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Abstract

Recently in a nonequilibrium polygonal billiard modelling simple micro-
porous membranes, know as the modified Ehrenfest gas, has been established
that the point-particle dynamics displays both chaotic (positive Lyapunov ex-
ponent) and nonchaotic steady states with a quite peculiar sensitive depen-
dence on the electric field and on the geometry parameters. The existence
of chaotic behavior allows to estimate chaotic averages by means of periodic
orbit theory provided that periodic orbits exist.

This paper investigates on the existence of periodic orbits as function of the
geometry parameters. The results have both applied (e.g., nanotechnological,
biological) and theoretical interest.

Mathematics Subject Classification: 37D05, 37D45, 37D50

Keywords: Dynamical Systems, Nonequilibrium Billiards, Thermostats

1 Introduction
Periodic orbit theory is a powerful mathematical tool for the description of chaotic
dynamical systems [1, 6]. For chaotic systems, the theory is well developed, and
shows that exponentially many cycles suffice to estimate chaotic averages with
super-exponential accuracy [12]. For generic dynamical systems with non-chaotic
phase space regions, the convergence of the dynamical zeta functions and spectral
determinants cycle expansions is less remarkable.

Depending on the initial conditions and system parameters, dynamical systems
may exhibit regular or stochastic behaviors, which can be studied through quali-
tative or quantitative methods of the nonlinear analysis. Qualitative analysis pro-
vided a general overview of the solution features without obtaining their explicit
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forms, while quantitative methods provide the exact or approximate expression of
the solutions. Periodic behavior as one of the special solutions has been studied by
many researcher and mathematicians. Proof of existence, conditions at which such
a solution arises and its generation are the procedures that must be carried out in
a complete analysis where periodic solutions are sough, see [7] and the reference
therein for classical methods. However computation of periodic orbits for a given
system often requires a considerable investment, as exhaustively locating the peri-
odic orbits of increasing length for flows in higher dimensions can be a demanding
chore.

The classification and existence of periodic orbits allows the applicability of
techniques recently developed and applied to systems with few degrees of freedom:
the periodic orbit expansions method [10, 11]. The symbolic dynamics is used to
enumerate the set of the periodic orbits and the hyperbolic dynamics of the dynami-
cal system is also required for the applicability of the method. Under the hyperbolic
assumption, the periodic orbits are dense in the attractor and each orbit represents
the typical behavior of a group of finite (non-periodic) orbits with the same sym-
bolic sequence then, one may construct the natural measure of a cell Ck of a Markov
partition of the phase space as

µ(Ck) = lim
n→∞

Pu
n⊂Ck

∑
i∈Pu

n

Λ−1
i

where Pu
n is the set of unstable periodic orbits of length n and Λi is the product of

the exponentials of the expanding Lyapunov exponents times the periodic orbit. By
using this measure the average ⟨B⟩ of a phase variable B for a flow Φs is given by

⟨B⟩= lim
n→∞

∑i∈Pu
n
Λ−1

i
∫ τi

0 B(Φs(xi))ds

∑i∈Pu
n
τi Λ−1

i

where xi is a point on orbit i, τi is the period of the ith orbit and
∫ τi

0 B(Φs(xi))ds is
the contribution of the ith periodic orbit to the average.

This paper investigates on the existence of periodic orbits in the nonequilibrium
version of the Ehrenfest gas as functions of the geometry parameters of the system
and of the initial conditions. The Ehrenfest model of diffusion has been reconside-
red in [5] to prove that microscopic chaos is not necessary for Brownian motion. A
one-dimensional version of this model has been considered in [4] to investigate the
origin of diffusion in nonchaotic systems. The nonequilibrium modification of the
model has been proposed in [9] and further studied in [3] where was established that
the point-particle dynamics displays both chaotic (positive Lyapunov exponent) and
nonchaotic steady states with a quite peculiar sensitive dependence on the electric
field and on the geometry parameters.

The organization of this paper is as follows. After this introduction, Section 2
gives a brief summary of the nonequilibrium version of the Ehrenfest model ana-
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Figure 1: The modified Ehrenfest gas (left panel) and the elementary cell (right
panel).

lyzed in [3]. Section 3 presents existence results for periodic orbits with (discrete)
period two and four and provides the initial conditions of these orbits.

2 The Nonequilibrium Ehrenfest Model
The model consists of rhombi whose centers are vertexes of a triangular lattice. Ac-
cordingly, the whole lattice can be mapped onto the elementary cell of the triangular
lattice, a hexagonal cell of length side L, with periodic boundary conditions (see the
left panel of Figure 1). The space among the rhombi forms the two-dimensional
domain of the model, in which the point particle of mass m moves with velocity v
during the free flights, while collisions with the sides of the rhombi obey the law of
elastic reflection.

An external electric field E = ε x̂ parallel to the x-axis is applied and coupled to
a Gaussian thermostat. The thermostat prevents an indefinite increase of energy in
the system constraining the kinetic energy of the moving particle to be a constant of
the motion, see [2] and the reference therein.

2.1 The geometry parameters
The geometry of the model is constructed by fixing the side L of the hexagonal
elementary cell. Let (xc,yc) be the Cartesian coordinates of the rhombus centers; xL
and yL the distances, respectively, along the x and y directions between the centers
of two nearest neighboring rhombi; sx and sy be the half length of the major and

minor diagonals respectively, so that θ = tan−1 sy

sx
and l =

√
s2

x + s2
y are the inner
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angle that the side of the rhombus forms with the x-axes and the side length of the
rhombus.

Proposition 2.1 Fixed the side length L of the hexagon then

xL =

√
3

2
L, yL =

3
2

L. (1)

Moreover the side length l of rhombi inside the hexagon has the following upper
bound in order to avoid the overlapping of two adjacent rhombi:

0 ≤ l ≤
√

7
2

L.

Proof The distance in the x-direction between the center of the rhombus and the
right vertical side of the hexagon (that is xL) is equal to Lsin π

3 (see the right panel
of Figure 1); the distance in the y-direction between the center of a rhombus and the
center of the rhombus which is one level up (that is yL) is equal to L

2 +Lcos π
3 +

L
2 =

3
2L. The maximum length l is the one given by the segment which joins the point
(0,L) with (xL,0).�

In what follow we consider l ∈ (0,
√

7/2L), hence sx < xL. The case with l =√
7/2L (hence sx = xL) was recently studied in [8].

We recall that a billiard is said to have a finite horizon H (or bounded horizon) if
the set of all collision-free trajectories is empty, the horizon is said to be infinite
(or unbounded) otherwise [2]. The horizon in the Ehrenfest model depends on the
difference yL −2sy.

Corollary 2.2 In the nonequilibrium Ehrenfest model the horizon H is

H =

{
Finite if sy ≥ 3

4 L
In f inite if sy <

3
4 L.

According to the above proposition, the lattice is defined as follows:(
xc
yc

)
= mc

(
xL
0

)
+nc

(
0
yL

)
with (mc,nc) ∈ ZE ×ZE or (mc,nc) ∈ ZO ×ZO where ZE = {n ∈ Z : |n| is even}
and ZO = {n ∈ Z : |n| is odd}.
Because of the bijective correspondence between rhombi and pairs (mc,nc), one
may label a generic rhombus by Rmc,nc and the corresponding hexagon by Hmc,nc .
The rhombus R0,0 and the hexagon H0,0 have their centers in the origin of the
cartesian system; the rhombi lying in the y axes are R0,i, with i ∈ ZO, and the ones



Existence of periodic orbits 225

lying in the x axes are R j,0, with j ∈ ZE . Further, a label can be put on the sides
of the rhombi and of the hexagons, introducing an alphabet A = {r1,r2,r3,r4} for
the sides of the rhombi and an alphabet B = {h1,h2,h3,h4,h5,h6} for the hexagon
sides (see the right panel of Figure 1). In this alphabet, the side of a generic rhombus
of the lattice can be labelled by a triple (Rmc,nc,s), with s ∈ A , while the hexagon
side with a triple (Hmc,nc,s) = (mc,nc,s), with s ∈ B.

2.2 The equations of motion

Because of the Gaussian thermostat, the quantity p2 = p2
x + p2

y is a first integral,
hence there are only three independent variables, and one may replace px and py
by the angle θ ∈ (−π,π] that p = p(cosθ ,sinθ) forms with the x-axis. For sake of
simplicity, we set m = 1 and p = 1.

Therefore if (xt ,yt) denotes the position of the particle at time t and θt the ve-
locity angle, measured with respect to the x-axis, the dynamics can be split in free
flight (F) and collision parts (C) with the gas obstacles:

(x0,y0,θ0)
F7−→ (xt ,yt ,θt)

C7−→ (x′t ,y
′
t ,θ ′

t ) (2)

The equations of motion of the free flight (between two collision) map F , see the
survey [2], read 

xt = x0 − 1
ε ln sinθt

sinθ0

yt = y0 − 1
ε (θt −θ0)

tan θt
2 = exp(−ε(t − t0)) tan θ0

2

(3)

where (x0,y0) and t0 are the position and the time of the previous collision, while
the collision map C is given by 

x′t = xt
y′t = yt
θ ′

t =−θt ±2θ
(4)

where θt is the incidence angle, (x′t ,y
′
t) is the collision point and θ is the inner angle

that the side of the rhombus makes with the x-axis. The sign ± depends on the side
on which the bounce occurs. Hence C is piecewise linear in θt .
The length L (P0,P1) of a path from P0 = (x0,y0,θ0) to P1 = (x1,y1,θ1) is given by

L (P0,P1) =
∫ θ1

θ0

e−εxt

√
ẋ2

t + ẏ2
t dt =

1
ε

e−εx0 sinθ0 |cotθ0 − cotθ1|. (5)

It is worth stressing that the effect of the electric field on the trajectory is to align
the trajectory with the electric field direction.
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3 Existence of Periodic Orbits
Let us label a generic trajectory using the symbols introduced in the previous sec-
tion. A trajectory segment ΩN , which consists of N collisions, can be labelled by a
finite symbolic sequence like

ΩN = (Ri1, j1 ,s1)(Ri2, j2 ,s2) . . .(RiN , jN ,sN).

Periodic trajectories will be labelled by sequences which are infinitely many copies
of a fundamental finite sequence. There exist two types of periodic orbits: those
that are periodic in the plane, i.e. that return to the initial point in the plane (they are
closed: ∆xi = 0, ∆yi = 0) and those whose periodicity relies upon the periodicity of
the triangular lattice, and return to the same relative position in a different cell (they
are open: ∆xi ̸= 0 or ∆yi ̸= 0).

3.1 The set of the closed period-two orbits
Let us start the classification of closed periodic orbits with two collisions. Obviou-
sly the velocity vector of such orbits has to be orthogonal to both the sides of the
rhombi where collisions occur. The outgoing angle θ0 and the incoming θ ′

0 with
respect the x-axes, for every side, have thus to obey the following rules: side r1:
θ0 =

π
2 −θ , θ ′

0 =−π
2 −θ ; side r2: θ0 =−π

2 +θ , θ ′
0 =

π
2 +θ ; side r3: θ0 =−π

2 −θ ,
θ ′

0 =
π
2 −θ ; side r4: θ0 =

π
2 +θ , θ ′

0 =−π
2 +θ .

The set Pc
2 of the closed periodic orbits of (discrete) period two is characterized

by the following theorem.

Theorem 3.1 The set Pc
2 of the closed period-two orbits Ωc

2 consists at most of
orbits with the following symbolic presentation

Ωc
2 = (Ri, j,r4)(Ri, j+k,r3), (i, j) ∈ Zr ×Zr,r ∈ {O,E},k ∈ 2N,

Ωc
2 = (Ri, j,r3)(Ri, j−k,r4), (i, j) ∈ Zr ×Zr,r ∈ {O,E},k ∈ 2N,

that are orbits which lie on rhombi whose centers are vertical lined up. Moreover,
the period τ and the length L (Ωc

2) of the path are equal to

τ =
4
ε

ln
1+ tan θ

2

1− tan θ
2

, L (Ωc
2) =

2
ε

e−εx0 sinθ .

Proof According to the equations of motion (3), during the free flight the absolute
value of the velocity angle decreases and preserves the sign. Thus, the only possible
case is the periodic orbit between the sides r4 and r3 (or viceversa) where θ0 =

π
2 +θ

and θ ′
0 =

π
2 −θ . Since ln sinθ ′

0
sinθ0

= 0 this implies, see equations of motion (3), x′0 = x0,
then the first part of this theorem. The last part of the theorem follows from the third
equation of motion (3) and from formula (5).�



Existence of periodic orbits 227

Remark 3.2 The existence of the periodic orbits Ωc
2 depends on the horizon of

the model and on the magnitude of the electric field. Indeed the horizon can not be
too short and the magnitude ε of the electric field has to be low, see Figure 2.

A theorem of existence for some periodic orbits of the set Pc
2 follows.

Theorem 3.3 Fixed the geometry of the model through the parameters L, sx, sy
and the electric field ε , the periodic orbits

(R0,0,r4)(R0,2,r3) and (R0,0,r3)(R0,−2,r4)

exist and have initial conditions{
x0, y0 =±yL, θ0 =±π

2

}
(6)

if and only if

x0 =
ε(±yL − sy)+ tanθ logcosθ −θ

ε tanθ
(7)

and
max

{
− xL + sx,−sx +

logcosθ
ε

}
< x0 <

logcosθ
ε

. (8)

Proof Obviously the initial conditions (6) yield the periodic orbit. The cartesian
equations of the sides r3 and r4 are y =− tanθ x±2yL ∓ sy. The incoming angle is

θ ′
0 =±π

2
−θ (9)

where θ is the inner angle that the side of the rhombus forms with the x-axes. Thus
θ ′

0 −θ0 =∓θ .
The first collision (x′0,y

′
0) ∈ r3 (or r4) iff y′0 = − tanθ x′0 ± 2yL ∓ sy, −sx < x0 < 0

and

x′0 = x0 −
1
ε

ln
sinθ ′

0
sinθ0

and y′0 = y0 −
θ ′

0 −θ0

ε
. (10)

Therefore

y0 −
θ ′

0 −θ0

ε
=− tanθ x0 +

tanθ
ε

ln
sinθ ′

0
sinθ0

±2yL ∓ sy. (11)

Formula (9) leads to

F(x0) = y0 ±
θ
ε
+ tanθ x0 −

tanθ
ε

lncosθ ∓2yL ± sy = 0. (12)

The last equation is linear in x0 then it has as unique solution the value x0 given by
(7). The constrain −sx < x′0 < 0 gives the relation (8).�
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Figure 2: The closed period-two orbit Ωc
2 = (Ri, j,r4)(Ri, j+k,r3) in the hexagonal

cell for L = 10
3 , θ = π

6 , ε = 0.11 (left panel) and for L = 5
3 , θ = π

11 , ε = 0.13 (center
panel) and in the plane (right panel).

3.2 The set of the open period-two orbits
In this section we investigate on the existence of open periodic orbits Ωo

2 with two
collisions of the set Po

2.

Theorem 3.4 Fixed the geometry of the model through the parameters L, sx,
sy and the electric field ε , the open periodic orbits with the following symbolic
representation

Ωo
2 = (Ri, j,r4)(Ri−1, j+1,r2)(Ri+2, j,r4), (i, j) ∈ Zr ×Zr,r ∈ {O,E}, (13)

Ωo
2 = (Ri, j,r1)(Ri+3, j+1,r3)(Ri+2, j,r1), (i, j) ∈ Zr ×Zr,r ∈ {O,E}, (14)

do not exist.

Proof Fixed the origin of the cartesian system in the center of the rhombus Ri, j,
the orbit (13) starts with initial conditions (x0,y0,θ0), with −sx < x0 < 0, from
the side (Ri, j,r4), arrives in (Ri−1, j+1,r2) with given (x′0,y

′
0,θ

′
0), and is reflected

with (x′0,y
′
0,(θ

′
0)

r). Finally it moves to the side (Ri+2, j,r4). The equation of the
trajectory requires that x′′0 = x0 + 2xL, y′′0 = y0, (θ ′

0)
r = −θ ′

0 + 2θ , (θ ′′
0 )

r = −θ ′′
0 +

2θ , and θ ′′
0 = −θ0 + 2θ . These conditions imply (the impossible) equality θ ′

0 =
θ0. Similarly, the orbit (14) does not exist. It is sufficient to repeat the above
considerations with the conditions (θ ′

0)
r =−θ ′

0 −2θ , (θ ′′
0 )

r =−θ ′′
0 −2θ , to obtain

again the equality θ ′
0 = θ0.�

However, in general the set Po
2 is not empty, see Figure 3.

Theorem 3.5 The set Po
2 of the open period-two orbits consists at most of orbits

with the following symbolic representation

Ωo
2 = (Ri, j,r4)(Ri+1, j+1,r3)(Ri+2, j,r4), (i, j) ∈ Zr ×Zr,r ∈ {O,E},(15)

Ωo
2 = (Ri, j,r3)(Ri+1,i−1,r4)(Ri+2, j,r3), (i, j) ∈ Zr ×Zr,r ∈ {O,E},(16)
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Figure 3: The open period-two orbit Ω2 = (R0,0,r4)(R1,1,r3)(R2,0,r4) in the plane
(left panel) and in the hexagonal cell (right panel), for L = 1.44, θ = 0.716, ε =
1.55.

Moreover the period τ is equal to

τ =
2
ε

ln
1+ tanθ
1− tanθ

.

Proof A simple proof can be done for θ0 =±π
2 and i = j = 0. The orbit (15) starts

from the side (R0,0,r4) with (x0,y0,±π
2 ) and −sx < x0 < 0, it arrives in (R1,1,r3)

with (x′0,y
′
0,θ

′
0) and ends in (R2,0,r4) with (x′′0,y

′′
0,θ

′′
0 ). If θ <

π
4

is the angle of

the rhombus, the equation of the trajectory requires the conditions: x′′0 = x0 + 2xL,
y′′0 = y0, (θ ′′

0 )
r =±π

2 , (θ ′
0)

r =−θ ′
0 ∓2θ , (θ ′′

0 )
r =−θ ′′

0 ±2θ , θ ′′
0 =∓π

2 ±2θ , θ ′
0 =

±π
2 ∓2θ , x′0 = x0 + xL, y′0 = y0 ± 2θ

ε , and

ε =− lncos2θ
xL

(17)

Since the coordinates (x′0,y
′
0) satisfy the equation y′0 =∓ tanθx′0∓sy±yL±xL tanθ

of the side (R1,1,r3), the initial conditions (x0,y0) satisfy the equation

y0 =± tanθx0 ± sy

of the side (R0,0,r4) and yL =
√

3xL, sy = sx tanθ (see Proposition 1), we obtain the
periodic orbits if and only if

x0 =−sx −
θ

ε tanθ
+

yL

2tanθ
.� (18)

The proof of the previous theorem allows us to prove the following results.

Theorem 3.6 Fixed the geometry of the model through L > 0, 0 < sy < sx < 1,
and ε =− lncos2θ

xL
. Let

θ0 =±π
2
, x0 ∈ (−sx,0), y0 =± tanθx0 ± sy (19)
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be initial conditions. The trajectory with these initial conditions is the periodic
orbit Ωo

2 = (R0,0,r4)(R1,1,r3)(R2,0,r4) or Ωo
2 = (R0,0,r3)(R1,−1,r4)(R2,0,r4) if

and only if x0 is given by formula (18).

The generalization for θ0 ̸= π
2 can be obtained as follows.

Theorem 3.7 Fixed the geometry through L > 0, sx, sy and ε =−
ln sin(ν−2θ)

sinθ0
xL

with
ν > 2θ . Let (x0,y0,θ0) be the following initial conditions

θ0 = ν , x0 ∈ (−sx,0), y0 =± tanθx0 ± sy (20)

The trajectory with these initial conditions is the open periodic orbit

Ωo
2 = (R0,0,r4)(R1,1,r3)(R2,0,r4) or Ωo

2 = (R0,0,r3)(R1,−1,r4)(R2,0,r3)

if and only if x0 is given by formula (18).

3.3 Open period-four orbits

In this section we investigate on the existence conditions for the open periodic orbits
with four collisions (see Figure 4), having the following symbolic representations

Ωo
4 = (R0,0,r4)(R−1,1,r2)(R1,1,r3)(R0,0,r1)(R2,0,r4), (21)

Ωo
4 = (R0,0,r3)(R−1,−1,r1)(R1,−1,r4)(R0,0,r2)(R2,0,r3). (22)

Let (x0,y0,θ0) be the initial conditions, such that −sx < x0 < 0, y0 =± tanθx0±
sy, and θ0 > 0 (θ0 < 0). By inspection, one finds that these orbits must satisfy the
following conditions{

x′′0 = xL + x0
y′′0 =±yL − y0

{
x′′′0 = xL + x′0
y′′′0 =±yL − y′0

and
{

xIV
0 = 2xL + x0

yIV
0 = y0

(23)

where (x′′0,y
′′
0), (x

′′′
0 ,y

′′′
0 ), (x

IV
0 ,yIV

0 ) are the second, third, and fourth collisions. More-
over (θ ′′

0 )
r =−θ0, θ ′′′

0 =−θ ′
0, θ ′′

0 =−θ IV
0 , (θ IV

0 )r = θ0, where θ ′′
0 ,θ

′′′
0 ,θ IV

0 are the
incident angle of the second, third, and fourth collisions. Thus θ IV

0 = −θ0 ± 2θ ,
θ ′′

0 = θ0 ∓2θ and θ0 > 2θ (θ0 <−2θ). Since the trajectory segment from (x′′0,y
′′
0)

to (xIV
0 ,yIV

0 ) is the reflection with respect the x-axis of the segment from (x0,y0) to
(x′′0,y

′′
0), we can consider only the motion (R0,0,r4)(R−1,1,r2)(R1,1,r3).

By using the equations of motion (3), we find

θ ′
0 =

ε(2y0 ∓ yL)±4θ
2

, x0 =
εyL −4θ −2θ ′

0 −2εsy

2ε tanθ
. (24)
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Figure 4: The open orbit Ω4 = (R0,0,r3)(R−1,−1,r1)(R1,−1,r4)(R0,0,r2)(R2,0,r3)
in the plane (left panel) and in the hexagonal cell (right panel), for L = 1.291, sy =
0.7573, sx = 1.1, ε = 0.374, θ0 =−2.0619, x0 =−0.4885.

The condition (23)1 implies

εxL =− ln
sin(θ0 ∓2θ)sin(θ ′

0)

sin(−θ ′
0 ±2θ)sin(θ0)

. (25)

Thus if (x0,y0) belongs to the side (R0,0,r4) (or (R0,0,r3)) then the point (x′0,y
′
0) has

to belong to the side (R1,1,r2) (or (R−1,−1,r1)) whose equations are y′0 =± tanθx′0±
tanθxL∓sy±yL with −xL < x′0 <−xL+sx. We can summarize these considerations
as follows.

Theorem 3.8 Fixed the geometry through L > 0, sx > 0, sy > 0, and ε > 0. Let
(θ0, θ ′

0), with θ0 > 2θ , (θ0 < −2θ), θ ′
0 > θ0, θ ′

0 > 0, (θ ′
0 < 0), be solutions of the

following system
θ ′

0 −θ0 =± tanθ ln
sinθ ′

0
sinθ0

∓ ε(tanθxL −2sy + yL)

εxL =− ln
sin(θ0 ∓2θ)sinθ ′

0
sin(−θ ′

0 ±2θ)sinθ0

(26)

The periodic orbits (21) and (22) with initial conditions (x0,y0,θ0) such that

x0 =
εyL −4θ −2θ ′

0 −2εsy

2ε tanθ
and y0 =± tanθx0 ± sy (27)

exist if and only if

max
{
− sx,−xL +

1
ε

ln
sinθ ′

0
sinθ0

}
< x0 < min

{
− xL + sx +

1
ε

ln
sinθ ′

0
sinθ0

,0
}

(28)
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