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Abstract

Many mathematical models have developed to describe the immuno-
logical response to infection with human immunodeficiency virus (HIV).
In this paper, we first simplify the model into one consisting of only three
components: the healthy CD4+ T-cells, infected CD4+ T-cells, and free
virus and discuss the existence and stability of the infected steady state.
Then, we introduce a discrete time delay to the model to describe the
time between infection of a CD4+ T-cells and the emission of viral par-
ticles on a cellular level. We study the effect of the time delay on the
stability of endemically infected equilibrium; criteria are given to ensure
that the infected equilibrium is asymptotically stable for all delay. Last,
we observed that time delay does not induce instability and oscillations
in the model.
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1. Introduction

In the last decade, many mathematical models have been developed to de-

scribe the immunological response to infection with human immunodeficiency

virus (HIV).These models have been used to explain different phenomena .For

more references and some detailed mathematical analysis on such model. It

is well known that the HIV mainly targets a host’s CD4+ T-cells. Chronic

HIV infection causes gradual depletion of the CD4+ T-cell poll, and thus pro-

gressively compromises the host’s immune response to opportunistic infections,

leading to Acquired Immunodeficiency Syndrome (AIDS). For this section, the

count of CD4+ T-cells is a primary indicator used to measure progression of

HIV infection[1-5].

We assume that peripheral blood CD4+ counts are good indictor for CD4+

densities in body. When HIV enters the body, it targets all the cells with

CD4+ receptors including the CD4+ T-cells. The gp120 protein on the viral

particle binds to the CD4+ receptors on the CD4+ T-cells and injects its core.

After an intracellular delay associated with reverse transcription, integration,

and the production of cap Sid proteins, the infected cell release hundreds of

virions that can infect other CD4+ T-cells .

Time delays of one type or another have been incorporated into biologi-

cal models by many authors. In general, delay-differential equations exhibit

much more complicated dynamics than ordinary differential equations since a

time delay could cause a stable equilibrium to become unstable and cause the

population to fluctuate.

2.The ODE model

We first reduce the system by assuming that all the infected are capable of

producing virus. The reduced ODE model is⎧⎪⎪⎨
⎪⎪⎩

Ṫ (t) = s − αT + rT (1 − T+I
Tmax

) − kTV + ρI,

İ(t) = kTV − βI − ρI,

V̇ (t) = NβI − dV.

(2.1)

where T (t) represents the concentration of health CD4+ T-cells at time t,I(t)

represents the concentration of infected CD4+ T-cells, and V (t) the concen-

tration of free HIV at time t.

To explain the parameters, we note that s is the source of CD4+ T-cells

from precursors, α is the natural death rate of CD4+ T-cells, ris their growth



Delay-differential equation model of HIV infection 1477

rate (thus,r¿α in general), andTmax is their carrying capacity. The term kTV

describes the incidence of HIV infection of health CD4+ T-cells, wherek > 0 is

the infection rate .Each infected CD4+ T-cells is assumed to produce N virus

particles during its life time, including any of its daughter cells.β and d are

natural death rate of the infected T-cells and virus particles. The parameter

ρ represents the cure rate.

In the absence of virus, the T-cells population has a steady state value

T0 =
Tmax

2r
[r − α +

√
(r − α)2 +

4rs

Tmax
]. (2.2)

Thus reasonable initial conditions for infected by free virus only are

T (0) = T0, I(0) = 0, V (0) = V0. (2.3)

System (2.1) has two steady state: the uninfected steady state E0 = (T0, 0, 0)

and the infected steady state E = (T , I, V ),where

T =
d(β + ρ)

Nkβ
, I =

dV

Nβ
, V =

sk2N2 + dkN(r − α)(1 + ρ
β
) − (1+ ρ

β
)2rd2

Tmax

kd[kN+rd(1+ ρ
β
)]

βTmax

. (2.4)

Following the analysis, we can see thatN is a bifurcation parameter .When

N < Ncrit =
d(β + ρ)

kβT0
, (2.5)

the uninfected steady state E0 is stable and the infected steady state E does

not exist. When N = Ncrit, the uninfected and infected steady states collide

and there is a transcritical bifurcation .When N > Ncrit, E0 becomes unstable

and E exists. To discuss the local stability of the positive infected steady

states E for N > N , we consider the linearized system of (2.1) at E. The

Jacobian matrix at E is given by

A =

⎛
⎜⎜⎝

r − α − 2rT
Tmax

− kT − Rt
Tmax

+ ρ −kT

kT −β − ρ kT

0 Nβ −d

⎞
⎟⎟⎠ .

Denote

M = α − r +
2rT

Tmax
+

rT

Tmax
+ kV . (2.6)

Then the characteristic equation of the linearized system is

λ3 + b1λ
2 + b2λ + b3 = 0, (2.7)
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where

b1 = β + d + α − r + 2rT
Tmax

+ rT
Tmax

+ kV = β + d + M,

b2 = M(β + d + ρ) + krTV
Tmax

− kρV ,

b3 = kdβV + kdrTV
Tmax

.

(2.8)

By the Routh-Hurwitz criterion, it follows that all eigenvalues of Eq.(2.7) have

negative real parts if and only if b1 > 0, b3 > 0, b1b2 − b3 > 0.

3.The delay model

In this section, we introduce a time delay into system (2.1) to represent the

viral eclipse phase. The model is given as follow:

⎧⎪⎪⎨
⎪⎪⎩

Ṫ (t) = s − αT (t) + rT (t)(1 − T (t)+I(t)
Tmax

) − kT (t − τ)V (t − τ) + ρI(t),

İ(t) = kT (t − τ)V (t − τ) − βI(t) − ρI(t),

V̇ (t) = NβI(t) − dV (t).
(3.1)

under the initial values T (θ) = T0, I(θ) = 0, V (θ) = V0, θ ∈ (−τ, 0). All

parameters are the same as in system (2.1) except that the positive constant

τ represents the length of the delay in days.

We find, again, an uninfected steady state E0 = (T0, 0, 0) and an infected

steady E = (T , I, V ), where T , I ,and V are the same as in Section 2, give

by (2.4). Since the uninfected steady state E0 is unstable when τ = 0, and

N > Ncrit , incorporation of a delay will not change the instability. Thus, E0

is unstable if N > N0, which is also the feasibility condition for the infected

steady state E. To study the stability of the steady state E, let us define

x(t) = T (t) − T , y(t) = I(t) − I, z(t) = V (t) − V . Then the linearized system

of (3.1) at is given by

⎧⎪⎪⎨
⎪⎪⎩

ẋ(t) = −(α + 2rT+rT
Tmax

− r)x(t) + ρy(t) − kV x(t − τ) − kTz(t − τ),

ẏ(t) = kV x(t − τ) + kTz(t − τ) − (β + ρ)y(t),

ż(t) = Nβy(t) − dz(t).

(3.2)

We then express system(3.2)in matrix form as follow:

˙⎛
⎜⎜⎝

x(t)

y(t)

z(t)

⎞
⎟⎟⎠ = A1

⎛
⎜⎜⎝

x(t)

y(t)

z(t)

⎞
⎟⎟⎠ + A2

⎛
⎜⎜⎝

x(t − τ)

y(t − τ)

z(t − τ)

⎞
⎟⎟⎠ ,
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where A1 and A2 are 3 × 3 matrices given by

A1 =

⎛
⎜⎜⎝

−(α + 2rT+rI
Tmax

− r) ρ 0

0 −β − ρ 0

0 Nβ −d

⎞
⎟⎟⎠ , A2 =

⎛
⎜⎜⎝

−kv 0 −kT

kv 0 kT

0 0 0

⎞
⎟⎟⎠ ,

The characteristic equation of system (3.2)is given by

λ3 + a1λ
2 + a2λ + a3e

−λτ + a4λe−λτ + a5 = 0, (3.3)

where ai(i = 1, 2, 3, 4, 5) are constant.

It is known that E is asymptotically stable if all roots of the corresponding

characteristic equation (3.3) have negative real parts.

We shall study the distribution of the roots of the transcendental Eq. (3.3)

analytically. Recall that for the ODE model (2.1), the infected steady state

E is stable for the parameter values given in Table 1. Our staring point is to

assume that the steady state of the ODE model (2.1) is stable, and then we

shall derive condition on the parameters to ensure that the steady state of the

delay model is still stable.

To proceed, we consider Eq. (3.3) with τ = 0, that is Eq. (2.7), and assume

that all the roots of Eq. (2.7) have negative real parts. This is equivalent to

the assumption (2.9). By Rouche Theorem and the continuity in τ , the

transcendental equation (3.3) has roots with positive real parts if and only if it

has purely imaginary roots. We shall determine if (3.3) has purely imaginary

roots, from which we then shall be able find conditions for all eigenvalues to

have negative real parts.

Denote λ = η(τ) + iω(τ)(ω > 0), the eigenvalue of the characteristic equa-

tion (3.3), where η(τ) and ω(τ) depend on the delay τ . Since the equilibrium

E of the ODE model is stable, it follows that η(0) < 0 when τ = 0. By conti-

nuity, if τ > 0 is sufficiently small we still have η(τ) < 0 and E is still stable

.If η(τ0) = 0 for certain value τ0 > 0 (so that λ = iω(τ0) )is purely imaginary

root of (3.3) ) , then the steady stateE loses its stability and eventually be-

comes unstable when η(τ) becomes positive. In other words, if such an ω()τ0

does not exist, this is, if the characteristic equation (3.3) does not have purely

imaginary root for the all delay, the steady state E is always stable. We shall

show that this indeed is true for the characteristic equation (3.3)

Clearly, iω(ω > 0) is a root of Eq. (3.3) if and only if

−ω3−a1ω
2+ia2ω+a3(cos ωτ−i sin ωτ)+a4ω(sinωτ +i cosωτ)+a5 = 0. (3.4)
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Separating the real and imaginary parts, we have

a1ω
2 − a5 = a3 cosωτ + a4ω sinωτ, (3.5)

ω3 − a2ω = −a3 sinωτ + a4ω cosωτ. (3.6)

Adding up the squares of both the equation, we obtain

ω6 + (a1
2 − 2a2)ω

4 + (a2
2 − 2a1a5 − a4

2)ω2 + (a5
2 − a3

2) = 0. (3.7)

Let A = ω2, B = a1
2 − 2a2, C = a2

2 − 2a1a5 − a4
2, D = a5

2 − a3
2. Then

Eq.(3.7) becomes

h(A) = A3 + BA2 + CA + D = 0. (3.8)

Since D = a5
2 − a3

2 > 0 for the parameter values given in Table 1, we assume

that D ≥ 0 and have the following claim. Claim1: if

D ≥ 0C > 0, (3.9)

then Eq.(3.8)has no positive real roots. In fact, notice that ˙h(A) = 3A2 +

2AB + C. Set

3A2 + 2BA + C = 0. (3.10)

Then the roots of Eq.(3.11) can be expressed as

A1,2 =
−B ±√

B2 − 3C

3
. (3.11)

If B > 0, thenB2 − 3C < B2; that is, sqrtB2 − 3C < B. Hence, neither A1

norA2 is positive. Thus, Eq.(3.10) does not have positive roots. Sinceh(0) =

D > 0, it follows that the Eq.(3.8) has no positive roots.

Claim 1 implies that there is no ω such that iω is an eigenvalue of the

characteristic equation (3.3).Therefore, the real parts of all the eigenvalues of

(3.3) are negative for all delay τ ≥ 0. Summarizing the above analysis, we

have the following proposition.

Proposition 1. Suppose that

(i) a1 > 0, a3 + a5 > 0, a1(a2 + a4) − (a3 + a5) > 0; (ii) D ≥ 0andC > 0.

Then the infected steady state E of the delay model (3.1) is absolutely stable;

that is, E is asymptotically stable for all τ ≥ 0.

Proposition 2. Suppose that (i)a1 > 0, a3+a5 > 0, a1(a2+a4)−(a3+a5) >

0; (ii)D ≤ 0 or (iii)D ≥ 0andC < 0 is satisfied, then the infected steady stat

E of the delay model (3.1) is asymptotically stable when τ < τ0 and unstable
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when τ > τ0, where τ0 = 1
ω0

arccos(a4ω0
4+(a1a3−a2a4)ω0

2−a3a5

a3
2+a4

2ω0
2 ). When τ = τ0, a

Hopf bifurcation occurs; that is, a family of periodic solutions bifurcates from

E as τ passes through the critical value τ0.
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