+

[

m−1
∑

k=m−2

(m − k)

]

q2m−3 +

[

m−1
∑

k=m−1

(m− k)

]

q2m−2,

where

X =

m
2
∑

k=m
2

(m

2
+ 1 − k

)

+

m
2

+1
∑

k=m
2
−1

(m

2
+ 2 − k

)

+ · · · +

m−1
∑

k=1

(m − k),

Y =

m−1
2

+1
∑

k=m−1
2

(

m + 1

2
+ 1 − k

)

+

m−1
2

+2
∑

k=m−1
2

−1

(

m + 1

2
+ 2 − k

)

· · · +
m−1
∑

k=1

(m − k),

A =

(m+1)−1−( m+1
2

−1)
∑

k=1+m+1
2

−1

(

m + 1 −

(

m + 1

2
− 1

)

− k

)

+

(m+1)−1−( m+1
2

)
∑

k=1+m+1
2

(

m + 1 −

(

m + 1

2

)

− k

)

+ · · · +

(m+1)−1−2
∑

k=3

(m + 1 − 2 − k) +

(m+1)−1−1
∑

k=2

(m + 1 − 1 − k),

and
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B =

(m+1)−1−( m
2
−1)

∑

k=1+m
2
−1

(

m + 1 −
(m

2
− 1
)

− k
)

+

(m+1)−1−( m
2

)
∑

k=1+m
2

(

m + 1 −
(m

2

)

− k
)

+ · · · +

(m+1)−1−2
∑

k=3

(m + 1 − 2 − k) +

(m+1)−1−1
∑

k=2

(m + 1 − 1 − k).

Hence,

Q =

[

1
∑

k=1

(2 − k)

]

q2 +

[

2
∑

k=1

(3 − k)

]

q3

+





4
2
−1
∑

j=0

(

4−1−j
∑

k=1+j

(4 − j − k)

)



 q4 +





5−1
2

−1
∑

j=0

(

5−1−j
∑

k=1+j

(5 − j − k)

)



 q5

+





6
2
−1
∑

j=0

(

6−1−j
∑

k=1+j

(6 − j − k)

)



 q6 +





7−1
2

−1
∑

j=0

(

7−1−j
∑

k=1+j

(7 − j − k)

)



 q7

...

+





m
2
−1
∑

j=0

(

m−1−j
∑

k=1+j

(m− j − k)

)



 qm if m is even, or





m−1
2

−1
∑

j=0

(

m−1−j
∑

k=1+j

(m − j − k)

)



 qm if m is odd

+





l−1
∑

j=1





(m+1)−1−j
∑

k=1+j

(m + 1 − j − k)







 qm+1, l =

{

(m+1)−1
2

, m + 1 is odd
m+1

2
, m + 1 is even

+





l−1
∑

j=2





(m+2)−1−j
∑

k=1+j

(m + 2 − j − k)







 qm+2, l =

{

(m+2)−1
2

, m + 2 is odd
m+2

2
, m + 2 is even

...

+





(2m−3)−1
2

−1
∑

j=m−3





(2m−3)−1−j
∑

k=1+j

(2m − 3 − j − k)







 q2m−3

+





(2m−2)
2

−1
∑

j=m−2





(2m−2)−1−j
∑

k=1+j

(2m − 2 − j − k)







 q2m−2.
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That is,

Q =
m
∑

i=2

(

l−1
∑

j=0

i−1−j
∑

k=1+j

(i− j − k)

)

qi +
2m−2
∑

i=m+1

(

l−1
∑

j=i−m

i−1−j
∑

k=1+j

(i − j − k)

)

qi,

with

l =

{

i
2

if i is even
i−1
2

if i is odd

This proves Lemma 3. �

Lemma 4. The coefficients of the polynomial

Sq[m + 2, m] =

2m−2
∑

j=0

αjq
j

are given by:
a)

αj =
m
∑

i=j+1

(

(j + 1)i −
j(j + 1)

2

)

, for j = 0, 1

b)

αj =

m
∑

i=j+1

(

(j + 1)i −
j(j + 1)

2

)

+

{

C if j is even

D if j is odd

for 2 ≤ j ≤ m − 1, where

C =

j−1
∑

k=1

(j − k) +

j−2
∑

k=2

(j − 1 − k) + · · · +

j

2
∑

k= j

2

(

j

2
+ 1 − k

)

,

and

D =

j−1
∑

k=1

(j − k) +

j−2
∑

k=2

(j − 1 − k) + · · · +

j−1
2

+1
∑

k= j−1
2

(

j − 1

2
+ 2 − k

)

c)

αj =

{

E if j is even

F if j is odd

for m ≤ j ≤ 2m − 2, where

E =

j

2
∑

k= j

2

(
j

2
+ 1 − k) +

j

2
+1
∑

k= j

2
−1

(
j

2
+ 2 − k) + · · · +

m−1
∑

k=j+1−m

(m− k),
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and

F =

j+1
2
∑

k= j+1
2

−1

(
j + 1

2
+ 1 − k) +

j+1
2

+1
∑

k= j+1
2

−2

(
j + 1

2
+ 2 − k) + · · · +

m−1
∑

k=j+1−m

(m − k)

Proof. From Lemma 3,

Sq[m + 2, m] =

[

m−1
∑

j=0

0
∑

k=0

(j + 1 − k)

]

q0 +

[

m−1
∑

j=1

1
∑

k=0

(j + 1 − k)

]

q1

+

[

m−1
∑

j=2

2
∑

k=0

(j + 1 − k) +
0
∑

j=0

1−j
∑

k=1+j

(2 − j − k)

]

q2

+

[

m−1
∑

j=3

3
∑

k=0

(j + 1 − k) +
0
∑

j=0

2−j
∑

k=1+j

(3 − j − k)

]

q3

+ · · · + [G]qm−1, where l =

{

m−1
2

, if m − 1 is even
(m−1)−1

2
, if m− 1 is odd

+ [H]qm, where l =

{

m
2
, if m is even

m−1
2

, if m is odd

+ [I ]qm+1, where l =

{

m+1
2

, if m + 1 is even
(m+1)−1

2
, if m + 1 is odd

+ [J ]qm+2, where l =

{

m+2
2

, if m + 2 is even
(m+2)−1

2
, if m + 2 is odd

+ · · · +

[

m−2
∑

j=m−2

2m−3−j
∑

k=1+j

(2m − 2 − j − k)

]

q2m−2,

where

G =
m−1
∑

j=m−1

m−1
∑

k=0

(j + 1 − k) +
l−1
∑

j=0

m−2−j
∑

k=1+j

(m − 1 − j − k),

H =
l=1
∑

j=0

m−1−j
∑

k=1+j

(m− j − k),

I =
l−1
∑

j=1

m−j
∑

k=1+j

(m + 1 − j − k), and

J =
l−1
∑

j=2

m+1−j
∑

k=1+j

(m + 2 − j − k).
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Now, by taking the sum over the index j, we get

Sq[m + 2, m] =

[

0
∑

k=0

(1 − k) +
0
∑

k=0

(2 − k) + · · · +
0
∑

k=0

(m− k)

]

q0

+

[

1
∑

k=0

(2 − k) +
1
∑

k=0

(3 − k) + · · · +
1
∑

k=0

(m − k)

]

q1

+

[(

2
∑

k=0

(3 − k) +
2
∑

k=0

(4 − k) + · · · +
2
∑

k=0

(m− k)

)

+

(

1
∑

k=1

(2 − k)

)]

q2

+

[(

3
∑

k=0

(4 − k) +

3
∑

k=0

(5 − k) + · · · +

3
∑

k=0

(m− k)

)

+

(

2
∑

k=1

(3 − k)

)]

q3

+

[(

4
∑

k=0

(5 − k) + · · · +

4
∑

k=0

(m − k)

)

+

(

2
∑

k=2

(3 − k) +

3
∑

k=1

(4 − k)

)]

q4

+

[(

5
∑

k=0

(6 − k) + · · · +

5
∑

k=0

(m − k)

)

+

(

3
∑

k=2

(4 − k) +

4
∑

k=1

(5 − k)

)]

q5

...

+





m−1
∑

k=0

(m − k) +
m−2
∑

k=1

(m − 1 − k) + · · · +

m−2−(l−1)
∑

k=1+(l−1)

(m − 1 − (l − 1) − k)



 qm−1

+





m−1
∑

k=1

(m − k) +
m−2
∑

k=2

(m − 1 − k) + · · · +

m−1−(l−1)
∑

k=1+(l−1)

(m − (l − 1) − k)



 qm

+





m−1
∑

k=2

(m − k) +
m−2
∑

k=3

(m − 1 − k) + · · · +

m−(l−1)
∑

k=1+(l−1)

(m + 1 − (l − 1) − k)



 qm+1

+





m−1
∑

k=3

(m − k) +
m−2
∑

k=4

(m − 1 − k) + · · · +

m+1−(l−1)
∑

k=1+(l−1)

(m + 2 − (l − 1) − k)



 qm+2

...

+

[

m−1
∑

k=m−3

(m− k) +
m−2
∑

k=m−2

(m − 1 − k)

]

q2m−4

+

[

m−1
∑

k=m−2

(m− k)

]

q2m−3 +

[

m−1
∑

k=m−1

(m − k)

]

q2m−2.
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Now, by taking the sums over the index k, we get

Sq[m + 2, m] = [1 + 2 + · · · + m] q0

+ [(2 + 1) + (3 + 2) + · · · + (m + (m − 1))] q1

+ [(3 + 2 + 1) + (4 + 3 + 2) + · · · + (m + (m − 1) + (m − 2)) + (1)] q2

+ [(4 + 3 + 2 + 1) + · · · + (m + (m − 1) + (m − 2) + (m − 3)) + (2 + 1)] q3

...

+ [K]qm−1 + [L]qm + +[M ]qm+1 + [N ]qm+2

+ · · · + [(3 + 2 + 1) + (1)] q2m−4 + [(2 + 1)] q2m−3 + [(1)] q2m−2,

where

K = [m + (m − 1) + (m − 2) + · · · + 1] + [(m − 2) + (m − 3) + · · · + 1]
+ · · · + [m − 2 − 2(l − 1)] + [m− 3 − 2(l − 1)] + · · · + 1,

L = [(m − 1) + (m − 2) + · · · + 1] + [(m − 3) + (m − 4) + · · · + 1]
+ · · · + [(m − 1) − 2(l − 1)] + [(m − 2) − 2(l − 1)] + · · · + 1,

M = [(m − 2) + (m − 3) + · · · + 1] + [(m − 4) + (m − 5) + · · · + 1]
+ · · · + [(m − 2(l − 1)] + [(m− 1) − 2(l − 1)] + · · · + 1, and

N = [(m − 3) + (m − 4) + · · · + 1] + [(m − 5) + (m − 6) + · · · + 1]
+ · · · + [(m + 1) − 2(l − 1)] + (m− 2(l − 1)] + · · · + 1.

Now, note that the coefficient of q1 can be written as:

2(2 + 3 + 4 + · · · + m) − (m − 1).

The coefficient of q2 can be written as:

3(3 + 4 + 5 + · · · + m)− (m − 2)(1 + 2) + 1.

The coefficient of q3 can be written as:

4(4 + 5 + 6 + · · · + m) − (m − 3)(1 + 2 + 3) + (2 + 1).

The coefficient of q4 can be written as:

5(5 + 6 + 7 + · · · + m)− (m − 4)(1 + 2 + 3 + 4) + (1) + (3 + 2 + 1).

The coefficient of q5 can be written as:

6(6 + 7 + 8 + · · ·+ m)− (m− 5)(1 + 2 + 3 + 4 + 5) + (2 + 1) + (4 + 3 + 2 + 1).

That is, the coefficient of qm−1 can be written as:
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m(m) − (1)[1 + 2 + · · · + (m − 1)] + [(m − 2) + (m − 3) + · · · + 1]
+[(m−4)+(m−5)+· · ·+1]+· · ·+[(m−2−2(l−1))+(m−3−2(l−1))+· · ·+1].

Thus,

Sq[m + 2, m] =

[

m
∑

i=1

i

]

q0 +

[

2
m
∑

i=2

i −
m
∑

i=2

1

]

q1 +

[

3
m
∑

i=3

i −
m
∑

i=3

2(2 + 1)

2
+ 1

]

q2

+

[

4

m
∑

i=4

i −

m
∑

i=4

3(3 + 1)

2
+ (2 + 1)

]

q3

+

[

5
m
∑

i=5

i −
m
∑

i=5

4(4 + 1)

2
+ (1) + (3 + 2 + 1)

]

q4

+

[

6

m
∑

i=6

i =

m
∑

i=6

5(5 + 1)

2
+ (2 + 1) + (4 + 3 + 2 + 1)

]

q5

...

+

[

m

m
∑

i=m

i−
m
∑

i=m

m(m + 1)

2
+ bm−1

]

qm−1

+





m−1
∑

k=1

(m − k) +

m−2
∑

k=2

(m − 1 − k) + · · · +

m−1−(l−1)
∑

k=1+(l−1)

(m − (l − 1) − k)



 qm

+





m−1
∑

k=2

(m − k) +

m−2
∑

k=3

(m − 1 − k) + · · · +

m−(l−1)
∑

k=1+(l−1)

(m + 1 − (l − 1) − k)



 qm+1

...

+

[

m−1
∑

k=m−3

(m − k) +
m−2
∑

k=m−2

(m − 1 − k)

]

q2m−4

+

[

m−1
∑

k=m−2

(m − k)

]

q2m−3 +

[

m−1
∑

k=m−1

(m − k)

]

q2m−2,

where

bm−1 =

(m−1)−1
∑

k=1

((m−1)−k)+

(m−1)−2
∑

k=2

((m−1)−1−k)+· · ·+

m−1
2
∑

k=m−1
2

(

m − 1

2
+ 1 − k

)

if m− 1 is even, or
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bm−1 =
m−2
∑

k=1

((m − 1) − k) +
m−3
∑

k=2

((m − 2) − k) + · · · +

m−2
2

+1
∑

k=m−2
2

(

m− 2

2
+ 2 − k

)

if m− 1 is odd.

Hence,

Sq[m + 2, m] =

[

m
∑

i=1

i

]

q0 +

[

m
∑

i=2

(

2i −
1(1 + 1)

2

)

]

q1

+

[

m
∑

i=3

(

3i −
2(2 + 1)

2

)

+
1
∑

k=1

(2 − k)

]

q2 +

[

m
∑

i=4

(

4i −
3(3 + 1)

2

)

+
2
∑

k=1

(3 − k)

]

q3

+

[

m
∑

i=5

(

5i −
4(4 + 1)

2

)

+
2
∑

k=2

(3 − k) +
3
∑

k=1

(4 − k)

]

q4

+

[

m
∑

i=6

(

6i −
5(5 + 1)

2

)

+
3
∑

k=2

(4 − k) +
4
∑

k=1

(5 − k)

]

q5

...

+

[

m
∑

i=m

(

mi −
m(m + 1)

2

)

+ bm−1

]

qm−1

+





m−1
∑

k=1

(m − k) +
m−2
∑

k=2

(m − 1 − k) + · · · +

m−1−(l−1)
∑

k=1+(l−1)

(m − (l − 1) − k)



 qm

+





m−1
∑

k=2

(m − k) +
m−2
∑

k=3

(m − 1 − k) + · · · +

m−(l−1)
∑

k=1+(l−1)

(m + 1 − (l − 1) − k)



 qm+1

...

+

[

m−1
∑

k=m−3

(m− k) +
m−2
∑

k=m−2

(m − 1 − k)

]

q2m−4

+

[

m−1
∑

k=m−2

(m− k)

]

q2m−3 +

[

m−1
∑

k=m−1

(m− k)

]

q2m−2.

Thus, if

Sq[m + 2, m]

= (α0 + α1q) +
(

α2q
2 + · · · + αm−1q

m−1
)

+
(

αmqm + · · · + α2m−2q
2m−2

)

,
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then we note that

a)

(8) α0 =

m
∑

i=1

i, and α1 =

m
∑

i=2

(

2i −
1(1 + 1)

2

)

b) For 2 ≤ j ≤ m − 1

(9) αj =

m
∑

i=j+1

(

(j + 1)i −
j(j + 1)

2

)

+ bj,

where

(10) bj =

j−1
∑

k=1

(j − k) +

j−2
∑

k=2

(j − 1 − k) + · · · +

j

2
∑

k= j

2

(
j

2
+ 1 − k) if j is even,

and

(11) bj =

j−1
∑

k=1

(j − k) +

j−2
∑

k=2

(j − 1 − k) + · · · +

j−1
2

+1
∑

k= j−1
2

(
j − 1

2
+ 2 − k) if j is odd

c) For m ≤ j ≤ 2m − 2 we consider two cases:

Case 1. Consider m even. In this case l =
m

2
. Thus,

αm =
m−1
∑

k=1

(m − k) +
m−2
∑

k=2

(m − 1 − k) + · · · +

m
2
∑

k=m
2

(m

2
+ 1 − k

)

,

αm+1 =

m−1
∑

k=2

(m − k) +

m−2
∑

k=3

(m − 1 − k) + · · · +

m+2
2
∑

k=m
2

(m

2
+ 2 − k

)

, · · · ,

α2m−4 =
m−1
∑

k=m−3

(m − k) +
m−2
∑

k=m−2

(m− 1 − k),

α2m−3 =
m−1
∑

k=m−2

(m − k), and α2m−2 =
m−1
∑

k=m−1

(m− k).

Case 2. Consider m odd. In this case, l =
m − 1

2
. Then
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αm =
m−1
∑

k=1

(m− k) +
m−2
∑

k=2

(m− 1 − k) + · · · +
∑

k=m−1
2

(

m + 1

2
+ 1 − k

)

,

αm+1 =

m−1
∑

k=2

(m− k) +

m−2
∑

k=3

(m− 1 − k) + · · · +

m−1
2

+1
∑

k=m+1
2

(

m − 1

2
+ 2 − k

)

, · · · ,

α2m−4 =

m−1
∑

k=m−3

(m − k) +

m−2
∑

k=m−2

(m − 1 − k),

α2m−3 =
m−1
∑

k=m−2

(m − k), and α2m−2 =
m−1
∑

k=m−1

(m− k).

Then from cases 1 and 2, we can write αj for m ≤ j ≤ 2m − 2 as:

(12) αj =

m−1
∑

k=j+1−m

(m − k) +

m−2
∑

k=j+2−m

(m − 1 − k) + · · · +

j

2
∑

k= j

2

(

j

2
+ 1 − k

)

if j is even, and

(13) αj =
m−1
∑

k=j+1−m

(m−k)+
m−2
∑

k=j+2−m

(m−1−k)+· · ·+

j+1
2
∑

k= j+1
2

−1

(

j + 1

2
+ 1 − k

)

if j is odd.

This proves Lemma 4. �

The proofs of the following five Lemmas are straightforward.

Lemma 5. For 2 ≤ j ≤ m − 1, the first term in (9) can be written as:

m
∑

i=j+1

(

(j + 1)i −
j(j + 1)

2

)

=
(j + 1)

2
m2 +

(1 − j2)

2
m −

j(j + 1)

2

Lemma 6. For 2 ≤ j ≤ m − 1, the term given in (10) can be written as:

(14)

j−1
∑

k=1

(j− k)+

j−2
∑

k=2

(j − 1− k)+ · · ·+

j

2
∑

k= j

2

(

j

2
+ 1 − k

)

=

j

2
∑

k=1

k(2j +1− k),
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and the term given in (11) can be written as:
(15)
j−1
∑

k=1

(j−k)+

j−2
∑

k=2

(j−1−k)+ · · ·+

j−1
2

+1
∑

k= j−1
2

(

j − 1

2
+ 2 − k

)

=

j−1
2
∑

k=1

k(2j +1−4k).

Lemma 7. For 2 ≤ j ≤ m − 1, the right hand side of (14) can be written as:

a)

j

2
∑

k=1

k(2j + 1 − 4k) =
j3

12
+

j2

8
−

j

12
if j is even,

and the right hand side of (15) can be written as:

b)

j−1
2
∑

k=1

k(2j + 1 − 4k) =
j3

12
+

j2

8
−

j

12
−

1

8
if j is odd.

Lemma 8. For m ≤ j ≤ 2m − 2, the term given in (12) can be written as:

m−1
∑

k=j+1−m

(m− k) +
m−2
∑

k=j+2−m

(m − 1 − k) + · · · +

j

2
∑

k= j

2

(

j

2
+ 1 − k

)

=

m−

j

2
∑

k=1

k(4m − 2j + 1 − 4k) if j is even.

and the term given in (13) can be written as:

m−1
∑

k=j+1−m

(m − k) +

m−2
∑

k=j+2−m

(m − 1 − k) + · · · +

j+1
2
∑

k= j+1
2

−1

(

j + 1

2
+ 1 − k

)

=

m−

j+1
2

∑

k=1

k(4m − 2j + 1 − 4k) if j is odd

Lemma 9. Consider m ≤ j ≤ 2m − 2.
a) If j is even, then

m−

j

2
∑

k=1

k(4m − 2j + 1 − 4k)

=
2

3
m3 +

(

1

2
− j

)

m2 +

(

1

2
j2 −

1

2
j −

1

6

)

m−
j3

12
+

j2

8
+

j

12
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b) If j is odd, then

m−

j+1
2

∑

k=1

k(4m − 2j + 1 − 4k)

=
2

3
m3 +

(

1

2
− j

)

m2 +

(

1

2
j2 −

1

2
j −

1

6

)

m −
j3

12
+

j2

8
+

j

12
−

1

8

Proof of Lemma 1.

a) For j = 0, 1, the proof comes from (8).

b) Suppose that 2 ≤ j ≤ m − 1 and j is even. Then from (9), Lemma 4,
(10) and Lemma 7,

αj =
(j + 1)

2
m2 +

(1 − j2)

2
m −

j(j + 1)

2
+

j3

12
+

j2

8
−

j

12

=
(j + 1)

2
m2 +

(1 − j2)

2
m +

(

−
1

2
+

1

8

)

j2 +
j3

12
+

(

−
1

2
−

1

12

)

j

=
(j + 1)

2
m2 +

(1 − j2)

2
m −

3

8
j2 +

j3

12
−

7

12
j

Suppose now that j is odd. Then again by Lemmas 4, 6 and 7,

αj =
(j + 1)

2
m2 +

(1 − j2)

2
m −

j(j + 1)

2
+

j3

12
+

j2

8
−

j

12
−

1

8

=
(j + 1)

2
m2 +

(1 − j2)

2
m −

3

8
j2 +

j3

12
−

7

12
j −

1

8

c) Suppose that m ≤ j ≤ 2m − 2 and j is even. Then by Lemmas 4, 8 and
9,

αj =
2

3
m3 +

(

1

2
− j

)

m2 +

(

1

2
j2 −

1

2
j −

1

6

)

m−
1

12
j3 +

1

8
j2 +

1

12
j

=

(

2

3
m3 − jm2 +

1

2
j2m −

1

12
j3

)

+

(

1

2
m2 −

1

2
jm +

1

8
j2

)

+

(

−
1

6
m +

1

12
j

)

=

(

8m3 − 12m2j + 6mj2 − j3

12

)

+

(

4m2 − 4mj + j2

8

)

+

(

−2m + j

12

)

=
(2m − j)3

12
+

(2m − j)2

8
−

(2m − j)

12

Suppose now that j is odd. Then again by Lemmas 4, 8 and 9,
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αj =
2

3
m3 +

(

1

2
− j

)

m2 +

(

1

2
j2 −

1

2
j −

1

6

)

m−
1

12
j3 +

1

8
j2 +

1

12
j −

1

8

Hence,

αj =
(2m − j)3

12
+

(2m − j)2

8
−

(2m − j)

12
−

1

8

This completes the proof of Lemma 1 �
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