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Abstract

A geometric approach is developed to prove that, up to rotation, re-
flection and circle-of-fifths transformation, the diatonic scale is the only
musical scale possessing the Unique Intervallic Multiplicity Property.

1 Prelude

Classical (Western European) music is based primarily upon the diatonic
scale represented geometrically together with its axis of symmetry in Figure
1. Its salient musical structure is outlined in [1] and the application of musical
set theory to understanding this structure is reviewed in [2].

The interval vector of the diatonic scale is 〈2, 5, 4, 3, 6, 1〉 (see Figure 2).
(See my Prelude to Musical Geometry [3] for all mathemusical terminology.)
Note that each interval-class (ic) appears a unique number of times. Any
pitch-class (pc) set whose interval vector contains distinct positive entries is
said to possess the Unique Intervallic Multiplicity (UIM) Property.
The present paper purports to develop a geometric demonstration that, up
to rotation, reflection and circle-of-fifths transformation (see Figure 3), the
diatonic septachord is the only pc-set possessing this important structural
property.

2 Musical Geometry

Up to rotation, there are 351 different chords [4, p. 41] while, up to
rotation and reflection, there are precisely 223 distinct set classes (equiva-
lence classes of pc-sets) in the twelve-tone equal-tempered musical universe



2816 B. J. McCartin

Figure 1: Diatonic Scale

(1 unichord/hendecachord, 6 dichords/decachords, 12 trichords/nonachords,
29 tetrachords/octachords, 38 pentachords/septachords, 50 hexachords and 1
dodecachord). Hence, a brute force examination of their 223 interval vectors
would yield a direct proof of the main theorem of this paper. (Lists of these
interval vectors have been compiled in [5] and [6].) Not only would such an
approach be mathematically grotesque, it would provide absolutely no insight
into precisely what features of musical chords lead to the unique status of the
diatonic scale as regards the UIM Property. A much more mathematically
satisfying approach is the geometric one adopted throughout this paper.

We commence with some preliminary results.

Lemma 1 (Regular pc-Polygons) A point traverses the musical clock in
steps of ic-i. If 12 is divisible by i (i.e. i = 1, 2, 3, 4, 6) then this point sweeps
out a convex pc-polygon with 12

i
sides. There will be i such congruent pc-

polygons. If 12 is not divisible by i (i.e. i = 5) then the point sweeps out a
single 12-sided non-convex pc-polygon (star dodecagon).

Proof (Pictorial): See Figure 4 where all possible intervals are presented. �
This lemma may now be used to provide intervallic upper bounds. This

follows since, for any pc-set of given cardinality, we can increase it’s number
of ic-i’s by exchanging pc’s for those lying on such regular pc-polygons with
appropriately chosen generator. For example, a trio of pc’s with a single pair
separated by an interval of M3 will possess 3 M3’s if the third pc is exchanged
so that the trio form an equilateral triangle.

Theorem 1 (Intervallic Upper Bounds) Given any pc-set of cardinality
n, the entry for ic-i (i = 1, ..., 5) in its interval vector is ≤ n − 1 if i · n is not
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Figure 2: Intervallic Structure of Diatonic Scale

divisible by 12 and ≤ n if i · n is divisible by 12. The entry for ic-6 is always
≤ �n

2
� (where �x� := integer part of x). These upper bounds are tight in that

they are always attained by some pc-set.

Proof: Consider the construction of a pc-set using ic-i (i = 1, 2, 3, 4) as a
building block. By Lemma 1, there are i regular pc-polygons with s := 12

i

sides, each of length i semitones. If n = m · s then a pc-set of cardinality n
may be so formed, with n ic-i’s, using m of these pc-polygons. If n �= m ·s then
only n−1 ic-i’s can be so formed. But, n = m · s iff n = m · 12

i
iff n · i = m ·12,

i.e. iff n · i is divisible by 12.
Again by Lemma 1, attempting the same construction using ic-5 produces

a regular pc-polygon only if n = 12. Thus, if n < 12 then only n − 1 ic-i’s are
so obtained in a pc-set of cardinality n. Since 5 and 12 are relatively prime,
i · n is divisible by 12 iff n = 12.

The case of the tritone is, for once, the simplest. If n is even then n
2

ic-6’s
can be formed from antipodal pairs on the musical clock. If n is odd then only
n−1

2
ic-6’s can be so formed. In any event, the maximum number of π’s is equal

to �n
2
�. �

Lemma 2 (Tritone Lower Bounds) Any pc-set of cardinality n
(n = 7, . . . , 12) must contain at least n − 6 tritones.

Proof: Let 7 ≤ n ≤ 12 and select any 6 distinct pc’s from the aggregate.
Next, select a 7th distinct pc. This new pc must form a π-pair with one of the
original 6. Thus, a pc-set of cardinality 7 (i.e. a septachord) must contain a
tritone. If we now include an 8th pc, a second π-pair is formed, and so on.

�



2818 B. J. McCartin

Figure 3: Circle-of-Fifths Transform M7

The intervallic bounds supplied by Theorem 1 and Lemma 2 may now be
combined to yield the following important intermediate result.

Theorem 2 (UIM Property Implies Septachord) Only a septachord
may possess the Unique Intervallic Multiplicity Property.

Proof: Any pc-set with an interval vector consisting of a permutation of
{1, 2, 3, 4, 5, 6} must contain 21 (= 1 + 2 + 3 + 4 + 5 + 6) pc-pairs. But, a

pc-set of cardinality n has n(n−1)
2

pairs and n(n−1)
2

= 21 implies the n = 7. By
Theorem 1, the entries in the interval vector of any septachord are all ≤ 6, so
that this is the only possibility if n = 7 and the pc-set has the UIM Property.

On the other hand, if n = 8 (octachord) then Theorem 1 implies that
the entries of the interval vector must by ≤ 8, with the maximum of 8 being
achieved only by ic-3. However, the only octachord with 8 m3’s is easily seen
to be the octatonic scale [7] of Figure 5 (or one of its transpositions) whose
interval vector is 〈4, 4, 8, 4, 4, 4〉 which clearly does not have the UIM Property.
Thus, with the exception of this special case, we may restrict consideration to
interval vectors constructible from {1, 2, 3, 4, 5, 6, 7}. However the sum of the
elements of such an interval vector possessing the UIM Property ranges from
21 to 27 (= 2 +3 +4 +5 +6 +7). Since the entries of the interval vector of an
octachord must sum to 28, there are no octachords with the UIM Property.

Virtually identical considerations apply to the cases of n = 9 (nona-
chords), n = 10 (there are only 6 decachords to within rotation/reflection),
n = 11 (there is essentially only one hendecachord) and n = 12 (the aggre-
gate). The reader is invited to supply the details.
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Figure 4: Regular pc-Polygons with Generators

�
Attention may now be focused exclusively on the 38 septachords for which

the following much stronger result may be established via geometric reasoning.

Table 1: Interval-Class Addition Table

+ m2 M2 m3 M3 P4 π

m2 M2 m3 M3 P4 π P4
M2 m3 M3 P4 π P4 M3
m3 M3 P4 π P4 M3 m3
M3 P4 π P4 M3 m3 M2
P4 π P4 M3 m3 M2 m2
π P4 M3 m3 M2 m2 P1
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Figure 5: Octatonic Scale

Theorem 3 (Septachord Intervallic Bounds) Any septachord must con-
tain a least one of each interval-class. More specifically, the range of val-
ues for the components of the interval vector of any septachord are given by
〈2–6,2–6,2–6,3–6,2–6,1–3〉.
Proof: In what follows, refer to Table 1 for the addition table for interval
classes which is easily derived geometrically. The upper bounds follow directly
from Theorem 1. Thus, we focus on the lower bounds.

• π(ic− 6): We have previously argued that a septachord must contain at
least one tritone (Lemma 2) but no more than three of them (Theorem
1).

• m2(ic − 1): The tritone, which is now known to be present, may lie
either on the boundary of the pc-polygon or along one of its diagonals.
If it lies on the boundary then the only possibility is that shown in
Figure 6. Since there are 7 sides altogether, the other 6 sides must by
m2’s. Observe that the interval vector corresponding to this chromatic
septachord is 〈6, 5, 4, 3, 2, 1〉 and thus it possesses the UIM Property.
This pc-polygon is the image of the diatonic septachord of Figure 7
under the circle-of-fifths transformation of Figure 3.

If the tritone lies along a diagonal then it divides the boundary of the
pc-polygon into two pieces. The ic’s along each piece must sum to a tri-
tone. Thus, in Figure 7 appears the diatonic septachord together with its
tritone (dashed). For the left-hand piece the tritone is decomposed into
M2+M2+M2 (6=2+2+2); for the right-hand piece, the decomposition is
given by m2+M2+M2+m2 (6=1+2+2+1).
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Figure 6: Chromatic Septachord

In order to study the general decomposition of the tritone, we have listed
the partitions of the number 6 in Table 2 where we have paired partitions
so that the total number of edges is seven (i.e. a septachord). Inspection
of Table 2 makes it clear that no matter which row we select and no
matter how we order the elements of each individual partition of π, at
least 2 m2’s are inevitable. For example, the bottom row of Table 2 pro-
duces (among others) the pc-polygon of Figure 7 studied in the previous
paragraph. The maximum number of m2’s is obtained from the top row
which yields the pc-polygon of Figure 6. Thus, the number of m2’s lies
between 2 and 6, inclusive.

• P4(ic − 5): Since the (invertible) circle-of-fifths transform interchanges
m2’s and P4’s, the number of P4’s also lies between 2 and 6 inclusive.

• M2(ic − 2); m3(ic − 3); M3(ic − 4): Considerations similar to those
provided above for m2’s apply in these three cases. Details are left to
the reader.

�
Let us now return to the precise determination of those septachords pos-

sessing the UIM Property. We know that the diatonic septachord possesses it.
Moreover, since a rotation/reflection does not change the interval vector, any
transposition/inversion of the diatonic septachord also has the UIM Property.
Lastly, in the course of proving Theorem 3, we discovered that the chromatic
septachord, which is the M7 transform of the diatonic septachord, shares this
property. Our final result assures us that this exhausts all the pc-sets possess-
ing this important structural property.
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Figure 7: Diatonic Septachord

Table 2: Partitions of 6

1 6 1+1+1+1+1+1
2 5+1 2+1+1+1+1
3 4+2 2+1+1+1+1
4 3+3 2+1+1+1+1
5 4+1+1 3+1+1+1
6 4+1+1 2+2+1+1
7 3+2+1 3+1+1+1
8 3+2+1 2+2+1+1
9 2+2+2 3+1+1+1

10 2+2+2 2+2+1+1

Theorem 4 (Unique Intervallic Multiplicity) Up to rotation, reflection
and circle-of-fifths transformation, only the diatonic septachord possesses the
Unique Intervallic Multiplicity Property.

Proof: We need to assign the numbers 1 through 6 to the six positions within
the interval vector. Obviously, since the entries in the first 5 positions are
known to be bounded below by 2 (Theorem 3), the required 1 must appear in
the 6th position. Thus, there is one and only one π present in any septachord
possessing the UIM Property. (Observe that, by the general relationship be-
tween the interval vectors of complementary pc-sets [5, p. 106] & [6, p. 69], the
pentachord formed as the complement of a septachord with the UIM Property
cannot contain any tritones.)
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If this tritone lies on the boundary of the pc-polygon then we are again (see
Proof of Theorem 3) driven to the chromatic septachord. If it lies along a diag-
onal then this tritone dissects the pc-polygon with the possible decompositions
as given in Table 2.

Figure 8: Septachords with a Single Tritone

Up to rotation/reflection, there are precisely 10 septachords that can be
constructed with a single tritone and they are displayed in Figure 8 together
with which row of Table 2 was used in their construction as well as with their
interval vectors which are straightforward to compute from the pc-polygon.
Using row 10 as an example, in Figure 9 (left) we show the left-hand column
of Table 2 (row 10) and mark with an X those pc’s whose inclusion would
generate multiple tritones. The only way to accommodate the right-hand
column of Table 2 (row 10) while excluding these infected pc’s is shown in
Figure 9 (right).

Examination of the interval vectors for these 10 cases reveals that only the
chromatic septachord (row 1) and the diatonic septachord (row 10) possess
the UIM Property. Since they are related to each other by the circle-of-fifths
transform, we have established the conclusion of the Theorem. (Observe that,
since M7 simply exchanges the entries for m2 and P4 in the interval vector,
the 10 septachords of Figure 8 are either fixed points of M7 (4 of them) or
M7-related pairs (3 of them).)

�
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Figure 9: Excluding Multiple Tritones

3 Coda

Simple enumeration and inspection of the 223 possible interval vectors
would have sufficed to prove Theorem 4. However, the geometric approach
developed in this paper was first used to demonstrate that the UIM Property
implies that the pc-set must be a septachord. Further geometric reasoning
then established intervallic lower bounds for the 38 septachords which implied
that if a septachord has the UIM Property then it has a single tritone. Geo-
metric considerations then established that there are only 10 such septachords
with but a single tritone. These ten cases were then inspected geometrically to
determine their interval vectors. This ultimately led to the chromatic and di-
atonic septachords which are related by M7. (See Figure 10.) This systematic
reduction of 223 cases to 10 cases (actually only 7 up to circle-of-fifths trans-
form) is clearly far more elegant mathematically and much more insightful
musically.

As elaborated upon in great detail in my Prelude to Musical Geometry [3],
the Unique Intervallic Multiplicity Property in combination with the Common
Tones Theorem ([5, p. 107] and [6, p. 59]) implies that diatonic tonal music
possesses the maximum degree of heirarchization. Thus, there is established
amongst the twelve musical keys a hierarchy of closeness and remoteness. In
turn, this provides at least a partial explanation of the rich texture and near-
universal allure of music based upon the diatonic scale. For an examination of
broader musical topics from a mathematical perspective, the interested reader
is referred to [8].
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Figure 10: Diatonic and Chromatic Septachords
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