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Abstract

The main objective of this paper is to develop a perspective of mul-
tiset metric spaces parameterized in terms of multiplicities of objects
occurring in multisets of a cardinality-bounded multiset universe.
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1 Introduction

Applications of metrics and metric spaces abound in mathematics as well as
in many other fields which require mathematical tools and techniques. One of
the main reasons for having diverse applications of metrics and metric spaces
lies in the fact that on the same collections of objects (may be with multi-
attributes) different types of metrics befitting the nature of objects involved
can be defined. Classically, metrics are defined on a set.

However, in a large number of situations, objects involved in describing
a real-life problem occur in multiple copies; for example, repeated roots of
a polynomial equation, repeated observations in a statistical sample, repeated
hydrogen atoms in a water molecule (H20), etc. This is how multisets, instead
of sets, become more appropriate for describing such problems.
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In the recent years, in order to address a class of problems involving multi-
attribute objects and their multiple criteria classification (or cluster analysis),
multiset metrics and multiset measures have been exploited [1], [2], [3], [4],
[6], [7] and [8] contain various details.

[5] introduced a refinement of the approaches undertaken in the existent
literature. The central idea is to weaken the characterization of multiset uni-
verse, and this is how the notion of Xn(m), the multiset universe in which every
multiset contains m number of objects with varying multiplicities ≤ n ∈ Z+, is
introduced. In this paper, metric spaces of multisets ∈ Xn(m), parameterized
by the multiplicities with which objects occur, are introduced. It is demon-
strated that the said refinement describes some real-life problems in a better
perspective than in Xn as adopted in previous related works. Further, some
basic mathematical concepts are defined in a parameterized multiset metric
space.

2 Preliminaries

A multiset (mset, for short) or bag is an unordered collection of objects in
which, unlike a (crisp) set, objects are allowed to repeat (finitely for most of the
real-life problems). Each individual occurrence of an object in an mset is called
its element. All copies of an object in an mset are treated as indistinguishables.
The objects of an mset are its distinguishable (or distinct) elements. The
notation [ , ] is usually used to represent an mset. For example, an mset
containing one occurrence of a, two occurrences of b, and three occurrences of
c is represented as [a, b, b, c, c, c] or [a, b, c]1, 2, 3 or [1/a, 2/b, 3/c] or [a1, b2,
c3] or

[a1 b2 c3]. However, for convenience, even the curly brackets are used in
place of square brackets, if the context is clear.

2.1 Cardinality-bounded multiset universes

Let X be arbitrary set of objects which need not be finite. In the existent
literature, Xn is taken to represent a multiset universe containing multisets in
which an object can repeat at most n times. In this paper, we take a weaker
notion Xn(m) to represent the multiset family or universe of all multisets
built from elements in X such that each multiset contains m objects and each
object occurs at most n times. Note that this family may be called a dressed
set because no element (which is appearing in it) repeats. Loosely speaking,
Xn(m) itself, may be called a multiset. Moreover, we assume that the ground
set X is ordered with respect to position in which its elements appear.
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2.2 Notations

Let us consider the multiset universe Xn(m). We can represent an arbitrary
element of Xn(m) by X<pi> where pi ∈ {0, 1, 2, ..., n} and i = 1, 2, . . . , m.
Note that < pi > is an ordered m − tuple and the ordering of < pi > is
induced by the appearance of the respective elements in X. Also, elements of
< pi > can be written without inserting a comma. For example, a multiset [a1,
a2, a3, ..., am]7, 2, 5, ..., 9 in Xn(m) can be written as X 7 2 5 ... .9. For simplicity,
X<pi> may be denoted by Xpi, and treated as points in Xn(m).

Also, in the aforesaid notation, Xp will mean that all the elements of X
have the same multiplicity p and X0 will refer to the empty multiset or the
origin of Xn(m). It is easy to see that there exist (n + 1)m number of such
elements of Xn(m) for each m − tuple of elements of X.

X0(1) = {X0}; X1(1) = {X0, X1}; X2(1) = {X0, X1, X2};and so on.
For a given pair of elements of X,
X0(2) = {X0 0};
X1(2) = {X0 0, X0 1, X1 0, X1 1};
X2(2) = {X0 0, X0 1, X1 0, X1 1, X1 2, X2 1, X0 2, X2 0, X2 2 };
X3(2) = {X0 0, X0 1, X1 0, X1 1, X1 2, X2 1, X0 2, X2 0, X2 2, X3 0, X0 3,

X1 3, X3 1, X3 2, X2 3, X3 3 };
X4(2) = {X0 0, X0 1, X1 0, X1 1, X1 2, X2 1, X0 2, X2 0, X2 2, X3 0, X0 3,

X1 3, X3 1, X3 2, X2 3, X3 3, X4 0, X0 4, X4 1, X1 4, X2 4,
X4 2, X4 3, X3 4, X4 4, }; and so on.

For a given triplet of elements of X,
X0(3) = { X0 0 0 };
X1(3) = { X0 0 0, X0 0 1, X0 1 0, X0 1 1, X1 0 0, X1 0 1, X1 1 0, X1 1 1 };
X2(3) = { X0 0 0, X0 0 1, X0 1 0, X0 1 1, X1 0 0, X1 0 1, X1 1 0, X1 1 1,

X0 0 2, X0 2 0, X2 0 0, X0 1 2, X0 2 1, X0 2 2, X1 2 0, X1 0 2,
X1 2 1, X1 1 2, X1 2 2, X2 1 0, X2 0 1, X2 1 1, X2 0 2, X2 2 0,
X2 1 2, X2 2 1, X2 2 2}; and so on.

[5] contains details for constructing Xn(m) and their pattern.

3 Mathematics of metric spaces of multisets

in Xn(m)

3.1 Metric and Metric Space on Xn(m)

Let Xpi = [a1, a2, a3, · · · , am] p1, p2, ... , pm; Xqi = [a1, a2, a3, · · · , am] q1, q2, ... , qm and
Xti = [a1, a2, a3, · · · , am] t1, t2, ... , tm be any three elements of Xn(m). we
define a function d on Xn(m) × Xn(m) as follows:



2946 A. M. Ibrahim, D. Singh and J. N. Singh

d(Xpi, Xqi) = k =

√√√√
m∑

i=1

(pi − qi)
2, where k ∈ R+

satisfying the following conditions:
i) d(Xpi, Xqi) ≥ 0,
ii) d(Xpi, Xqi) = 0 iff Xpi = Xqi

iii) d(Xpi, Xqi) = d(Xqi, Xpi) and
iv) d(Xpi, Xqi) ≤ d(Xpi, Xri) + d(Xri, Xqi) for any Xri ∈ Xn(m).

Then, d is called a distance function or metric on Xn(m) and (Xn(m), d)
is called a metric space.

Also, all possible distinct values of k can be computed on a given Xn(m).
For example, the possible k’s of X2(2) are 0, 1,

√
2, 2,

√
5 and

√
8.

It is quite interesting to observe that in this multiset universe, the set of
values of k remains the same for any pair in X. This reduction motivates us to
study some mathematics such as metric space parameterized by multiplicities
appearing in multisets in a given multiset universe.

Note that the maximum distance between any two elements in Xn(m) is
n
√

m; that is, d(Xpi, Xqi) ≤ n
√

m , for any Xpi, Xqi ∈ Xn(m) under this
metric.

It is known that on the same set, a number of distinct metrics (including
equivalent ones) can be defined. For example, it is easy to verify that the
functional d1, d2 and d3 defined on Xn(m) × Xn(m) as

d1(xpi, xqi) =
m∑

i=1

|pi − qi| = k1,

d2(xpi, xqi) = max |pi − qi| = k2, and
d3(xpi, xqi) = min |pi − qi| = k3, respectively are metrics on Xn(m).

The possible set of values of k, with respect to d1, d2 and d3 on X2(2) are
{0, 1, 2, 3, 4}, {0, 1, 2} and {0, 1} respectively.

Also, the function d: Xn(m) × Xn(m) → {0, 1} defined by
d(Xpi, Xqi) = 1 iff Xpi �= Xqi,
d(Xpi, Xqi) = 0 iff Xpi = Xqi

is called the discrete metric and (Xn(m), d) is a discrete multiset metric
space.

4 Relations on Xn(m)

Let (Xn(m), d) be a metric space. For Xpi, Xqi ∈ Xn(m) if d(Xpi, Xqi) = k
∈ R+ holds then we say that Xpi is Rk related to Xqi, written as Xpi Rk Xqi
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or (Xpi, Xqi) ∈ Rk. That is, Rk ⊆ Xn(m) × Xn(m) with respect to a given
metric d.

Let us consider the multiset universe X2(2) and the metric d. We have the
following relations defined on X2(2):

R0 = { (X0 0, X0 0), (X0 1, X0 1 ), (X1 0, X1 0), (X1 1, X1 1 ) ,

(X1 2, X1 2), (X2 1, X2 1), (X0 2, X0 2), (X2 0, X2 0 ),

(X2 2, X2 2 )};
R1 = { (X0 0, X0 1), (X0 0, X1 0), (X0 1, X1 1), (X0 1, X0 2 ) ,

(X1 0, X1 1), (X1 0, X2 0), (X1 1, X1 2 ), (X1 1, X2 1 ),

(X1 2, X0 2 ), (X1 2, X2 2), (X2 1, X2 0 ), (X2 1, X2 2 )};
R√

2 = { (X0 0, X1 1), (X0 1, X1 2 ), (X0 1, X1 0), (X1 0, X2 1 ),

(X1 1, X2 2 ) , (X1 1, X2 0), (X1 1, X0 2 ), (X1 2, X2 1)};
R2 = { (X0 0, X0 2), (X0 0, X2 0 ), (X0 1, X2 1), (X1 0, X1 2 ) ,

(X0 2, X2 2), (X2 0, X2 2 )};
R√

5 = { (X0 0, X1 2), (X0 0, X2 1 ), (X0 1, X2 0), (X0 1, X2 2 ),

(X1 0, X0 2), (X1 0, X2 2 ), (X1 2, X2 0), (X2 1, X0 2 )}; and

R√
8 = { (X0 0, X2 2), (X2 0, X0 2 )}.

Note that these are the only possible relations corresponding to various
admissible values of k under the metric d defined on X2(2) above.

Proposition 1 Let (Xn(m), d) be a metric space. If Ri’s are all the possible
relations with respect to a given metric d defined on (Xn(m), d) then R = ∪iRi

is an equivalence relation on (Xn(m), d).

Proof. Let Xpi, Xqi and Xti be elements of Xn(m). We have the following:
(i) R is reflexive since R0 ∈ R. (ii) Xpi Rk Xqi for some Rk ∈ R
and k ∈ R+ related to d. ⇒ d(Xpi, Xqi) = k = d(Xqi, Xpi), since d is
a metric.⇒ Xqi Rk Xpi, for some k. Therefore R is symmetric. (iii) For
transitivity of R, let (Xpi, Xti), (Xti, Xqi) ∈ R for Xpi, Xqi, Xti ∈ Xn(m),
we need to show that (Xpi, Xqi) ∈ R. Since d is a metric on Xn(m), ∃ k1

and k2 such that Xpi Rk1 Xti and Xti Rk2 Xqi ⇒ d(Xpi, Xti) = k1, and d(Xti,
Xqi) = k2. By triangle inequality, d(Xpi, Xqi) ≤ k1 + k2 = k/, say. Thus Xpi

Rk Xti for some k ≤ k/. That is, (Xpi, Xqi) ∈ R. Hence R is an equivalence
realation.

4.1 Function in a multiset metric space

Let (Xn(m), d) be a metric space. We define a function f on Xn(m) as a
particular relation on Xn(m) such that f (xpi) = d(xpi, x0) ∈ S ⊆ R+,
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where S is the set of all possible distances between the elements of Xn(m).
The function f, defined as above, is surjective, since for each value of d on S,
there exists an Xpi ∈ Xn(m) such that

f (xpi) = d(Xpi, X0). However, f is not injective since there exist Xpi �=
Xqi ∈ Xn(m) such that f (xpi) = f (xqi) . .

Note that f defined above is an equivalence relation on Xn(m), and hence
induces a partition on Xn(m).

Let us consider the set X2(2) = {X0 0, X0 1, X1 0, X1 1, X1 2, X2 1, X0 2,
X2 0, X2 2 } and the metric d. We have the following:

f(X0 0) = d(X0 0, X0 0) = 0

f(X0 1) = d(X0 1, X0 0) = 1

f(X1 0) = d(X1 1, X0 0) = 1

f(X1 1) = d(X1 1, X0 0) =
√

2

f(X2 0) = d(X2 0, X0 0) = 2

f(X0 2) = d(X0 2, X0 0) = 2

f(X1 2) = d(X1 2, X0 0) =
√

5

f(X2 1) = d(X2 1, X0 0) =
√

5

f(X2 2) = d(X2 2, X0 0) =
√

8

S = {0, 1, 2,√2,
√

5,
√

8} ⊆ R+

4.2 Partitions in a multiset metric space

Let (Xn(m), d) be a metric space. We define partitions in Xn(m) as follows:

Let λk = {Xpi : f(Xpi) = k}, where f : Xn(m) → S ⊆ R+ such that

f (Xpi) = d(Xpi, X0) = k ∈ S and Xpi ∈ Xn(m).

Example 2
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Consider the set X2(2) = {X0 0, X0 1, X1 0, X1 1, X1 2, X2 1, X0 2, X2 0,

X2 2 } and the metric d,
We have the following:

λk = {Xpq : f(Xpq) = k}
λ0 = {X0 0}
λ1 = {X0 1, X1 0}

λ√
2 = {X1 1}

λ2 = {X0 2, X2 0}
λ√

5 = {X1 2, X2 1}
λ√

8 = {X2 2}.

Let us define a function (relation) on multiset metric space Xn(m) corre-
sponding to this partition as follows:

g : Xn(m) → S ⊆ R+ defined by g (λk) = k

Proposition 3 The function g : Xn(m) → S ⊆ R+ defined by g (λk) = k ,

where λk is a partition in Xn(m), is a bijective function.

The proof follows from the definition of partition in multiset metric spaces.

4.3 Submetric spaces

Let M = (Xn(m), d) be a multiset metric space and let X t(m) ⊆ Xn(m).
For any Xpi, Xqi ∈ X t(m), we define p(Xpi, Xqi) = d(Xpi, Xqi), then p is a
metric on X t(m). The metric p on X t(m) is called the metric induced by d.
The metric space (X t(m), p) is called a subspace of the metric space (Xn(m),
d). In short, we say that X t(m) is a metric subspace of (Xn(m), d).

4.4 Boundedness

Let M = (Xn(m), d) be a multiset metric space and X t(m) ⊆ Xn(m),
then X t(m) is bounded if there exists k ∈ R+ such that for all Xpi, Xqi

∈ X t(m), d(Xpi, Xqi) ≤ k. In this sense every multiset metric space (Xn(m),
d) is bounded by n

√
m = k ∈ R+. We hope that the inherent boundedness

property of any multiset metric space Xn(m) may prove advantageous in
computer science.
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4.5 Radius of Xn(m)

Let Xn(m) be a non-empty bounded multiset metric space. Then the radius
of Xn(m) is defined as

rad (Xn(m)) = sup[d(Xpi, Xqi)] = d(Xn, X0), ∀Xpi, Xqi ∈ Xn(m).

4.6 Open spheres or Open balls in a multiset metric
space

Let (Xn(m), d) be a multiset metric space. For any point Xpi ∈ Xn(m) and
any real number r > 0, the open sphere is defined as

S (Xpi, r) ≡ Sr (Xpi) = {Xqi ∈ Xn(m) : d(Xpi, Xqi) < r}. Then Sr (Xpi)
is called an open sphere with center Xpi and radius r. An open sphere always
contains its center d(Xpi, Xqi) = 0.

4.7 Open sets in a multiset metric space

A subspace X t(m) ⊆ Xn(m) is called an open set if for every Xpi ∈ X t(m),
there exists a real number r > 0 such that Sr (Xpi) ⊆ X t(m); that is, each
point of X t(m) is the center of some open sphere contained in X t(m).

Proposition 4 Every open sphere in (Xn(m), d) is an open set.

Proof. Let Xpi ∈ X t(m) and r > 0. We need to show that Sr (Xpi) is an

open set.

Let Xqi ∈ Sr (Xpi) ⇒ d(Xpi, Xqi) < r. Let λ = r − d(Xpi, Xqi) > 0,
we show that Sλ (Xqi) ⊆ Sr (Xpi) implying that Sr (Xpi) is an open set. Let
Xti ∈ Sλ (Xqi) ⇒ d(Xti, Xqi) < λ. Since d is a metric on Xn(m), we have by
triangle inequality d(Xti, Xpi) ≤ d(Xti, Xqi) + d(Xqi, Xpi) < λ + (R − λ) = r

⇒ Xti ∈ Sr (Xpi). Hence Xti ∈ Sλ (Xqi) ⇒ Xti ∈ Sr (Xpi) . As ti is
arbitrary, Sλ (Xqi) ⊆ Sr (Xpi) . Hence the result.
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4.8 Neighbourhood

Let (Xn(m), d) be a multiset metric space. A subset X t(m) ⊆ Xn(m) is

called a neighbourhood of a point Xpi if X t(m) contains an open set X t/(m)
containing Xpi. In particular, every open set containing Xpi is a neighbourhood
of Xpi.

Proposition 5 Every multiset metric space (Xn(m), d) has the Housdorff
property.

Proof. Let Xpi �= Xqi. ∈ Xn(m). Hence d(Xpi, Xqi) > 0. Let r =

d(Xpi, Xqi)

4
> 0. Clearly, there exists open spheres Sr (Xpi) and Sr (Xqi) such

that Xpi ∈ Sr (Xpi) , Xqi ∈ Sr (Xqi) . Moreover, every open sphere is an
open set and hence a neighbourhood, we simply need to show that Sr (Xpi) ∩
Sr (Xqi) = φ. If possioble, let Xti ∈ Sr (Xpi) ∩ Sr (Xqi) ⇒ d(Xpi, Xti) < r and
d(Xti, Xqi) < r. Since d is a metric on Xn(m), by triangle inequality, d(Xpi,
Xqi) ≤ d(Xpi, Xti) + d(Xti, Xqi) ⇒ 4r < r + r = 2r, a contradiction. Hence
the result.

Concluding Remark: The authors believe that, besides exploiting the
main contribution of this paper particularly in computer science, using the
fundamentals developed, a good deal of mathematics involving multiset metric
spaces could be developed.
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