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Abstract

Rings of quotients of Cc(X), the subalgebra of C(X) consisting of
elements with countable range are investigated. It is shown that if S is
an open dense subset in X, then Cc(S) is a ring of quotients of Cc(X).
Topological spaces X for which Cc(X) coincides with its classical ring
of quotients (maximal ring of quotients) are characterized. It is proved
that in a zero-dimensional locally compact space X, we always have
Qc(X) = Qc(νX) = Qc(βX).
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1 Introduction

We let Cc(X) and C∗c (X) denote the subalgabras of all functions with countable
range in C(X) and C∗(X), respectively. Evidently, C∗c (X) ⊆ Cc(X) ⊆ C(X)
and C∗c (X) = Cc(X)

⋂
C∗(X). A space Y of X is said to be Cc-embedded

in X, if every function in Cc(Y ) can be extended to a function in Cc(X);
similarly, Y is C∗c -embedded in X, if every function in C∗c (Y ) can be extended
to a function in C∗c (X).

The zeroset and cozeroset of a function f ∈ Cc(X), are the sets Z(f) =
{x ∈ X : f(x) = 0} and coz(f) = {x ∈ X : f(x) 6= 0}.

For an ideal I of Cc(X), we let Z(I) =
⋂
f∈I Z(f) and cozI =

⋃
f∈I coz(f).

The realcompactification and Stone-Čech compactification of a topological
space X are denoted by νX and βX, respectively.
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We will denote by HomA(I) (in brief, Hom(I)) the set of all A- module
homomorphisms of I to A, where A is a commutative ring with the identity.
It is immediate that Hom(I) is an A-module.

If I and J are two ideals in A such that I ⊆ J , then Hom(J) ⊆ Hom(I).
An ideal D of A is called dense whenever AnnA(D) = {r ∈ A : rd = 0, for
every d ∈ D} = 0. We should also recall that an ideal I in a ring A is called
essential if I intersects every nonzero ideal of A nontrivially. Clearly for any
ideal I in A, I+Ann(I) is an essential ideal in A, hence one can infer easily, in
any reduced ring A (i.e., A has no nonzero nilpotent elements) essential ideals
and dense ideals coincide.

An element a ∈ A is called regular whenever AnnA(a) = 0. Clearly a ∈ A
is a regular element if and only if it is a non-zero divisor.

Definition 1.1. B ⊇ A is a ring of quotients of A, provided that for every
b ∈ B, the ideal b−1A is dense in B, that is to say, for each 0 6= b′ ∈ B there
exists a ∈ A such that ba ∈ A and b′a 6= 0, see [5, P.8], for more details.

It follows that B is a ring of quotients of A if and only if for every nonzero
b ∈ B, b−1A is dense in A and b(b−1A) 6= 0, see [5, Lemma 1.5].

The maximal ring of quotients of A, and the maximal ring of quotients
and the classical ring of quotients of Cc(X) (resp. C(X)) will be denoted by
Q(A), Qc(X), qc(X) (resp. Q(X), q(X)). To see the structure of maximal ring
of quotients we refer the reader to [11]

and we should also remind the reader that Q(X) and q(X) are fully charac-
terized in [5] and in fact we are following the methods in [5] in our investigation.
Let us first, recall some needed facts from [6] and [7], and we refer the reader
to [9] for undefined terms and notations. As it is usual in the context of C(X),
we assume in this article all topological spaces are completely regular.

Definition 1.2. A Hausdorff topological space X is called countably com-
pletely regular (in brief. c-completely regular) if whenever F ⊆ X is a closed
set and x /∈ F , then there exists f ∈ Cc(X) with f(F ) = 0 and f(x) = 1, see
[7], for more details.

The following proposition is interesting, see [7, Proposition 4.4], for its
proof.

Proposition 1.3. Let X be a topological space. Then the following statements
are equivalent.

(1) X is a zero-dimensional space (i.e., a T1-space with a base consisting of
clopen sets).

(2) For each closed subset B of X and x /∈ B, there exists f ∈ CF (X) =
{f ∈ Cc(X) : f(X) is finite}, with f(B) = 0 and f(x) = 1.
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(3) X is c-completely regular space.

The next useful result which shows in studying Cc(X) as an algebraic
object, we may always assume without loss of generality that X is a zero-
dimensional space, is borrowed from [7, Theorem 4.6].

Theorem 1.4. Let X be any space (not necessarily completely regular). Then
there is a zero-dimensional space Y which is a continuous image of X and
Cc(X) ∼= Cc(Y ).

Definition 1.5. We call a Hausdorff topological space X is countably pseu-
docompact (for briefly, c-pseudocompact) if Cc(X) = C∗c (X).

For any connected space X, we have Cc(X) = R = C∗c (X), when R is
the set of real numbers. Every connected space and in general, whenever X
has finitely many components then it is c-pseudocompact. Infinite countable
discrete spaces are not c-pseudocompact. We also recall that the concepts of
C-embedding and Cc-embedding are independent. For example the connected
subset (0, 1) is Cc-embedded in R but it is not C-embedded and N (the set of
natural numbers) is C-embedded in R but it is not Cc-embedded.

Our main goal in this article is the study of rings of quotients of the Cc(X).
The latter ring has been introduced and fully investigated in [7], and it is shown
that parallel to C(X) plays an important role in the context of C(X). Let us
briefly, give an outline of this paper. In Section 1, we give some preliminaries,
mostly from [6] and [7]. In Section 2, we observe that whenever S is a dense
open subset in X, then Cc(S) is the ring of quotients of the Cc(X) and the
maximal ring of quotients (classical ring of quotients) of the Cc(X) are charac-
terized, see Theorem 2.12. Section 3 deals with the coincidence of rings of quo-
tients of the Cc(X), in particular, we are interested in cases when some of these
rings of quotients coincide with Cc(X), itself. Finally, we show that when X is
a zero-dimensional, locally compact space then Qc(X) = Qc(νX) = Qc(βX).

2 Maximal and classical rings of quotients of

Cc(X)

Lemma 2.1. Let B ⊇ A be a ring of quotients of A. Then Q(A) = Q(B).

Proof. Since A ⊆ B ⊆ Q(B), and B is a ring of quotients of A, Q(B) is a ring
of quotients of A and so it is contained in Q(A), see [11, 2.3 Exercise 3]. On
the other hand, the chain A ⊆ B ⊆ Q(B) ⊆ Q(A) implies that Q(A) is a ring
of quotients of B. Hence it is contained in Q(B). Therefore Q(A) = Q(B).

Proposition 2.2. Let S be a subspace of a topological space X, then the fol-
lowing statements hold.
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(1) There exists a ring homomorphism from Cc(X) to Cc(S).

(2) If S is Cc-embedded in X then Cc(S) is a homomorphic image of Cc(X).

(3) If S is dense in X then Cc(X) is a subring of Cc(S).

(4) If S is dense and Cc-embedded in X then Cc(X) is isomorphic to Cc(S).

(5) If X is a zero-dimensional space and S is dense open in X then Cc(S)
is a ring of quotients of Cc(X).

Proof. (1) Define ϕ : Cc(X) −→ Cc(S) such that ϕ(f) = f |S. Clearly f is a
ring homomorphism.

(2) Since S is Cc-embedded in X, the function ϕ defined in part (1) is an
epimorphism.

(3) Suppose that ϕ(f) = 0, then for every x ∈ S, f(x) = 0. Since S is a
dense subset of X, f(x) = 0 for every x ∈ X. Hence ϕ is one-one.

(4) This follows from (2) and (3).
(5) Part (3) implies that Cc(X) is a subring of Cc(S). To prove that Cc(S)

is a ring of quotients of Cc(X), we have to show that for 0 6= f ∈ Cc(S),
f(f−1Cc(X)) 6= 0, see [5, Theorem 1.5]. Let s ∈ S such that f(s) 6= ◦.
By zero-dimensionality of X there exists g ∈ C∗c (X) such that g(s) 6= 0 and
X \ S ⊆ intZ(g). Now fg can be extended to a function in Cc(X) by the
following function

h(x) =

{
f(x)g(x) x ∈ S
0 x ∈ X \ S

We claim that h ∈ Cc(X). Let x ∈ X and V be an open set in R containing
h(x). Since we know that fg ∈ Cc(S), if x ∈ S, it can be inferred that there
exists an open subset U in S (and hence open in X), such that h(U) = fg(U) ⊆
V . If x /∈ S then h(x) = 0. Putting W =intZ(g), it’s obtained W

⋂
S 6= ∅ and

W = (W
⋂
S)

⋃
(W

⋂
(X \ S)). Hence h(W ) = h(W

⋂
S)

⋃
h(W

⋂
(X \ S)).

Since h(W
⋂

(X \ S)) = 0 = fg(W
⋂
S), we have h(W ) = {0} ⊆ V and by

this, we are done.

Proposition 2.3. Let X be a Hausdorff topological space. Then every dense
open subset of X is Cc-embedded (resp. C∗c -embedded) if and only if every open
subset of X is Cc-embedded (resp. C∗c -embedded).

Proof. Let V be an open subset of X and f ∈ Cc(V ). We must extend f to
a function in Cc(X). Note that V

⋃
(X \ clXV ) is a dense open subset of X.

Define

f(x) =

{
f(x) x ∈ V
0 x ∈ X \ clXV
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Since the subspace V
⋃

(X\ clXV ) is disconnected, f is continuous on it. By
the hypothesis f can be extended to X.The proof for C∗c -embedding is similar
to the previous argument and the converse is obvious.

Proposition 2.4. Every dense open set in X is c-pseudocompact if and only
if every open set is c-pseudocompact.

Proof. It is similar to the proof of Proposition 2.3.

Proposition 2.5. Let X be a zero-dimensional space. A subspace U is open
in X if and only if for some ideal I of Cc(X), U = cozI.

Proof. Clearly the empty set ∅ = coz(0). Suppose that U is a nonempty open
subset in X. Put I = {f ∈ Cc(X) : coz(f) ⊆ U}. It is easy to see that I
is an ideal in Cc(X) and cozI =

⋃
f∈I coz(f) ⊆ U . To showing the equality,

we let x ∈ U . By zero-dimensionality of X, there exists f ∈ Cc(X) such that
f(x) 6= 0 and X \ U ⊆ Z(f). So f ∈ I and x ∈ coz(f). Hence U ⊆ cozI.

Remark 2.6. The preceding proposition is not true for Cc(X), if the hypoth-
esis “X is zero-dimensional” is deleted. To see this, let X = R and U = (0, 1).
We recall that Cc(X) = R and the only ideals of R, are (0), and itself R. Since
coz(0) = ∅ and cozR = R, then U 6= cozI for any ideal of Cc(X).

Evidently for the principle ideal I = (f), we have cozI = coz(f). The
following example shows that an arbitrary open (even dense) subset of X, is
not necessarily a cozeroset and also when an ideal I is not principle, cozI need
not be a cozeroset.

Example 2.7. Let D∗ = D
⋃
{p} be the one-point compactification of infinite

discrete space D and

I = {f ∈ Cc(D∗) : f(x) = 0 for all but finitely many elements of D}.

D is dense open in X and

I ⊇ {f ∈ Cc(D∗) : for some x ∈ D, f(x) = 1 and f(D∗ \ {x}) = 0}.

So I is a nonzero ideal and cozI = D. It is claimed that I is not princi-
pal. To see this, suppose that I = (f) whenever f(xi) = ai for some subset
{x1, x2, ..., xn} of D and for some subset {a1, a2, ..., an} of R\{0}, and f(x) = 0
for x ∈ D∗ \ {x1, x2, ..., xn}. Define g(x0) = a0 6= 0 for x0 /∈ {x1, x2, ..., xn}
and a0 /∈ {a1, a2, ..., an} and g(x) = 0 for x 6= x0. It is easily seen that g is not
multiple of f , i.e., I is not principal. Furthermore {p} is not a zeroset in D∗

and consequently D is not a cozeroset.

The following result is interesting, in the sense that, it shows certain ho-
momorphisms are automatically continuous.
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Lemma 2.8. Let A be an R-subalgebra of Cc(X). Then for any ideal D of A,
we have HomA(D) ⊆ Cc(cozD).

Proof. The proof is more or less the same as the proof of [5, Lemma 2.5].

The following example shows that the inclusion in the preceding lemma
may be proper.

Example 2.9. Let W be the space of countable ordinals and ω0 be the first
countable limit ordinal, and A = Cc(W ). It is noted that W is pseudocompact
and furthermore since every continuous function on W is constant on a tail
W \ Wα, for some α ∈ W , we have C∗c (W ) = Cc(W ) = C(W ) = C∗(W ),
see [9, 5.12]. Let [0, ω0) = {α1, α2, α3, ...} and define f and g as follows :
f(α2n) = 1/2n, f(α2n−1) = 0 and f(α) = 0 for α ≥ ω0, and g(αn) = n for
every αn ∈ [0, ω0), g(α) = 0 for α > ω0. Observe that f and g are continuous
on W and W \ {ω0} = cozMω0 , respectively. It is clear that fg(α2n) = 1, and
fg(α) = 0, otherwise. Hence fg can not be extended to W and this shows
that Hom(Mω0) $ Cc(cozMω0).

It is interesting to note that the following proposition shows that the ideal
D ,below, intersects every nonzero ideal in A nontrivially (i.e., D is essential
in A) if and only if cozD intersects every nonempty open set in X nontrivially.

Proposition 2.10. Let X be a zero-dimensional space and D be an ideal in
an R-subalgebra A of Cc(X), where A is an essential subalgebra of Cc(X) (i.e.,
A intersects every nonzero ideal of Cc(X) nontrivially). Then D is a dense
ideal in A if and only if cozD is dense in X.

Proof. First, we assume that D is dense in A, and suppose that V is an open
set in X such that cozD

⋂
V = ∅. We claim that V = ∅. There exists an

ideal I in Cc(X), such that V = cozI, see Proposition 2.5. This implies that
cozD ⊆ Z(I). Hence for every f ∈ I, f(cozD) = 0, i.e., for every d ∈ D,
f.d = 0. This means that f.D = 0 and so f = 0 (note, by our assumption we
know that there must exist 0 6= f ∈ I

⋂
A), which is absurd, since D is dense

in A. Therefore V = cozI = ∅. Conversely, suppose that f ∈ AnnA(D). Then
for every d ∈ D, f.d = 0 implies that coz(f.d) = coz(f)

⋃
coz(d) = ∅. Hence

cozD =
⋃
d∈D coz(d) ⊆ Z(f). Since cozD is a dense subset of X, Z(f) = X or

f = 0. Therefore AnnA(D) = 0, i.e., D is dense in A.

Proposition 2.11. Let X be a zero-dimensinal space and V be a dense open
set in X and g ∈ Cc(V ), then V ⊆ cozg−1C∗c (X).

Proof. We recall that g−1C∗c (X) is an ideal in C∗c (X) and g ∈ Hom(g−1C∗c (X)).
Furthermore since V is dense open in X, Cc(V ) is a ring of quotients of Cc(X),
and consequently is a ring of quotients of C∗c (X). For v ∈ V , There exists
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f ∈ C∗c (X) such that f(v) 6= 0 and X \ V ⊆ intZ(f) , see Proposition 1.3.
define

h(x) =

{
f(x)g(x) x ∈ V
0 x ∈ X \ V

One can show that h ∈ Cc(X), and hence fg can be extended to X. If we put
f = f/(1 + f 2g2), then f ∈ C∗c (X) and v ∈ coz(f). Therefore fg ∈ C∗c (X)
and consequently f ∈ g−1C∗c (X), i.e., V ⊆ cozg−1C∗c (X).

In [5], Q(X) (resp. q(X)) are determined in terms of the rings of continuous
functions on dense open sets (resp. dense cozerosets) in X. The following
theorem is the counterpart for Cc(X).

Theorem 2.12. Let X be a zero-dimensional space. Then

(1) Qc(X) =
⋃
{Cc(V ) : V is dense open in X}

(2) qc(X) =
⋃
{Cc(V ) : V is dense cozeroset in X}

Proof. (1). In view of Lemma 2.8, we have

Qc(X) ⊆
⋃
{Cc(V ) : V is dense open in X}.

For every dense open set V in X, Cc(V ) is a ring of quotients of Cc(X), see
Proposition 2.2. Hence

⋃
{Cc(V ) : V is dense open in X} is a ring of quotients

of Cc(X) and is therefore contained in the maximal ring of quotients Qc(X).
(2). The classical ring of quotients

qc(X) =
⋃
{Hom(I) : I contains a regular element d}.

d ∈ I implies that (d) ⊆ I, so Hom(I) ⊆ Hom((d)) ⊆ Cc(coz(d)). Thus

qc(X) =
⋃
{Hom((d)) : d is a regular element }

⊆
⋃
{Cc(V ) : V is a dense cozeroset in X}

For the reverse inclusion: Suppose that V is a dense cozeroset in X and
f ∈ Cc(V ). Hence for some regular element d ∈ Cc(X), V = coz(d). We must
find a regular element d ∈ Cc(X) such that f ∈ Hom((d)). Define

d(x) =

{
d(x)

1+f2(x)
x ∈ coz(d)

0 x ∈ Z(d)

Since coz(d) is dense, b(Z(d)) = Z(d)
⋂

coz(d) = Z(d) and so d ∈ Cc(X).
We claim that f ∈ Hom((d)). To see this, we note that every element of the
principal ideal (d) is of the form h.d, for some h ∈ Cc(X). Hence
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(f.h.d)(x) =

{
f(x)h(x)d(x)

1+f2(x)
x ∈ coz(d)

0 x ∈ Z(d)

belongs to Cc(X). This completes the proof.

Proposition 2.13. Let X be a connected space. Then Qc(X) = Qc(
∏
X) =

qc(X) = qc(
∏
X) = R, where

∏
X is an arbitrary direct product of copies of

X.

Proof. We note that whenever X is connected then
∏
X is connected and

Cc(X) = R = Cc(
∏
X). Hence Qc(X) = R = Qc(

∏
X). Since we always have

Cc(X) ⊆ qc(X) ⊆ Qc(X), so the result holds.

Remark 2.14. If X is a connected space we may have Q(X) 6= Q(
∏
X), for

Q(R) 6= Q(Rn), for n > 1. To see the details of the proof one can refer to [5].

The converse of the above proposition is not true in general. Suppose that
X is an infinite countable discrete space. Therefore C(X × X) = C(X) =
Cc(X ×X) = Cc(X) and hence Qc(X ×X) = Qc(X), but X is totally discon-
nected.

In [7], it is observed that whenever C(X) is regular then so too are Cc(X)
and some other subrings of Cc(X). In what follows we observe that Qc(X) is
always regular.

Corollary 2.15. Let X be a zero-dimensional space. Then Qc(X) is a regular
ring (i.e., f = f 2g, for all f ∈ Qc(X) and some g ∈ Qc(X)).

Proof. Let f ∈ Qc(X). So for some dense open set V in X, f ∈ Cc(V ). If
coz(f) is dense in X, then g(x) = 1/f(x) belongs to Cc(coz(f)) and f 2g = f ,
hence g ∈ Qc(X). Otherewise, let coz(f) 6= X. This means that intZ(f) 6= ∅.
(note, X \ clXA = int (X \ A)). Define

g(x) =

{
1

f(x)
x ∈ coz(f)

0 x ∈ intZ(f)

so f 2g = f . Since coz(f)
⋃

intZ(f) is a dense open set in X, we have g ∈
Qc(X).

3 When the rings of quotients of Cc(X) coin-

cide?

Let us without further ado begin with the following natural result.
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Proposition 3.1. Qc(X) = qc(X) if and only if Q∗c(X) = q∗c (X).

Proof. It is clear that qc(X) is a subring of Qc(X). To show the reverse inclu-
sion, let f ∈ Qc(X). So for some dense open set V in X, we have f ∈ Cc(V ).
Let f = 1/(1 + |f |), hence f ∈ C∗c (V ) and f.f = f/(1 + |f |) ∈ C∗c (V ). Since
C∗c (V ) ⊆ Q∗c(X) = q∗c (X), there exist g and h belong to Cc(X), such that
f ∈ Cc(coz(g)) and f.f ∈ Cc(coz(h)). It’s noted that coz(g) and coz(h) are
dense in X and f = f.f/f , so we obtain f ∈ Cc(coz(g))

⋂
Cc(coz(h)), and

therefore f ∈ qc(X). The converse is obvious.

We observe that the subring qc(X) can be contained in Qc(X) properly. To
see this, let D∗ be the space in Example 2.7, that in this case we take D to be
an infinite countable set. We recall that D∗ is the only dense cozeroset in D∗

and also D is a dense open set in D∗. On the other hand D is not Cc-embedded
in D∗. We define f(dn) = n, for every dn ∈ D. Since D∗ is compact and f
is unbounded, it cannot be extended to D∗. Hence f ∈ Qc(X) \ qc(X) and
therefore we have qc(X) $ Qc(X).

Proposition 3.2. Let X be a zero-dimensional space. Then qc(X) = Cc(X)
if and only if for each non-invertible f ∈ Cc(X), Z(f) has nonempty interior.

Proof. First, in view of Theorem 2.12, we note that if there does not exist a
proper dense cozeroset in X, we trivially have qc(X) = Cc(X). We also claim
that the equality qc(X) = Cc(X) implies that there does not exist a proper
dense cozeroset in X. To see this, Let f ∈ Cc(X) and coz(f) = X. It is claimed
that coz(f) is equal to X and we are done. We note that 1/f ∈ Cc(coz(f)),
and the hypothesis, qc(X) = Cc(X), implies that 1/f can be extended to
f ∈ Cc(X). Now let x ∈ X be any element. So there exists a net (xλ)λ∈Λ ⊆
coz(f), converging to x. Therefore f(xλ) −→ f(x) and so f(xλ) −→ f(x).
This means that 1/f(xλ) −→ 1/f(x). Thus 1/f(x) = f(x) ∈ R. Consequently,
f(x) 6= 0, i.e., x ∈ coz(f), which means that coz(f) = X . Now let us get back
to the proof of the theorem. If Z(f) has nonempty interior for each f ∈ Cc(X),
then clearly X has no proper dense cozeroset, hence by what we have already
observed we have qc(X) = Cc(X). Conversely, let the latter equality holds
and take f ∈ Cc(X) with Z(f) 6= ∅. We are to show that intZ(f) 6= ∅. But,
clearly intZ(f) = ∅ leads us to a contradiction, for in that case coz(f) is dense
in X, which is impossible by what we have already proved in the first part.

Corollary 3.3. Let X be a zero-dimensional space. Then
qc(X) = Cc(X) =⇒ q∗c (X) = C∗c (X).

Proof. The proof is evident.

The following example shows that the converse of the previous result may
be false.
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Example 3.4. Let X be the zero-dimensional space
∑

. This space has been
introduced in [9, 4M]. One can check that X satisfies the equality q∗c (X) =
C∗c (X), but we have Cc(X) $ qc(X).

We recall that Q(X) = C(X) if and only if X is extremally disconnected
P -space, see [5, 3.5]. But for Cc(X) we have the following.

Proposition 3.5. Let X be a zero-dimensional space. Then Qc(X) = Cc(X)
if and only if every open set in X is Cc-embedded.

Proof. Theorem 2.12, shows that Qc(X) =
⋃
{Cc(V ) : V is dense open in X}.

Hence Qc(X) = Cc(X) if and only if every dense open set in X is Cc-embedded.
Now Proposition 2.3, implies that every open set in X is Cc-embedd.

One cannot remove in the above result the hypothesis that “X is zero-
dimensional topological space”. To see this, let X = R and U = (0, 1)

⋃
(1, 2).

Define f(x) = 1, for every x ∈ (0, 1) and f(x) = −1, for every x ∈ (1, 2). Thus
Cc(X) = R = Qc(X), but U is not C∗c -embedd in X.

Corollary 3.6. Let X be a zero-dimensional space. Then
Qc(X) = Cc(X) =⇒ Q∗c(X) = C∗c (X).

Proof. The proof is evident.

The converse of the above corollary is not true in general, for take X =
∑

, as
in Example 3.4.

We conclude this article with the following interesting fact.

Proposition 3.7. Let X be a zero-dimensional and locally compact space.
Then Qc(X) = Qc(νX) = Qc(βX).

Proof. First, we recall that X is locally compact if and only if X is an open
set in βX, see [9, 6.9]. In fact X is a dense open set in βX. So the chain
X ⊆ νX ⊆ βX, implies that X is a dense open set in νX and so Cc(βX) ⊆
Cc(νX) ⊆ Cc(X). Proposition 2.2 implies that Cc(X) is a ring of quotients of
Cc(βX) and also it is a ring of quotients of Cc(νX). Now the result is obtained
from Lemma 2.1.

The following example shows that the converse of the previous proposition
is not true in general.

Example 3.8. Let X = R. Since X is a connected realcompact space (see [9,
Theorem 8.2]), it is obtained that X = νX and so βX is connected. Hence
Qc(X) = Qc(νX) = Qc(βX) = R. But we note that X is a locally compact
space which is not a zero-dimensional space.
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