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Abstract

We introduce a natural process for (odd) extensions of ordinary fields
from an ordinary manifold M0 to the whole super manifold ΠTM0

associated to the tangent bundle TM0. Super-connection and super-
curvature on the super manifold ΠTM0 extending the ordinary connec-
tion and curvature of M0 are described and the relation with the notion
of super-geodesic is also discussed.
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1 Introduction

Differential geometry on super-manifolds has been developed in the frame-

work of super-gravity and super-Yang-Mills theories. In super-gravity theories

one starts by an appropriate set of non-zero torsion constraints and super-

connection and super-curvature tensors are described accordingly [3]. Super-

Yang-Mills theories are based on putting some constraints on the curvature of

a connection in such a way that it becomes flat along some odd distributions

[4]. Both of these theories are developed on the super-manifold associated to

the spin bundle of a spin manifold in restricted appropriate dimensions.
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Chiral fields as the main ingredient of these theories are constructed through

extensions of ordinary fields on an ordinary spin manifold M0 to the whole

super-manifold M associated to the spin bundle S on M0. The odd exten-

sion is described by some odd differential equations provided by integrable

folliations obtained from representations of super-Poincaré group on the su-

per manifold M . This special folliation associated to the super-Poincaré group

seems to restrict all the above theories to the special super-manifold associated

to the spin bundle. Although it seems that the geometry behind these con-

structions can be reproduced for general super-manifolds. In the present note

we would like to generate a natural extension process for super-manifold asso-

ciated to the tangent bundle of an ordinary manifold. The approach described

here seems to be simpler than what is applied in super-gravity and super-Yang

Mills theories. However it can be considered as a first extension process which

is, as can be seen, not only very natural, but also leads to an extension of the

geometry of M0 to the supermanifold ΠTM0. As an application we will discuss

the relation between the induced super-geometry on ΠTM0 and the notion of

super-geodesics in [1] [2].

2 Some preliminary notations

We first recall that if M0 is a smooth manifold of dimension m the super

manifold M := ΠTM0 associated to the tangent bundle of M0 is defined as

a ringed space whose structure sheaf OM consists of the sheaf of differential

forms on M0. So by definition, for an open subset U ⊂M0, we have OM(U) =

Γ(Λ∗(T ∗M0))|U . Now if T denotes the tangent super-bundle of M then we

claim that there exists a natural decomposition like

T = T ev ⊕ T odd � (TM0 ⊕ TM0)⊗̂OM

as a module over OM . To see this identification take a vector ξ ∈ TxM at

some point x ∈ M . The even derivation ξ : Ox → R associated to this vector

acts on an α ∈ Λ∗(T ∗M)(U), defined in some neighborhood U of x, as:

ξ.α|M0 := d(α0)(ξ) (1)

where α is decomposed as α = α0 + α+ into zero degree component α0,

which is a real function on U and the components of positive degree α+.

The action of ξ ∈ TM0 as an odd vector on α is nothing but:

ξ(α) := ivα (2)
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If ξ ∈ TxM0 we will use the notation ξ̃ when the vector ξ is considering to

be an element of T odd.

Assume that the set B = {ξi|i = 1, ...,m} constitute a basis for TxM0 and let

T +
s and T −

s denote the subspaces of T generated by B+
s = {ξi + ξ̃i|i = 1, ...,m}

and B−
s = {ξi − ξ̃i|i = 1, ...,m} , respectively. Thus we get the following

decomposition:

T = T +
s ⊕ T −

s

It is clear that this decomposition does not depend on the choice of the

basis B.

Set ∂±ξi
:= ξi ± ξ̃i , for i = 1, ...,m and let {(∂±ξi

)∗|i = 1, ...,m} denote its dual

basis. So one can write (∂±ξi
)∗ = 1

2
((ξi)

∗ ∓ (ξ̃i)
∗) where {(ξi)∗|i = 1, ...,m} is

the dual basis of B. Define the operators d±s by:

d±s =
∑

i

∂±ξi
(∂±ξi

)∗

these operators act on Ω̂∗(ΠTM0) consisting of the space of H∞ differential

forms on ΠTM0 and the de-Rham operator d can be decomposed as:

d = d+
s + d−s

3 Natural extension to ΠTM0

Let M0 and N0 be two closed smooth manifolds of dimensions m and n, re-

spectively, and let g : M0 → N0 be a smooth function. Then the following

lemma holds:

Lemma 1 There exists a natural extension g̃ :

ofgactingbypullbackonthesheafofsectionsofthesupermanifoldΠTN0.
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Now we can ask the main question whose answer suggests a natural method

for the extension of functions and differential forms from M0 to ΠTM0. Let

f : N0 → R be a smooth function and let y ∈ R be a regular value of f . We

denote by M0 = f−1({y}) the level set of the function f associated to y. Let

j : M0 ↪→ N0 be the inclusion map of M0 into N0. According to the above

lemma j̃ : ΠTM0 ↪→ ΠTN0 provides an embedding of ΠTM0 into ΠTN0. Here

is the question: is there any H∞ function F ∈ Γ(N,Λ∗(T ∗N0)) extending f to

the whole super-manifolds ΠTN0 whose level set F−1({y}) coincides with the

sub-manifold j̃(ΠTM0) ?

In order to answer the above question we need the following definition:

Definition 1 For a smooth real function f ∈ C∞(N0) the super symmetric

extensions S±(f) ∈ H∞(ΠTN0) are defined to be equal to S±(f) = f ± d̃f ,

where the notation d̃f means that we are considering the differential form df

as an H∞ function on ΠTN0.

Lemma 2 With the above hypothesis an extension F ∈ Γ(M,Λ∗(T ∗N0)) of f

has the property F−1({y}) = j̃(ΠTM0) if

d−s F |M0 = 0

Moreover S+(f) is the unique extension of f upto first order to the odd part

and satisfying the above constraint.

Proof. Straightforward.

Similarly we can also define natural odd extension of differential forms as

follows. Define a canonical 1-1 map:

Odd : Ωk+1(N0) → H∞(ΠTN0) ⊗ Ωk(N0) ⊂ Ω̂k(ΠTN0)

by

Odd(β)(X1, ..., Xk) = (−1)kiXk
◦ ... ◦ iX1(β) ∈ Ω1(N0) ⊂ H∞(ΠTN0)

Where Ωk+1(N0) denotes the space of differential k + 1-forms on N0 and by

Ω̂k(ΠTN0) we mean the space of H∞ differential k forms on ΠTN0. Also

β ∈ Ωk+1(N0) for some k ∈ N ∪ {0}.
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Definition 2 The (plus or minus) odd extension S±(α) of a differential form

α ∈ Ω∗(N0) are defined by:

S± : Γ(Λk(T ∗N0)) → Γ(Λk((T ±
s )∗))

S±(α) = α±Odd(dα))

The following fundamental property holds for S±(α):

Proposition 1 S+(α) is the unique element of Γ(Λk((T +
s )∗)) extending α upto

first order to the odd part and satisfying:

d−s (S+(α))|M0 = 0

equivalently we have dS+(α)|M0 ∈ Γ(Λk+1((T +
s )∗)).

Proof: First note that for any point y ∈ N0 and for any vector v ∈ TyN0

we have

iv−ṽd(α+Odd(dα))|M0 = 0

This means that d(α + Odd(dα))|M0 ∈ Λk+1((T +
s )∗) or equivalently d−s (α +

Odd(dα))|M0 = 0. The converse is also straightforward.

Now we would like to repeat the above procedure for differential forms with

values in vector bundles over N0. So let π : E → N0 be a real smooth vector

bundle over N0 equipped with a connection ∇. Let also p : ΠTN0 → N0 be

the projection map from ΠTN0 onto N0. We denote by E the pullback of the

(even) vector bundle E by p to the whole ΠTN0 i.e. E := p∗E.

As before the operator d∇ : C∞(N) → Ω1(E) has natural super-symmetric

extensions d∇,±
s : H∞(E) → Ω̂1(E) defined by:

d∇,±
s =

∑
i

(∇ξi
± ξ̃i)(∂

±
ξi

)∗

We recall that {ξi|i = 1, ..., n} is a basis for TyN0 at a point y ∈ N0 and ξ̃i
is the odd derivation associated to ξi. We also have

d∇ = d∇,+
s + d∇,−

s

And the following lemma holds,
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Lemma 3 With the above hypothesis given a section u ∈ Γ(N0, E) there exists

a unique S+(u) ∈ Γ(ΠTN0, E) extending u upto first order to the odd part such

that, (d∇,−
s )(S+(u))|M0 = 0.

Proof: It suffices to set

S+(u) := u+ d̃∇u

where again we use the notation d̃∇u to emphasize that we are considering it

as an odd H∞ section of E on ΠTN0.

In order to define natural odd extension of vector bundle-valued differential

forms α ∈ Ωk(E) to the whole E , we define Odd operator in the same manner

as before:

Odd : Ωk+1(E) → H∞(ΠTN0) ⊗ Ωk(E)

Odd(β)(X1, ..., Xk) = (−1)kiXk
◦ ... ◦ iX1(β) ∈ Ω1(E) ⊂ H∞(ΠTN0, E)

Where β ∈ Ωk+1(E) is a smooth E-valued differential k + 1-form on N0, with

k ∈ N ∪ {0}.

Definition 3 The (plus or minus) odd extension S±(α) of a vector bundle

valued differential form α ∈ Ω∗(E) are defined through the following applica-

tions

S± : Γ(Λk(T ∗N0) ⊗ E) → Γ(Λk((T ±
s ))∗ ⊗ E)

S±(α) = α± Odd(d∇α))

Similarly we can prove,

Proposition 2 With the above notations S+(α) is the unique element of Γ(Λk((T +
s )∗)⊗

E) extending α upto first order to the odd part and satisfying:

d∇,−
s (S+(α))|M0 = 0

equivalently we have d∇S+(α)|M0 ∈ Γ(Λk+1((T +
s )∗) ⊗ E).
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4 Super-connection and super curvature.

We now apply the above method to naturally extend the differential geomet-

ric objects from M0 to ΠTM0. So assume that the smooth manifold M0 is

equipped with a reimannian metric g0 and let ∇ be the Levi-Civita connection

associated to g0. In a local coordinate system defined on an open set U ⊂M0

the connection ∇ can be written as ∇ := d + A with A ∈ Ω1(End(TM0|U)).

We can thus define natural extensions of the connection matrix A to ΠTM0

as follows:

S±A = A± Odd(d∇A) = A± Odd(R∇) ∈ Ω̂1(End(T ev|U))

where R∇ ∈ Ω2(End(TM0)) is the curvature tensor associated to the Levi-

Civita connection ∇. Due to the transformation of R∇ under the action of

structure group of TM0 it is obvious that S±A is indeed a connection form on

ΠTM0. We denote this super connection by ∇̂

The super-curvature of ∇̂ is given in local coordinates by,

R∇̂ = d(S+A) + S+A ∧ S+A = R∇ + 2A ∧Odd(R∇) +Odd(R∇) ∧Odd(R∇)

Geodesic curvature of super-curves in ΠTM0. As an application of

the above odd differential geometry on ΠTM0 we associate a geosdesic super-

curvature to super-curves living in ΠTM0 which is an extension of the ordinary

geodesic curvature to its odd part. We then describe the even part of the

equation of super-geodesics (discussed in [2][1] and references therein) in terms

of this notion of geodesic super-curvature.

Suppose that M0 is a 2-dimensional manifold and let J0 be a complex

structure on M0 compatible with the riemanian metric g0 of M0. Let I ⊂ R
1|1

be a super-interval in R
1|1 with I0 = [0, l] for some real positive l ∈ R. A

super-curve γ : I → M on M can be described by the data of an ordinary

curve γ0 : I0 → M0 along with a vector field ψ : R → TM0 which is a lift

of the curve γ0 to the vector bundle TM0. Assume that γ0 is parameterized

by length and let (t, τ) be a coordinates system on I. Thus we can define the

geodesic super-curvature of γ as the pullback of

< ∇̂γ̇, Jγ̇ >∈ H∞(ΠTM0)
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by γ into I which leads to the following extension of geodesic curvature to the

odd part

κ̂g = κ̂e
g + τ κ̂o

g := κg(t) + τ < R(γ̇, ψ)γ̇, Jγ̇ >

where κg is the geodesic curvature of the curve γ0 and R denotes the sec-

tional curvature of the surface M0. Two cases are interesting

i) If ψ = γ̇ then the super-curve γ is a natural extension of γ0 to ΠTM0 in

the sense of section 2 and in this case we have: κ̂g = κg.

ii) If ψ = Jγ̇ then we have κ̂o
g = K(γ), where K is the gaussian curvature

of M0.

In this case if κe
g(t) = cκo

g for some constant c ∈ R then the even part γ0

describes a super-geodesics in the sense of [2] and [1].
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