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Exponential Stability of Markov Switched Systems
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Abstract

The exponential stability of a class of discrete time linear systems
with a finite state Markov chain form process and the impulsive jump at
switching moments is studied. Based on the average dwell time concept,
it is shown that if the average dwell time and the ratio of the expectation
of the activation time with stable subsystems to the expectation of the
activation time with unstable subsystems are properly large, the devel-
oped jump linear system is exponentially stable with a desired stability
margin even if there exists impulse jump at the switching instances.
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1 Introduction

The study of stability of jump linear systems with Markov process has at-

tracted considerable attention. Morse, in his comprehensive survey [1], studied

the exponential stability of continuous system which is composed of only stable

subsystems. Zhai [2] and Hu [3] considered the exponential stability of the con-

tinuous switched systems with both Hurwitz stable and unstable subsystems.

Bainov [4] obtained the exponential stability of discrete time switched system.

All results mentioned above are assumed that there is no impulsive jump at

the switching moments. However, in general, the states of switched system

usually jump at the switched moments, i.e. the system is influenced by the

impulse disturbances. Based on the concept of average dwell time, Gao and
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Wu [5] obtained the exponential stability of continuous time impulsive jump

systems with Markov process, and the uniformly bounded result is realized

for the case in which swtiched system is subjected to the impulsive effect of

the excitation signal at some switching moments. Using the similar method,

this paper addresses the exponential stability problem for discrete time jump

linear system (1) with the Markov chain form process and the impulsive jump

at the switching moments. Based on the average dwell time concept, it will

be showed that the jump system is exponential stable with a desired stability

margin.

2 Problem statement

We consider the discrete time jump system with Markov process described

by equations of the form:

x(k + 1) = Aσ(k)x(k), x(0) = x0, k ∈ Z+ = {0, 1, · · · } (1)

where x(k +1) ∈ Rn is the system state, σ(k) is either an finite-state indepen-

dent identically distributed (i.i.d) process with state space S = {1, 2, . . . , s}
with probability distribution P{σ0 = j} = pj for J ∈ N or a finite-state

and time homogeneous Markov chain with state space S = {1, 2, . . . , s}, state

transition probability matrix P = (pij)s×s. Throughout this paper, we assume

that both Hurwitz stable and unstable subsystem matrix Ai
′s exist in the jump

linear system (1).

Suppose that ki is the ith switched moment, and the state of system jumps

at ki according to the following law due to the impulse [4]

x(k+
i ) = D(σ(ki), σ(ki+1))x(ki) (2)

x(k∗
j ) is as the reset initial state of consecutive ki+1 subsystem.

Definition 2.1. For certain Markov chain σ(k), for any x(0) = x0 ∈ Rn

and any initial probability distribution of p of σ(0), the given jump system is

said to be exponentially stable with stability margin λ ≥ 0 if the inequality

E {‖x(k)‖2} ≤ cλk ‖x0‖2 (k ≥ 0) holds for constants c > 0 and 0 < λ < 1 .

Definition 2.2. For certain Markov chain σ(k), let i denote the switching

times of σ(.) at [0, k). The constant τa (τa > 0) is called average dwell time if

i · τa ≤ k (3)
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Since both Hurwitz stable and unstable subsystems exist in (1), without loss of

generality, we assume that λ1 = max
i

{ ‖Ai‖ |Ai (1 ≤ i ≤ N) stable matrix } , λ2 =

max
i

{ ‖Ai‖ |Ai (1 ≤ i ≤ N) unstable matrix} . Then it is easily obtained that

0 ≤ λ1 < 1, λ2 ≥ 1.

3 Main results

Lemma 3.1. If σ(k) is a finite state Markov chain in the state space S =

{1, 2, . . . , s} with transition probability matrix P = (pij)s×s and initial distri-

bution (p1, p2, . . . , ps), then we have
∑

(r1,r2,··· ,ri+1)

pr1pr1r2 · · · priri+1
= FGiD

where

F = (p1, p2, · · · , ps), G =

⎛
⎜⎜⎜⎜⎝

p11 p12 · · · p1s

p21 p22 · · · p2s

...
...

. . .
...

ps1 ps2 · · · pss

⎞
⎟⎟⎟⎟⎠

, D =

⎛
⎜⎜⎜⎜⎝

1

1
...

1

⎞
⎟⎟⎟⎟⎠

.

Case (a) First, we analyze the stability of jump system (1) and (2) with

D(., .) = I. Let 0 = k0 < k1 < k2 < . . . denote the time points at which

jump occurs, and write rj for the value of σ(k) on [kj−1, kj). Define τj =

kj − kj−1. For any Markov chain σ(k) , let K−(0, k) (resp., K+(0, k)) denote

the total activation time of the Hurwitz stable subsystems (resp., the unstable

subsystems). Without loss of generality, then for any satisfying 0 = k0 < . . . <

ki < k < ki+1, we obtain

σ(k) = σ(kj−1), x(k + 1) = Aσ(kj−1)x(k), x(kj) = A
(kj−kj−1)

σ(kj−1) x(kj−1). (4)

Since ki < k < ki+1 , it follows from (4) that

x(k) = A
(k−ki)
σ(ki )

x(ki) = A
(k−ki)
σ(ki )

A
(ki−ki−1)
σ(ki−1 ) x(ki−1) = · · · = A

(k−ki)
σ(ki )

i∏
j=1

A
(kj−kj−1)

σ(kj−1) x(0).

From the analysis and assumption defined in the previous section, we get for

arbitrary norms about x,Ai

‖x(k)‖ ≤
∥∥∥A

(k−ki)
σ(ki )

∥∥∥
i∏

j=1

∥∥∥A
(kj−kj−1)

σ(kj−1)

∥∥∥ ‖x(0)‖ ≤
i+1∏
j=1

∥∥∥A
τj

σ(kj−1)

∥∥∥ ‖x(0)‖.
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We obtain the following inequality

‖x(k)‖2 ≤ c1

i+1∏
j=1

∥∥∥A
τj

σ(kj−1)

∥∥∥
2
‖x(0)‖2. (5)

With a slight abuse of notation, let us regulate the first matrixes to be stable

matrixes and the remaining matrixes the unstable matrixes. Then we can

obtain from (5)

E (‖x(k)‖2) ≤ c1

∑
(r1,r2,··· ,ri+1)

pr1pr1r2priri+1
λ

E(K−(0,k))
1 λ

E(K+(0,k))
2 ‖x(0)‖2 . (6)

From (6), we get

E (‖x(k)‖2) ≤ cλ
E(K−(0,k))
1 · λE(K+(0,k))

2 · ‖x(0)‖2 (7)

where c2 is the bound of FGiD and c = c1c2.

Theorem 3.1. LetK−(0, k) (resp., K+(0, k)) denote the expectation of total

activation time of stable subsystems (resp.,the unstable subsystems), if

E(K−(0, k))

E(K+(0, k))
≥ ln λ2 − ln λ0

ln λ0 − ln λ1

(8)

holds for the constants k ≥ 0, λ0 ∈ (λ1, 1), the given Markov switched system

(1)(2) is exponentially stable.

Proof. From (8), we have

[ln λ2 − ln λ0] E(K+(0, k)) ≤ [ln λ0 − ln λ1] E(K−(0, k))

⇔ E(K−(0, k)) lnλ1 + E(K+(0, k)) lnλ2 ≤ ln λ0 [E(K−(0, k)) + E(K+(0, k))]

⇔ λ
E(K−(0,k))
1 λ

E(K+(0,k))
2 ≤ λk

0.

(9)

Then it follows from(7) and (9) that

E (‖x(k)‖2) ≤ cλk
0 ‖x(0)‖2 .

Thus the given switched system (1)(2) is globally exponentially stable accord-

ing to definition 2.1.

Case (b) The stability analysis of jump system (1)(2) with D(., .) �= I.

Assumption 3.1. Assume max
1≤i,j≤N

‖D(i , j)‖ ≤ α where α > 0 is a constant.
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Theorem 3.2. If

E(K−(0, k))

E(K+(0, k))
≥ ln λ2 − ln((1 − ε0)λ0)

ln((1 − ε0)λ0) − ln λ1

(10)

τa ≥ T, T = lnα/(ln λ0 − ln((1 − ε0)λ0)) (11)

holds, where k ≥ 0, λ0 ∈ (λ1, 1), 0 < ε0 < 1 are small constants and (1−ε0)λ0 >

λ1 , then the given Markov switched system (1)(2) is exponentially stable with

stability degree λ0.

Proof. According to the similar method, we obtain

E (‖x(k)‖2) ≤ cα
k
τa ((1 − ε0)λ0)

k ‖x(0)‖2 . (12)

The equation (10) gives

k/τa
ln α + k ln ((1 − ε0)λ0) = k

[
ln α/τa

+ ln ((1 − ε0)λ0)
]
≤ k ln λ0. (13)

From (12) and (13), we finally arrive at

E (‖x(k)‖2) ≤ cαi · λE(K−(0,k))
1 · λE(K+(0,k))

2 · ‖x(0)‖2 ≤ cλk
0 ‖x(0)‖2 ,

where c is a constant as Theorem 3.1. Then the given Markov switched sys-

tem (1)(2) is exponentially stable with stability degree λ0 when D(., .) �= I

according to definition 2.1.
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