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Abstract

Let R be a Noetherian ring, I an ideal of R, let M be a finitely
generated R-module and N a minimax R-module. In this paper we
show that the following conditions are equivalent : (i) H0

I (M,N) is I-
cofinite; (ii) for any minimax submodule K of H i

I(M,N) the R-module
HomR(R/I,Ht

I(M,N)/K) is finitely generated, whenever the modules
H0

I (M,N),H1
I (M,N), · · · ,Ht−1

I (M,N) are minimax. As a consequence
it follows that the associated primes of Ht

I(M,N)/K are finite. This
generalize the main result of Yassemi, Khatami and Sharif (2002) and
Saremi (2009).
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1 Introduction

Let R be a commutative Noetherian ring, I an ideal of R and let X, Y be two
R-modules. We use H i

I(X, Y ) to denote, for i ≥ 0, the ith generalized local
cohomology module of X and Y with respect to I.

The local cohomology theory has been an significant tool in commutative
Algebra and Algebraic Geometry. As a generalization of the ordinary local
cohomology modules, Herzog (1974), introduced the generalized local coho-
mology modules and studied further by Suzuki (1978) and Yassemi (1994). It
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is clear that H i
I(R, Y ) is just the ordinary local cohomology module H i

I(Y ) of
Y with respect to I.

One of the important problems in commutative algebra is determining when
the set of associated primes of the ith local cohomology modules is finite. The
purpose of this paper is to extend the main results of Brodmann and Lashgary
Faghani (2000), Asadollahi, Khashyarmanesh and Salarian (2002), Yassemi,
Khatami and Sharif (2002), Bahmanpour and Naghipour (2008), Saremi (2009)
and Borna, Sahandi and Yassemi (2011) to the class of minimax modules.

2 Main Results

Definition 2.1 An R-module X is said to be zero-divisor module if for
any submodule Y of X, the set ZR(X/Y ) is a finite union of prime ideals in
AssR(X/Y ).

According to Divaani-Aazar and Esmkhani (2005, Example 2.2), the class
of zero-divisor modules (ZD-modules) is much larger than that of finitely
generated modules.

Definition 2.2 An R-module X is said to be minimax module, if there is
a finitely generated submodule Y of X such that X/Y is Artinian.

The class of minimax modules thus includes all finitely generated and all
Artinian modules. Moreover, it is a Serre subcategory of the category of R-
modules and is a subset of the class of ZD-modules. Zöschinger (1986,1988)
has given many equivalent conditions for a module to be a minimax module.

Definition 2.3 An R-module X is said to be I- cofinite, whenever Supp(X)
⊆ V (I) and ExtiR(R/I, X) is finitely generated R-module, for all i ≥ 0.

In the rest of the paper let R be a commutative Noetherian ring, I an ideal
of R, let M be a finitely generated R-module, N a minimax module and let t
be a non-negative integer. We start with the following lemma.

Lemma 2.4 The following statement are equivalent:

(i) H i
I(M, ΓI(N)) is I-cofinite, for all i ≤ t;

(ii) If H i
I(M, N) is I-cofinite and minimax, for all i < t, then the R-module

HomR(R/I, H t
I(M, N)) is finitely generated.
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Proof. The proof of (i ⇒ ii), which we include for the reader’s convenience,
is based on Bahmanpour and Naghipour (2008 Lemma 2.2). We use induc-
tion on t. When t = 0, there is nothing to prove, because H0

I (M, N) =
ΓI(HomR(M, N)) = HomR(M, ΓI(N)) = H0

I (M, ΓI(N)) is I-cofinite, by us-
ing Yassemi et al. (2002 Lemma 1.1). Thus HomR(R/I, H0

I (M, N)) is finitely
generated. Assume, inductively, that t > 0 and that the result has been proved
for smaller values of t. By the inductive hypothesis H i

I(M, N) is I-cofinite and
minimax, for all i < t, and H i

I(M, ΓI(N)) is I-cofinite, for all i ≤ t. It only re-
main to prove HomR(R/I, H t

I(M, N)) is finitely generated. Let L = N/ΓI(N).
Then the exact sequence (∗) 0 −→ ΓI(N) −→ N −→ L −→ 0 induces a long
exact sequence

−→ H i
I(M, ΓI(N)) −→ H i

I(M, N)) −→ H i
I(M, L) −→ H i+1

I (M, ΓI(N)) −→
In view of Bahmanpour and Naghipour (2008 Lemma 2.1(i)) any submodule of
a minimax module is minimax, also H i

I(M, ΓI(N)) = ExtiR(M, ΓI(N)) by using
Yassemi et al. (2002 Lemma 1.1). Hence, H i

I(M, ΓI(N)) is minimax by Saremi
(2009 Lemma 2.1(ii)). Now, H i+1

I (M, ΓI(N)) and H i
I(M, N) are I-cofinite and

minimax, for all i < t, therefore H i
I(M, L) is I-cofinite and minimax, for all

i < t, by using Melkersson (2005 Corollary 4.4). We now use Divaani-Aazar
and Esmkhani (2005 Lemma 2.4) to deduce that I contain an element x which
is a non-zero divisor on L. The exact sequence 0 −→ L

x−→ L −→ L/xL −→ 0
induces the long exact sequence (∗∗)

H i−1
I (M, L)

x−→ H i−1
I (M, L) −→ H i−1

I (M, L/xL) −→ H i
I(M, L)

x−→
for each i ≥ 1. Thus the sequence

0 −→ H i−1
I (M, L)/xH i−1

I (M, L) −→ H i−1
I (M, L/xL) −→ 0 :Hi

I
(M,L) x −→ 0

is exact, for each i ≥ 1 Therefore, by Melkersson (2005 Corollary 4.4) we
have H i

I(M, L/xL) is I-cofinite and minimax, for all i < t − 1. Hence, by
the inductive hypothesis, HomR(R/I, H t−1

I (M, L/xL)) is finitely generated.
On the other hand, Ext1R(R/I, H t−1

I (M, L)/xH t−1
I (M, L)) is a finitely gener-

ated R-module since H t−1
I (M, L)/xH t−1

I (M, L) is I-cofinite. Hence, the exact
sequence

HomR(R/I, H t−1
I (M, L/xL)) −→ HomR(R/I, 0 :Ht

I(M,L) x)

−→ Ext1R(R/I, H t−1
I (M, L)/xH t−1

I (M, L))

shows that

HomR(R/I, 0 :Ht
I(M,L) x) ∼= HomR(R/I ⊗ R/xR,H t

I(M, L))

∼= HomR(R/I, H t
I(M, L))



886 S. Payrovi and I. Khalili Gorji

is finitely generated. By using the exact sequence (*) we have the exact se-

quence H t
I(M, ΓI(N))

α−→ H t
I(M, N)

β−→ H t
I(M, L). So the sequence (∗ ∗ ∗)

0 −→ HomR(R/I, Kerβ) −→ HomR(R/I, H t
I(M, N)) −→ HomR(R/I, Imβ)

is exact. We have HomR(R/I, Kerβ) is finitely generated, since H t
I(M, ΓI(L))

/Kerα ∼= Kerβ is I-cofinite. On the other hand, the exact sequence 0 −→
Imβ −→ H t

I(M, L) induces the exact sequence 0 −→ HomR(R/I, Imβ) −→
HomR(R/I, H t

I(M, L)) which shows that HomR(R/I, Imβ) is finitely gener-
ated, since HomR(R/I, H t

I(M, L)) is finitely generated. Hence, by the exact
sequence (***) we have HomR(R/I, H t

I(M, N)) is finitely generated. This
complete the inductive step. The result has been proved in this case.

(ii ⇒ i) We use induction on t. For all i < t = 0, H i
I(M, N) = 0 is

I-cofinite and minimax thus by assumption

HomR(R/I, H0
I (M, N)) = HomR(R/I, H0

I (M, ΓI(N)))

is finitely generated and therefore H0
I (M, ΓI(N)) is I-cofinite by Melkersson

(2005 Proposition 4.3). Assume, inductively, that t > 0 and H i
I(M, ΓI(N)) is

I-cofinite for i = 0, 1, · · · , t − 1. Then HomR(R/I, H t
R(M, ΓI(N))) is finitely

generated by assumption and so it is I-cofinite.

Lemma 2.5 The following statement are equivalent:

(i) H i
I(M, ΓI(N)) is I-cofinite, for all i ≤ t;

(ii) If H i
I(M, N) is minimax, for all i < t, then the R-module

HomR(R/I, H t
I(M, N)) is finitely generated.

Proof. In view of 2.4 it is enough to show that H i
I(M, N) is I-cofinite for all

i < t. We proceed by induction on i. The case i = 0 is obvious as H0
I (M, N) =

H0
I (M, ΓI(N)). So suppose that i > 0 and that the result has been proved

for smaller values of i. By the inductive hypothesis Hj
I (M, N) is I-cofinite for

j = 0, 1, · · · , i−1 . Therefore, by assumption HomR(R/I, H i
I(M, N)) is finitely

generated. Hence, H i
I(M, N)) is I-cofinite, by Melkersson (2005 Proposition

4.3). So that H i
I(M, N) is I-cofinite and minimax, for all i < t.

The following result will be used for the generalization of the main result
of Yassemi et al. (2002), Saremi (2009) and Borna et al. (2011).

Theorem 2.6 The following statement are equivalent:

(i) H0
I (M, ΓI(N)) is I-cofinite;

(ii) If H i
I(M, N) is minimax, for all i < t, then the R-module

HomR(R/I, H t
I(M, N)) is finitely generated, and so the associated prime

ideals of H t
I(M, N) is a finite set.
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Proof. By 2.5 it is enough for us to prove that H i
I(M, ΓI(N)) is I-cofinite for

i ≤ t. We proceed by induction on i. The case i = 0 is obvious by assumption.
So suppose that i > 0 and that the result has been proved for smaller values of
i. By the inductive hypothesis Hj

I (M, ΓI(N)) is I-cofinite for j = 0, 1, · · · , i−1.
Therefore, by assumption and 2.5 HomR(R/I, H i

I(M, ΓI(N)) is finitely gen-
erated. Hence, H i

I(M, ΓI(N)) is I-cofinite, by Melkersson (2005 Proposition
4.3). Therefore, H i

I(M, ΓI(N)) is I-cofinite, for all i ≤ t.

Corollary 2.7 Let obj(N) (resp. obj(A)) denote the category of all Noethe-
rian (resp. Artinian) R-modules and R-homomorphisms. Let H0

R(M, N) is
I-cofinite and H i

I(M, N) ∈ obj(N) ∪ obj(A), for all i < t. Then the R-module
HomR(R/I, H t

I(M, N)) is finitely generated. In particular, AssR(H t
I(M, N))

is a finite set.

Proof. Apply 2.6 and the fact that the class of minimax modules includes all
Noetherian and Artinian modules.

Corollary 2.8 The following statement are equivalent:

(i) H0
I (M, ΓI(N)) is I-cofinite;

(ii) If H i
I(M, N) is minimax, for all i < t, then HomR(R/I, H t

I(M, N)/K) is
a finitely generated R-module, for any minimax submodule K of H i

I(M, N).
In particular, the associated primes of H t

I(M, N)/K are finite.

Proof. The proof, which we include for the reader’s convenience, is based on
Bahmanpour and Naghipour (2008 Theorem 2.4). It is enough to prove that
(i ⇒ ii). In view of the 2.6 the R-module HomR(R/I, H t

I(M, N)) is finitely
generated. On the other hand, according to Melkersson (2005 Proposition 4.3)
K is I-cofinite. Now, the exact sequence

0 −→ K −→ H t
I(M, N) −→ H t

I(M, N)/K −→ 0

induces the following exact sequence

HomR(R/I, H t
I(M, N)) −→ HomR(R/I, H t

I(M, N)/K) −→ Ext1R(R/I, K)

consequently HomR(R/I, H t
I(M, N)/K) is finitely generated.
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