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Abstract

A set A in Euclidean n-space En, is called an m-convex set if for
every m distinct points of A at least one of the line segments joining
two points of them lies in A. In this article we study some geometrical
and topological properties of these sets in En.
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1 Introduction

The notion of convexity is essential in both geometry and analysis. So, it has
been generalized in many aspects and different reasons. In this article, we
introduce some generalizations of this concept in En.

F.A. Valentine in [8], proved that for a closed connected 3- convex set A
in En, A is either convex or is starshaped with respect to each of its points
of local non-convexity. But this is not true for a closed connected 4- convex
set. So, it is not generally true for an m- convex set. Also, he proved that
A can be considered as the union of three or less closed convex sets having a
non-empty intersection.

Also, M. Breen in [3], presented a similar decomposition without requiring
the set A to be closed. It is proved in this article that, a 3- convex set A in En

is expressible as the union of at most two maximal subsets having a non-empty
intersection ( kernel of A ).

The notion of radial contraction is considered. M. Beltagy and S. Shenawy
in [2], proved that for a non-empty subset A of En, p ∈ En, and λ ∈ (0, 1),
then A is convex if and only if Cλ

p (A) is. It is proved in this article that, A is
an m- convex set if and only if Cλ

p (A) is. We introduce also the concept of m-
affinity, and proved that Cp(A) is an m- affine set if A is an m- affine set.

Also, we take in consideration some geometrical and topological properties
for m- convex sets such as the union of two m- convex sets, the intersection of
a 2- convex set and an m- convex set, and the extreme points of an m- convex
set. For more properties of m- convex sets, see [4, 5].

2 Notations and Definitions

Let x, y be in A. The closed segment joining x and y is denoted by [xy] where
(xy) = [xy] \ {x, y} denotes the open segment joining x and y. The straight
line determined by x and y is denoted by L(x → y).

We say that x sees y via A if and only if [xy] is contained in A [2, 3, 5].
A is called starshaped if there exists some point p in A such that p sees each
point of A via A. In this case we say that A is starshaped relative to p [5].
The set of all such points p is called the kernel of A, and is denoted by ker(A)
[1].
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A set A ⊂ En is called convex if for any two points p and q belonging to
A, the entire segment joining p and q lies in A [6, 7]. The set ker(A) is convex
[2]. The convex hull of a set A is the smallest convex set that contains A, and
is denoted by CH(A). Obviously, CH(A) = A, when A is convex [1].

Let A be a subset of the Euclidean n- space En. The set A is said to be
m- convex, m ≥ 2, if and only if for every m distinct points of A at least one
of the line segments determined by these points lies in A [4, 5]. A maximal
convex set of a set A is a convex subset of A which is not contained in another
convex subset of A.

An extreme point of a set A is a point of A which is not interior to any
segment with ends belonging to A. The set of all extreme points of A is denoted
by E(A). For any convex set, the set remains convex if its extreme points are
removed [6, 7].

A hyperplane H in En is a supporting hyperplane to A if H intersects
the closure of A and A is contained in a closed side of H [7]. A supporting
hyperplane H is called a locally supporting hyperplane at p ∈ A if there exists
a neighborhood N of p such that N

⋂
A is supported by H [7].

Let A be a non-empty subset of En. For a fixed point p ∈ A and a fixed
real number λ ∈ (0, 1), we define the λ- radial contraction of A based at p, is
denoted by Cλ

p (A), as

Cλ
p (x) = λx + (1 − λ)p, x ∈ A.

The set Cλ
p (A) is called the λ- radial contraction of A based at p. If λ = 1

2
,

we get the midpoint contraction of A about p ∈ A, denoted by Cp(A), and it
is the set of all points 1

2
(p + x), x ∈ A, i.e.,

Cp(A) = {y : y =
1

2
(p + x), x ∈ A}.

A set A is said to be affine if x, y ∈ A implies λx + (1 − λ)y ∈ A for all
real numbers λ, i.e., for each pair of different points of A, the straight line
L(x → y) is in A [2]. A set A is called an m- affine set, m ≥ 2, if and only
if for every m different points x1, x2, ..., xm in A, at least one of the straight
lines L(xi → xj) is in A, 1 ≤ i, j ≤ m. It is clear that every affine set is an m-
affine set.
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3 The Results

In this section we present the main results of this paper, and we begin with
the following propositions.

Proposition 3.1 Let A be an m- convex subset in En. Then A is an
(m + k)- convex set for every positive integer k.

Examples can be found to show that the converse is not generally true.

Proposition 3.2 The union of an m- convex set and a convex set is at
most (m + 1)- convex set. Also, their intersection is an m- convex set.

Proof. Let A be an m- convex set, and B be a 2- convex set. First, consider
(m + 1) points in A

⋃
B. Now, if two points are in B say x1, x2, this implies

that [x1x2] is contained in B and hence is contained in A
⋃

B. Otherwise, there
exists m points in A, this implies that [xixj ], 1 ≤ i, j ≤ m, is contained in A,
since A is an m- convex set. Thus, [xixj ] is contained in A

⋃
B. So, A

⋃
B is

an (m + 1)- convex set.
Second, suppose that A

⋂
B is not an m- convex set. Then there are m

points xi, 1 ≤ i ≤ m in A
⋂

B such that [xixj ] is not contained in A
⋂

B for
every i and j. But B is convex i.e., [xixj ] ⊂ B for every i and j. Hence, [xixj ]
is not contained in A, 1 ≤ i ≤ m, i.e., we get m points xi, 1 ≤ i ≤ m, in A
such that [xixj ] is not contained in A for 1 ≤ i ≤ m. This is a contradiction
since A is an m- convex set, and the proof is complete.

For example, at m = 3, we get the intersection of a 3- convex set and a 2-
convex set is a 3 - convex set, as shown in Figure 1.

B B

A
A

Figure 1: Intersection of a 3-convex set and a 2-convex set
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Remark 3.3 We can conclude that, the intersection of two m- convex
sets is not generally m- convex set. For example, the intersection of two 3-
convex sets is not a 3- convex set, as shown in Figure 2.

B

A

Figure 2: The intersection of two 3-convex sets is not generally 3-convex

Now, let A be an m- convex set and B be a starshaped set. Then A
⋂

B is
not generally an m- convex set. Let A and B be two m- convex sets. Then it
is proved that, in the following theorem, A

⋃
B is not an (m + 1)- convex set

but A
⋃

B is an (m + n)- convex set.

Theorem 3.4 Let A be an m- convex set and B be an n- convex set. Then
A

⋃
B is at most an (m + n)- convex set.

Proof. Let x1, x2, ..., xm+n be (m + n) points of A
⋃

B. If m points or more
of them are in A, then there is one segment [xixj ] ⊂ A, 1 ≤ i, j ≤ m + n and
hence [xixj ] ⊂ A

⋃
B. This implies that A

⋃
B is an (m + n)- convex set. If A

does not contain m points of the points xi’s, then B contains at least n points
of them and by the same way we get that A

⋃
B is an (m + n)- convex set,

and the proof is complete.

Theorem 3.5 Let A be a set having at most (m − 1) maximal convex
subsets. Then A is an m- convex set.

Proof. Let A be a set having at most (m − 1) maximal convex subsets Ar,
1 ≤ r ≤ m − 1, i.e., A =

⋃m−1
r=1 A. We want to prove that A is an m- convex

set. So, let x1, x2, ..., xm be m distinct points of A. At least two points xi, xj,
1 ≤ i, j ≤ m lie in the same set Ar and hence [xixj ] ⊂ Ar ⊂ A, i.e., A is an
m- convex set.
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Remark 3.6 1. It is clear that, if A is connected, then the intersection of
all maximal convex subsets of A is not empty, and hence A is starshaped and
ker(A) =

⋂m−1
i=1 Ai.

2.If A is not connected, we get at most (m−1) pieces and if the pieces are
exactly (m−1), then every piece is convex. The word convex is essential, as
shown in Figure 3.

1p 2p

3p4p3A

1A 2A

Figure 3: Convexity of each piece for a 4-convex set

Corollary 3.7 The union of m disjoint convex sets Ai ⊂ En, 1 ≤ i ≤ m is
an (m + 1)- convex set.

Theorem 3.8 Let A ⊂ En be an m- convex set. If p ∈ A is an extreme
point, then A \ {p} is an m- convex set.

Proof. Suppose that p ∈ E(A), where E(A) is the set of all extreme points
of A, and let x1, x2, ..., xm denote any m distinct points of B = A \ {p}.
Thus xi �= p for all 1 ≤ i ≤ m, and xi are points of A. Since A is an m-
convex set, then at least one of the segments [xixj ] ⊂ A, 1 ≤ i, j ≤ m. Since
p ∈ E(A), i.e., p does not lie between any two points of A, and hence p does not
belong to (xixj). Hence p does not belong to [xixj ]. Therefore, the segment
[xixj ] ⊂ B = A \ {p}. So, B = A \ {p} is an m- convex set.

Remark 3.9 Examples can be found to show that the converse of the
previous theorem is not generally true.

F. A. Valentine [8] proved that a closed connected 3- convex set A in En

is either convex ( has no points of local non-convexity ) or is starshaped with
respect to each of its points of local non-convexity. But this is not true for a
closed connected 4- convex set which is neither convex nor starshaped.
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Theorem 3.10 Let A be a closed connected 4- convex subset in E2, and
let L be a straight line in the plane. Then L

⋂
A consists of at most three

convex sets.

Proof. Let A be a closed connected 4- convex subset in E2, and let L be a
straight line in the plane. Suppose that L

⋂
A has 4- convex sets. Let p1, p2, p3

and p4 be four points each of them lie in a different piece of L
⋂

A, see Figure
4. It is obvious that no line segment [pipj ] lies in L

⋂
A. But all of them lie in

L and so no one of them lie in A. This implies that A is not a 4- convex set
which is a contradiction and the proof is complete.

Figure 4: Intersection of a straight line and a set A

Let A, B be two convex sets such that B ⊂ A and ∂A
⋂

∂B = φ. Then
A \ B is not convex ( does not give any type of convexity ). Now, in the
following theorem, we can remove a part of the interior of a convex set A and
the remaining part preserving a type of convexity.

Theorem 3.11 Let A be a convex set in En and let p, q be two points in
A. Then A \ [pq] is a 3- convex set.

Proof. Suppose that A \ [pq] is not a 3- convex set. Then there are three
points a, b, c in A \ [pq] such that no one of the line segments [ab], [bc] and [ac]
is in A \ [pq]. This implies that the line segment [pq] cuts the line segments
[ab], [bc] and [ac]. This shows that one of the points a, b and c must lie on [pq]
which is a contradiction and the proof is complete.

Theorem 3.12 Let A be a convex set and let p1, p2, p3 be three non-
colinear points in A. Then A\T is a 4- convex set, where T is the convex hull
of p1, p2 and p3.

Proof. Let a, b, c and d be four points in A \ T . If one of these points (say
a) does not lie in the 2- plane P determined by the points p1, p2 and p3, then
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the line segment joining a and any of the points b, c or d lies in A. Otherwise,
all of the points a, b, c and d lie in P . In this case at least one of the straight
lines L(p1 → p2), L(p2 → p3) and L(p1 → p3) separates two points (say a and
b) from T in P . Hence [ab] lies in A \ T and so A \ T is a 4- convex set, and
the proof is complete.

In the following, we use the concept of radial contraction and we try to get
the relation between it and m- convexity. The proof of the following lemma is
in [2].

Lemma 3.13 Let A be a non-empty subset of En, and Let x1, x2 ∈ A, with
Cλ

p (x1) = x̄1 and Cλ
p (x2) = x̄2 for some p ∈ A and some λ ∈ (0, 1). Then

Cλ
p ([x1x2]) = [x̄1x̄2].

Theorem 3.14 Let A be a non-empty subset of En, and let p ∈ En and
λ ∈ (0, 1). Then A is an m- convex set if and only if Cλ

p (A) is.

Proof. . First, suppose that A is an m- convex set. We want to prove that
Cλ

p (A) is an m- convex set. Now, let x̄1, x̄2, ..., x̄m be m distinct points are in
Cλ

p (A). Then there are m different points x1, x2, ..., xm in A such that Cλ
p (xi) =

x̄i, 1 ≤ i, j ≤ m. Since A is an m- convex set then at least one segment say
[xixj ] lies in A, 1 ≤ i, j ≤ m. By previous lemma, Cλ

p ([xixj ]) = [x̄ix̄j ] ⊂ Cλ
p (A)

and Cλ
p (A) must be an m- convex set.

Conversely, suppose that Cλ
p (A) is an m- convex set. We want to prove that

A is an m- convex set. Let x1, x2, ..., xm be m distinct points in A. Then there
are m points x̄1, x̄2, ..., x̄m are in Cλ

p (A), such that Cλ
p (xi) = x̄i, 1 ≤ i, j ≤

m. But Cλ
p (A) is an m- convex set, so there is a segment [x̄ix̄j ] ⊂ Cλ

p (A).
Therefore, by previous lemma, Cλ

p ([xixj]) = [x̄ix̄j ], 1 ≤ i, j ≤ m. Hence, there
exists a line segment [xixj ] lies in A. So, A must be an m- convex set and the
proof is complete.

Now we try to find a condition for a set to be m- affine, and without loss
of generality, we will consider the midpoint contraction.

Theorem 3.15 Let p ∈ En, and A be an m- affine set. Then Cp(A) is
an m- affine set.

Proof. Let A be an m- affine set. We want to prove that Cp(A) is an m-
affine set. So, let x̄1, x̄2, ..., x̄m be m distinct points in Cp(A), then there are
x1, x2, ..., xm in A such that Cp(xi) = x̄i, 1 ≤ i ≤ m. Since A is m- affine, then
at least one of the straight lines (say L(xi → xj)) passing through pairs of the
points x1, x2, ..., xm lies in A. Then we claim that Cp(L(xi → xj)) = L(x̄i →
x̄j) is a subset of Cp(A) and hence Cp(A) is m- affine. Now we prove our claim.
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Let z̄ ∈ L(x̄i → x̄j), i.e., there exists α ∈ 	 such that z̄ = αx̄i + (1 − α)x̄j.
Now the point z = αxi + (1 − α)xj ∈ A and so

Cp(z)=1
2
(p + αz)

=1
2
(p + αxi + (1 − α)xj)

=αx̄i + (1 − α)x̄j

=z̄ ∈ Cp(A).
Therefore, Cp(A) is an m- affine and the proof is complete.
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