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Abstract

This note will attempt to show how representations of the rotation-
reflection group described by an E6 orbifold can model the elementary
particles and therefore constrain them without postulating gluons. The
Weyl group governing the permutations and reflections of the 27 lines
on the orbifold is used to introduce an entropy which correctly covers
the masses of the stable particles namely the electron,up quark pair
and the W± bosons.There is a constant of proportionality η, with the
dimension of an energy, that will be shown to be a ’radius’ of the orbifold
or torus of Fig.1.Then to accommodate the nucleons the 6d symplectic
Planck space housing the quarks must be contracted into 4d Lorentz
space with a fundamental irreducible representation obtained sometime
ago [3].The tensor product is then used to describe a general nucleus
and can be shown to be a Hodge decomposition which was found by
Moonen and Zarhin [13]to lie on a toroidal orbifold, so again there is no
need to introduce a strong force for proton confinement.
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1 Introduction

Now that the Tevatron at Fermilab has closed,without detecting an Higgs

boson after 25 years of operation at the expected mass of approximately 130

Gev,it is perhaps timely to explore an alternative that has already been mooted

in a contributions by de Wet [4].
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The exceptional Lie algebra E6, which covers triality [1], and its subgroups

was originally proposed by Slansky [16]as a possible candidate for the Stan-

dard Model and this proposal has been developed with a possible allocation

of quarks given by Fig.1.This is the Hessian polyhedron described by Cox-

eter ([2],Section 12.3). It is the su(3) × su(3) × su(3) subgroup lattice of

E6, more familiar as the toroid T 6/Z3 discussed by Green,Schwartz and Wit-

ten ( [9],Sections 9.5.2,16.10) and recently by Nibbelink et.al.[15] and Lust

et.al.[11].In these papers the authors consider the blow-up of the vertices of

Fig.1 but not with the gauge group su(3)3. Instead this has been achieved by

another method due to Hunt [10]leading to the smooth Clebsch cubic of Fig.2

that will be detailed in Section 3.

Returning to Fig.1,there are 27 lines connecting the 9 quark vertices uud,udd,sss,

another 9 for their anti-particles and a further 9 for the leptons e±, νe;μ
±, νμ; τ

±, ντ .

These triads are in the 5d-space of Fig.2 due to Xahlee [17] so are not all in the

same plane but are exhibited by the 3 possible origins Op, On, Os of uud,udd

and sss now separated by 3 gauge-shift vectors for SU(3)p, SU(3)n, SU(3)s

In order to introduce mass related to entropy we shall need the concept

of a Weyl group W which is the group of permutations of the lines on a

surface,eg.Fig.2, that preserves their intersection behavior.W (E6) defines a

cubic,while W (E8) lies on the double covering of a quadratic cone, branched

on a sextic curve (cf. Manivel [12],Introduction)

The order of the subalgebra su3 × su3× su3 of W (E6) is |W (A2)|3 = 63. In

the next section we will see how this is the number of possible states of the up-

quark pair uu, which may be related to an entropy proportional to mass with

a constant of proportionality η given by a radius of Fig.1. A similar scaling

may also apply to the stable W± pair and even to the mass of the electron,

although in the former case we shall have to go to E8 ⊃ E6.

2 Mass related to Entropy

In Ref[14] Newman and Schneider relate the entropy of organization to energy

and therefore to mass. So here we will begin by finding the number of per-

mutations of the lines associated with the up-quark vertices in Fig.1. There

are 3!=6 ways in which an up-quark represented by SU(3)p can combine with

another up-quark from SU(3)n and 62 ways in which the pair uu can combine

with an s from SU(3)s. Thus the number of possible permutations of uu in

SU(3)p × SU(3)n × SU(3)s = 63 = |W (3A2| = 216, which is the order and

number of up-quark states in the subgroup su(3)×su(3)×su(3) of E6 [12]and
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believed to be a measure of the entropy yielding a uu mass

m(uu) = η × 216 ≈ 6MeV. (1)

We would now like to apply the same scaling to the stable W±. In this

case we note that the 27 -dimensional representation of su(3)3 is trivial on

the kernel of su(3)3 → E8 (cf Adams([1] ch.11) and study the E7 × su(2)

subalgebra of E8 which following Manivel[12]has the order

|W (E7 + A1)| = 5806080 (2)

Dividing this into the mass 160.196 GeV of the W± pair we find

η = 27.7keV (3)

Finally for the mass of the remaining stable particle, namely the electron

we may adopt the alternative representation

3|W (A2)| = 18 (4)

of the subalgebra su(3)×su(3)×su(3) of E6 employed by Adams ([1]ch.11).

In which case the mass of the electron would be

me = 27.7 × 18 = 498.6keV (5)

which is within a few percent of the measured value of 511keV when the

mass of the electron neutrino is added.

The strange quarks are also covered by E6. They have precisely the same

spin,isospin and hypercharge as the down quark but differ only in their mass

which is believed to be imparted manually by the high energies used in Heavy

Ion colliders. But because they are unstable their mass is not covered by the

Weyl group.

3 The Constant η

The Authors in [9,11,15] consider volume and radii limits of the vertices of

T 6/Z3 in the ’blowing up’process into a smooth manifold. Green,Schwarz and

Witten([9],Section 16.10)imagine a’radius’r → 0 in an SU(3)×SU(3)×SU(3)

gauge,while references [11,15] consider a volume limit but with a U1 gauge.

Instead we will summarize the work of Hunt[10] and relate η to the radius of

the Clebsch cubic of Fig.2.
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Fig.1 is an E6 Hessian according to Coxeter ([2],section 13.3) and to accom-

modate it on a cubic consider the central tritangent uud, uud, e±νe, 0 consisting

of 15 lines comprised of 9 for the 3 tritangents, where 3 lines meet at a ver-

tex,and 6 lines meet at 0.Thus there are 10 nodes,including the origin,that

Hunt([10],Section 5.2.5)calls a surface S10 and demonstrates how this surface

generates a Clebsch cubic in Prop.4.1.2 on p125. The uud tritangent centered

at Op appears clearly in Fig.2.

In this way we associate η with a dimension in Figs.1,2.

A global form of equation (3)has been proposed by M.J. Duff [8]

4 Model of a Nucleus

In order to accommodate nucleons we need to collapse the 6d Planck space

carrying the elementary particles into a 4d Lorentz space. This operation has

been analysed by de Wet [6] for an accurate calculation of the proton mass

without lattice QCD, and consists of folding along the 6 sea quarks u, u; d, d; s, s

of Fig.1. Then the vertex O gets ’blown up’into a 3d space carrying the

proton,neutron and strange particles as well as leptons e±, μ±, τ± appearing

on the 6 diagonals connecting the 6 sea quarks.

Then we may employ the modular 2-form

1

4
Ψ = (iE4ψ1 + E23ψ2 + E14ψ3 + E05ψ4)e (6)

which is a minimal left ideal of the center of the Dirac ring and e is a prim-

itive idempotent (cf,[3]).It is used to model a nucleon because E23, E05 are

rotations in the commuting spin and isospin spaces through the angles ψ2, ψ4

about x1, x4, while E14 = E23E05 is a reflection along x4 that reverses the par-

ity, thus completing Triality and confirming CPT invariance and Eddington’s

inspired notation. iE4 is the identity operator for rotations mod 2π.

Eddington’s E-numbers are mapped into the 4 × 4 Dirac matrices by

γν = iE0ν , Eμν = EρμEρν = −Eνμ, E
2
μν = −1, μ < ν = 1, . . . , 5 (7)

and two more representations may be found by a cyclic interchange of 1,2,3

to cover the spin about x2, x3.

The many nucleon representation is a tensor product of (6) by itself and a

recent example of the Hodge decomposition of the nucleus of 15N is [6]

C[4434] =
1

144
((σ7

0 + π7
0) + 4(σ0π

6
0) + σ6

0π0) + 12(σ5
0π

2
0 + σ2

0π
5
0) + 18(σ3

0π
4
0 + σ4

0π
3
0)
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+281(σ5
0 + π5

0) + 842(σ4
0π0 + σ0π

4
0) + 1692(σ3

0π
2
0 + σ2

0π
3
0) + 20089(σ3

0 + π3)

+403729(σ2
0π0 + σ0π

2
0) + 315000(σ0 + π0) (8)

where

σ0 = (E1
23 + . . .+ E15

23), π0 = (E1
14 + . . .+ E15

23) (9)

are 415 × 415 de Broglie operators with the matrices

El
μν = E4 ⊗ . . .⊗ E4 ⊗Eμν ⊗ E4 ⊗ . . .⊗ E4 (10)

with Eμν in the l-th position so that El
μν , E

l+1
μν commute.

Now referring to the last term of (8) σ0 and π0 are rotations and reflections

of the nucleons in a 415 dimensional orbifold which confirms a theorem by

Moonen and Zarhin [13] relating Hodge classes to a toroid. The remaining

terms are products of powers of σ0, π0 that also lie on a torus. Thus confining

protons to be in a nucleus without postulating a strong force.

A possible shape is the quadrupole proposed by de Wet[5]which also finds

a torus.

Finally although σ0, π0 are 4A × 4A-dimensional they may be reduced to a

72 dimensional form after a fibration consisting of those states that have the

same quantum numbers of spin,parity and charge. This is given by equation

(12) of [7].
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Figure 1: The Coxeter Polytope

Figure 2: The Clebsch Cubic


