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Abstract

In this paper, we introduce the concept of fuzzy strong regular con-
gruence triple of a fuzzy strong regular congruence on an FE-inversive
semigroup, and then we show that each fuzzy strong regular congruence
on an E-inversive semigroup is uniquely determined by its fuzzy strong
regular congruence triple. Finally, it is obtained that there exists a one-
one correspondence between fuzzy strong regular congruence triples and
fuzzy strong regular congruences on an E-inversive semigroup.
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1 Introduction and preliminaries

The concepts of fuzzy sets and fuzzy congruences on inverse semigroups are in-
troduced by Al-Thukair in [1] and he sets up a one-one correspondence between
the set of fuzzy congruences and the set of fuzzy congruence pairs on an inverse
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semigroup.Wang [8] and Tian [6] studied the relationships between fuzzy con-
gruences and fuzzy congruence triples on completely 0-simple semigroup and
completely simple semigroup respectively. Francis Pastijn and Mario Petrich
[2] studied the congruence triples by using Green’s relations on regular semi-
group and concluded that congruence relation is uniquely determined by its
associated triple. Li [3] introduced the concepts of fuzzy congruence triples and
fuzzy congruences on a regular semigroup and he obtained that there exists a
one-one correspondence between the fuzzy congruence and fuzzy congruence
triples on a regular semigroup. Luo [5] first generalized Green’ relations on
arbitrary semigroups and introduced the strong regular congruence pairs for
an FE-inversive semigroup. It is proved that each strong regular congruence p
on an FE-inversive semigroup S is uniquely determined by the strong regular
congruence pair. In this paper, we introduce the concept of fuzzy strong reg-
ular congruence triple of a fuzzy strong regular congruence on an E-inversive
semigroup, and then we show that each fuzzy strong regular congruence on
an E-inversive semigroup is uniquely determined by its fuzzy strong regular
congruence triple. Finally, it is obtained that there exists a one-one correspon-
dence between fuzzy strong regular congruence triples and fuzzy strong regular
congruences on an F-inversive semigroup.

2 Definition and basic results

An element a of a semigroup S is called regular if there exists x such that axa =
a. A semigroup S is called regular semigroup if its all elements are regular.
A semigroup S is called E-inversive semigroup if there exists z € S such that
ax € E(S). As usual, E(5) is the set of all idempotents and Reg(S) is the set
of regular elements of S. If a is a regular element of S, V(a) = {z € S|aza =
a,rar = x} is the set of all inverses of a. An element = € S is called weak
inverse of a € S if zar = x. Devote by W(a) the set of all weak inverses
of a € S.
Let S be a semigroup and e, f € E(S5), and let

M(e, f) ={g € E(S)| ge = g = fg}
and
S(e,f) ={g9€ E(S))| ge =g=fg.egf =ef}.

S(e, f) is called the sandwith set of e and f. Clearly, if e, f € E(S) and
eRf(eLf), then S(e, f) = {e}(S(e, f) = {f}). If pis a congruence on S and
h € S(e, f), then hp € S(ep, fp). Note that in an E-inversive semigroup S,
M(e, f) is not empty for any e, f € E(S).

A congruence on an E-inversive semigroup S is called to be strong regular
if for any a € S, there exists a’ € W (a) such that apaa’a. Clearly, in this case,
S/p is a regular semigroup.



Fuzzy strong regular congruence triples for an E-inversive semigroup 677

As the generalization of Green’ relations on regular semigroup, Green* re-
lations on E-inversive semigroup S are defined by:

Definition 2.1P/Let S be a semigroup and 7 be an equivalence relation on
E(S). Define the following binary relations on S by, for a,b € S,
al’b & (Va' € W(a))(3 € W(b))(a'atb')
&V € W(b))(3d' € W(a))(d'arb'b);
aR:b < (Va' € W(a))(3b' € W(b))(aa'TH)
&V € W(b))(3d' € W(a))(aa'Tbb');

(Va' € W(a))(3 € W(b))(ad'tb, a'att'd)

(Vo' € W(b))(3d' € W(a))(ad'TbV', d'ath'D).

If 7 is the identity relation on E(S), we use the notation £*, R* in place of
Lr, R:, respectively. It is clear that £, R, £X N R: and H, are equivalence
relations on S and H, C L NRE. Recall from Theorem 2.3 [4] that if a, b are
regular elements of a semigroup S, then aL*b(aR*b, a(L* NR*)b) if and only
if alb(aRb, aHD).

Let p be a congruence on a semigroup S. The restriction of p to E(S) is
called the trace of p and is denoted by trp. The subset {a € S|apa®} of S is
called the kernel of p and is denoted by ker p. From lemma 1.1 of [6], if p is a
strong regular congruence on an FE-inversive semigroup S, then

aHb &

ker p = {a € S|3e € E(S), ape}.

If v is an equivalence on a semigroup S, the greatest congruence on S
contained in v is denoted by ~°. If T" is a family of equivalences on S, then

Myer?’ = (Nyery)’(see(2]).

Lemma 2.20! Let p be a strong regular congruence on an E-inversive semi-
group S with 7 =trp. Then

(1) (ep)R*(fp) & e(rR'7)f & eRLf (e, f € E(S)):
(2) (ap)R*(bp) < aR7b;
(3) Rr=pR'p=pV R
(4) Rilps) =TR*T = (pV R )|5s) =7V (R]5s);

(B) T=tr(LENR =1L 7NTLAT.

By lemma 2.7 in [2] and lemma 2.2, we can easily obtain the following
lemma.

— — —

Lemma 2.3 Let p be a strong regular congruence on an E-inversive semigroup
S with 7 =trp. Then

(1) eTR*7Tf;

(2) @ # (eT)(fT)NE(S) C f @ # (fr)(er) N E(S) C e

(3) Sle,f) Ser,5(f,e) S f
for any e, f € E(S).
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Lemma 2.4 Let I be a family of strong regular congruences on an E-inversive
semigroup S. Then

((Mperp) V RY)|E@s) = (Mper(p V RY))|5(s)-

Proof. Let e, f € E(S) be such that e(N,er(p V R*))f. Then for every
strong regular congruence p € I', we have e(p V R*)f. Thus, if g € S(e, f)
we have from lemma 2.2 and lemma 2.3 that gpe for all p € I. Further,

(9f)p = (gp)(fp) = (ep)(fp) = fp for all p € T since (ep)R*(fp) by lemma
2.2(1),(3). Consequently

e(Mperp)gR* g f(Nperp) f,

that is,
6((mpeFP) VRY)f.
Hence
((Nperp) ¥V RY)e(s) 2 (Moer(p vV RY))|a(s)
holds and the reverse inclusion obviously holds. 0

Lemma 2.5P For any strong regular congruence p on an E-inversive semi-
group S, K = ker p, 7=trp. a,b € S, we have

apb < a(LENRb, abl € K for all b € W (b).

Let X be a non-empty, a map A : X — [0, 1] is called a fuzzy subset of X.
Devote the set of all fuzzy subsets on X by F(X). Let A € F(X), t € [0,1],
define A" = {a € X|A(a) > t}, we call A" a t-cut set. Let t € [0,1), define
A = {a € X|A(a) > t}, we call A® a power t-cut set. The mapping p :
X x X — [0,1] is called a fuzzy relation on X, let p and o be fuzzy relations
on X, p < o means that p(a,b) < o(a,b) for all a,b € X. Their composition
denoted by p o ¢ and defined as:

(poo)(a,c)=sup{min{p(a,b),o(b,c)},be X},

for any a,c € X. We denote p o o by po for the sake of simplicity.
Let t € [0, 1], define

p'={(a,b) € X x X]| p(a,b) > t}.
Let t € [0, 1), define
pt ={(a,b) € X x X| p(a,b) > t}.
Let I' C F(X), define NacrA as
(NaerA)(z) = inf{A(z)] A €T}
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for all x € X.

A fuzzy relation p is called a fuzzy equivalence relation on a semigroup S
if

(1) p(a,a) =1 for all a € S;

(2) p(a,b) = p(b,a) for all a,b € S;

(3) p(a,c) > min{p(a,b), p(b,c)} for all a,b,c € S.

A fuzzy equivalence relation p on a semigroup S is called a fuzzy congruence if
p(ab,cd) > min{p(a,c), p(b,d)} or (p(ac,bc) > p(a,b) and p(ca,cb) > p(a,b))
for all a,b,c,d € S.

Let S be an FE-inversive semigroup. A fuzzy congruence p is called a
fuzzy strong regular congruence on S if there exists a’ € W(a) such that
pla,ad’a) = 1 for any a € S. Denote by FE(S) the set of all fuzzy equiva-
lences of a semigroup S, FC(S) the set of all fuzzy congruences and FRC(S)
the set of all fuzzy strong regular congruences. If p € FRC(S), then K,(a) =
sup{p(a,e)| e € E(S)} is called the fuzzy kernel of p for all a € S. If
I' € FES)(I' € FC(S)), then V,erp is the least fuzzy equivalence(fuzzy
congruence) relation containing all p € I', Nyerp is the greatest fuzzy equiva-
lence(fuzzy congruence) relation contained in each p € I'. A fuzzy relation A
is called regular normal on S if there exists p € FRC(S) such that A = K,,.
For A € FRC(S), we define &4 as:

Ea(a,b) = sup{p(a,b)| K, = A, p € FRC(S)}.

It is clear that &4 is the greatest fuzzy strong regular congruence in {p €
FRC(S)| K, = A}.

Lemma 2.6 Let p be a fuzzy relation on a semigroup S, then p is a fuzzy
equivalence relation if and only if p’ is an equivalence relation on S for all
te0,1).
Lemma 2.75% Let ;1 be a fuzzy equivalence relation on a semigroup S. u is
defined as p°(a,b) = inf{u(zay, zby)| z,y € S'}, if @ # T C FE(S), then

(1) p® is the greatest fuzzy congruence contained in j;

(2> m;LEF :uo = (OMEFM)O‘
Let S be a semigroup and 7 be an equivalence relation on E(S). Define
the following fuzzy binary relations on S by, for a,b € S,

§ )1 (ab) €L
@@M—{Q (a,b) & L.

i )1 (a,b) €RS.
'&@M—{Q (a,b) ¢ R~

It is clear that both of £} and R} are fuzzy equivalences.
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3 Fuzzy strong regular congruence triples

Let p € FE(S). Define fuzzy equivalence p, as p,(z) = p(a, x).

Lemma 3.1P Let S be a semigroup.
(1) If p,o € FE(S) and vy = p,vy = po, vy = pop,vs = popa, - - -, then

pVo= sup Un;

n=20,1,2,---,00

(2) If p € FE(S)(FC(S)), then p, = pp if and only if p(a,b) = 1 for
a,besS.

Let S be an E-inversive semigroup. Let p,o € FE(S) be such that p < o.
The fuzzy relation on S/p = {p,| a € S}, devote by o/p, is defined as for all

a, be Sa (a/p)<pa7pb> = a(a, b) where Pas Pb € S/p

Lemma 3.2 Let S be an E-inversive semigroup. Let p,o € FE(S) be such
that p < 0. Then o/p is a fuzzy equivalence relation on S/p.

Proof. Let p,o € EF(S). Suppose that (a,b) and (¢,d) in S x S such that
o(a,b) # o(c,d), then (pa, pp) # (pe, pa). Otherwise, we have p, = p. and
Py = pa, which leads to p(a,c¢) = 1 and p(b,d) = 1. Since p < o, we have
pla,c) < o(a,c¢) = 1 and p(b,d) < o(b,d) = 1. That is o(a,b) = o(c,d),
which contradicts the assumption. Thus, o/p is a mapping. It is a routine
matter to show that o/p is a a fuzzy equivalence relation on S/p, that is, for
all pa, py, pe € S/p, it satisfies the following conditions:

(1) (¢/p)(pa; pa) = 0(a,a) =1

(2) (0/p)(pa, pp) = o(a,;b) = (b, a) = (a/p)(ps, pa);

(3) (¢/p)(pas pec) = o(a, ¢) = min{o(a,b),o(b, ¢)}

= min{(a/p)(pa, pb)v (0/p> (pb7 pc)}

Let S be an E-inversive semigroup and let o € FE(S/L}), 8 € FE(S/R}).
Define @, 3 as follow:

O

a(av b) = a((ﬁ?)av (‘C?)b)a B(CL? b) = 6((7?’?)(17 (R?)b)

for all a,b € S. It is easy to verify that a,3 € FE(S), a3 € FRC(S),
and L} < a,R} < B. A fuzzy equivalence relation o € FE(S/L}) (B €
FE(S/Rj)) is called regular normal, if o = (a®V L%)/L5 (6 = (B°VR})/R}).
Let p be a strong regular congruence on S. (pV L})/L} is called an L*-regular
part of p, (pV R})/R} is called a R*-regular part of p.

Lemma 3.3 Let S be an E-inversive semigroup and 3 € FE(S/R}). Then
[ is regular normal if and only if § is R*-regular part of some fuzzy regular
congruences on S.
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Proof. If 3 is regular normal, choose 3° in FRC(S) such that 3 is R*-regular
part of 3°.

Conversely, let § be a R*-regular part of p € FRC(S), that is § = (p V
R})/R;. By lemma 3.2, we have B=pV Rj}. Clearly, p < 3, thus, p V R; <
Jex VR%. On the other hand, from lemma 3.1 know that [0 < pVR;. Further,
3°VR; < pV Ry Therefore, = (pV R})/R; = (6°V R})/R}, and so 3 is

regular normal. 0

Lemma 3.4 Let S be an E-inversive semigroup. If p € FRC(S), then pV L% =
pLip,pV R} = pR}p.

Proof. It is easy to verify that pL}p < pV L3 and pL}p is a fuzzy equivalence
relation. Since p V L} is the least fuzzy equivalence relation containing p and
L5, thus, pLhp > pV L}, that is p V L} = pLp. Similarly, pV R} = pR}p. U

By lemma 3.1 and lemma 2.4, we can easily obtain the following lemma.

Lemma 3.5 Let S be an E-inversive semigroup.

(1) IfRi(a,c) =1, R3(b,d) =1 and p € FRC(S), then (pV R})(a,b) =
(pV R})(c,d) for any a,b,c,d € S

(2) It @ #1I' € FRC(S), then ((Mperp) V R})(e, f) = (Moer(pVRY)) (e, f)
for any e, f € E(S).
Lemma 3.6 Let S be an F-inversive semigroup. Then the mapping

0:p—pVR; (p€ FRC(S))

is a complete lattice homomorphism FRC(S) into FE(S).

Proof. Let I' C FFRC(S) and a,b € S. It clear that (V,erp) V R} > Voer(pV
f
On the other hand, since Vperp < Vper(p V R}), we have

(Vperp) VR} < (Vper(p V R¥))VR; = Ver(pV Ry).
Therefore
(\/per‘p) \/ R} - \/per‘(p \/ R})

It follows that properties of Green* relations that there exist e, f € E(S5)
such that eR*a, and fR*b, by lemma 3.5, we have

(Mper(p vV RY))(a,b) = (Nper(p vV RE))(e, f)
= ((Mperp) V R})(e, f)
= ((mpel“p) \ R;‘)(aa b),

that is
(Nperp) V R} = Nper(p V R}).
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We have proved that the mapping 6 : p — pV R} is a complete lattice homo-
morphism. 0

Definition 3.7 A triple (o, A, 3) consisting of regular normal fuzzy equivalence
ain FE(S/L}) and 8 in FE(S/R}) and a regular normal fuzzy subset A on
S, is a fuzzy strong regular congruence triple if

(W a=(anp)vLy,s=(@np)’VvRy

(2) A< Kp,a <&y \/,C};

(3) A< Kpo, B < EaV RS
If this is the case, we define

Pla,a8) =EaN(aN B)°.

Lemma 3.8 Let S be an E-inversive semigroup. If p € FRC(S), then

p=CEk,N(pV LY N(pV RS

Proof. It is clear that

pa,b) < (&x, N (pV LY N (pVR}))(a,b)
= min{pr(a7 b)’ (p \% ‘C})O(a? b)’ (p \% R;)O(% b)}

for any a,b € S, p € FRC(S).

On the other hand, let 7 = min{(pV £})"(a, b), (0VR})%(a,b), £k, (a,b)}. If
r =0, then p(a,b) = 0. Suppose that r > 0, from lemma 3.4, for any ¢ > 0(e <
r), ift = r—e, then there exist g, h € S such that min{p(a, ), R}(g, h), p(h,b)} >
t, thus, (ap®)R:(bp"). Similarly, we have (ap?)L:(bp?). Therefore, (ap®)(L: N
R:)(bp"). Since K,(ab') > &g, (abl, b)) > &k, (a,b) > t, where b € W (b), then
there exists e = bb' € F(S) such that p(ab',e) > t. Thus, at/ € kerp’. It
follows from lemma 2.5 that p(a,b) >t = r —e. We obtain p(a,b) > r, by
making use of arbitrariness of €. Thus, p(a,b) = r. It means

p==Ex,N(pV L N (pV RS
[

Theorem 3.9 Let S be an E-inversive semigroup. If («, A, ) is a fuzzy
strong regular congruence triple, then p(, 4 ) is a unique fuzzy strong regular
congruence p on S such that « is the L£*-regular part of p, A = K, , . and 3
is the R*-regular part of p.

Conversely, if p is a fuzzy strong regular congruence on S, then (a, A, 3) =
((pV L)/ L5 Ky, (pV R})/R}) is a fuzzy strong regular congruence triple for
S and p = pa,a,8)-

a,A,B



Fuzzy strong regular congruence triples for an E-inversive semigroup 683

Proof. Let (a, A, 3) be a fuzzy strong regular congruence triple. Then

i ad'a) = (E4 1 (@1 5)°)(a, ad'a)
= (€ana"n %) (a,ad'a)
= inf{&4(a,ad'a),a’(a, ad'a), 3°a, ad'a)}

=1

for any a € S, @’ € W(a). This shows that p(a,4,) is a fuzzy strong regular
congruence.
By lemma 2.7 and definition 3.7, for all x € S, we have

Kp(a,A,,B) (x) = K(sAn(anB)O)(x)

= sup{(€aNa’ N 3% (z,e)le € E(S)}
= K¢, (z) N Kgo(x) N Kpo(x)
= A(x) N Kao(x) N Kpo(x)

= A(x).
Further _
Plaap VR =(an(anp)’)VR;
= (EaVRy)N((@np)° VR
= (VR NP
=0,
and thus

(Plaap VR}) /R =

is the R*-regular part of p, 4,3). Dually, a is the L*-regular part of p 44
Let p € FRC(S) be such that « is the £*-regular part of p, A = K, and
is the R*-regular part of p. Then K, = A=K, _, . By lemma 3.8, we have

p==Ek,N(pV LY N (pV R}
=&na’n
=& n(ang)?
= Pla,A,B)-

Conversely, let p in FRC(S) and let o = (pV L})/L}, A= K, and 3 =
(pV R})/R;. By lemma 3.3 and its dual o and 8 are regular normal fuzzy
equivalences on F'E(S/L}) and FE(S/R}), respectively. Thus, A is a regular
normal fuzzy subset on S.

We note that & = p vV L} and B=pV Rj. Since R} < (3, it follows that
(an B3)° VR} < (. Further, since p < (aﬂﬁ) , we have f = pV R} <
(@anp)’v R* Therefore # = (a N B)° V R} and Dually, & = (a N B)° v L}.
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K, = Agives p < {4 whence B = pVR} < EaVR} and dually, a = pV L} <
§aV L. We have proved that (ar, A, B) is a fuzzy strong regular congruence
triple. From the first part of the proof we may now conclude that p = p(,,a,8).-

O

By lemma 3.6, we can easily obtain the following corollary.

Corollary 3.10 Let FRCT(S) be the poset of all fuzzy strong regular con-
gruence triples for an E-inversive semigroup S under the partial order given
by

(a, A, B) < (/A )Y a<d A< A <.

Then the mappings
p— ((pV LY/ Ly Ky (pVRY)/RY), (@ A, B) = pra,ap)
are mutually inverse isomorphisms of FRC(S) and FRCT(S).
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