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Abstract

In this note by using Dickson’s theorem we construct families of
irreducible polynomials of degree 4nk (k = 1, 2, ...) over a finite field of
odd characteristics. Also we apply Q-Transformation and present a new
recurrent method for constructing a families of irreducible polynomials
of degree 2nk (k = 1, 2, ...) over the finite field of F3s .

Mathematics Subject Classification: 12A20

Keywords: Galois fields, irreducible polynomial, composition method,
recurrent method, Q-Transformation

1 Introduction

Let Fq be a Galois field of order q = ps, where p is a odd prime and s is a natural
number. This paper presents some results on the theory of the synthesis of irre-
ducible polynomials over Fq. Such polynomials are found in many applications,
including coding theory, cryptography, computer algebra systems, multivari-
ate polynomial factorization, and parallel polynomial arithmetic [3, 4, 8, 11].
Although in the above-mentioned applications mainly irreducible polynomial
over a finite field of even characteristics are needed(with exception to coding
theory and elliptic curves cryptosystems), the construction of irreducible poly-
nomials over any finite field is a challenging mathematical problem and is still
as a open problem. Some results on the construction of irreducible polynomials
over F2s the interested reader can find in [2, 5, 10]. The main theorem in this
note is Dickson’s theorem that states as follows.

Proposition 1.1(Dickson, [1]). Let f(x) = x4 + ax3 + bx2 + cx + d ∈ Fq (q =
ps odd), where c = 1

2
ab − 1

8
a3 then f(x) is irreducible over Fq if and only if

(1
2
b − 1

8
a2)2 − d, and 5

16
a4 − a2b + 16d are non square in Fq.
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Also we will use Cohen’s theorem that is as follows.

Proposition 1.2(Cohen, [7]). Let f(x), g(x) ∈ Fq[x] and let P (x) ∈ Fq[x]

be an irreducible polynomial of degree n. Then F (x) = g(x)nP (f(x)
g(x)

) is irre-

ducible over Fq if and only if f(x)−αg(x) is irreducible over Fqn for some root
α ∈ Fqn of P (x).

In this paper we consider irreducibility f(x) = p(x4 + ax3 + bx2 + cx + d),
where p(x) is an irreducible polynomial of degree n over Fq. Also by using
Q-transformation which is defined as follows we introduce a recurrent method
for constructing a families of irreducible polynomials over F3s .
Definition(Q-transformation). If F (x) ∈ Fq[x] is a polynomial of degree n
then its polynomial image of degree 2n is defined by

F Q(x) = xnF (x + δ2x−1),

where δ ∈ F ∗
q .

Kyuregyan proved that this transformation can be used to produce an infinite
sequence of irreducible polynomials over F2s , which is the following.

Proposition 1.3(Kyuregyan, [6]). Let δ ∈ F ∗
2s and F1(x) =

∑n
u=0 cux

u be
an irreducible polynomial of degree n over F2s whose coefficients satisfy the
conditions

Tr2s|2(
c1δ

c0
) = 1 and Tr2s|2(

cn−1

δ
) = 1.

Then all members of the sequence (Fk(x))k≥1 defined by

Fk+1(x) = x2k−1nFk(x + δ2x−1) , k ≥ 1,

are irreducible polynomials of degree n2k over F2s for every k ≥ 1.
Our goal in this note is that consider this transformation over Fq, for odd
characteristics. For this aim we will use the following theorem.

Proposition 1.4(Kyuregyan, [7]). Let q be an odd prime power and p(x) =∑n
u=0 aux

u be an irreducible polynomial of degree n > 1 over Fq, with at least
one coefficient a2i+1 �= 0, (0 ≤ i ≤ �n

2
�. Let ax2 + bx + c and dx2 + rx + h be

relatively prime polynomials from Fq[x], with (a, d) �= (0, 0). Suppose that

(r2 − 4dh)(b2 − 4ac) �= 0 and , br = 2(cd + ah).

Then the polynomial

F (x) = (H(a, d))−1(dx2 + rx + h)np(
ax2 + bx + c

dx2 + rx + h
),
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is monic and irreducible over Fq if and only if the element B

B = (4hd − r2)ngp(
b2 − 4ac

4hd − r2
)

is a non-square in Fq.
Note that gp(x) in this theorem define as follows.

gp(x) = (−1)n
n∑

j=0

2j∑

u=o

(−1)uaua2j−ux
j ,

if p(x) =
∑n

u=0 aux
u (gp(x) is minimal polynomial α2, where p(α) = 0). In

special case if we suppose a = r = 1 , b = d = h = 0 and c = δ2, we obtain
this corollary which applies an important role in section 3.
corollary. Let q and p(x) satisfy the hypothesis of Proposition 1.4. Define

F (x) = xnp(x + δ2x−1),

is irreducible over Fq if and only if (−1)ngp(4δ
2), is a non-square in Fq.

2 Irreducibility of composition of polynomials

Based on proposition 1.1, we discus this problem. Let p(x) be an irreducible
polynomial of degree n over Fq, then it can be represented in Fqn as

p(x) =
n−1∏

u=0

(x − αqu

), (1)

for α ∈ Fqn . Substituting x4 + ax3 + bx2 + cx + d for x into(1), we obtain the
polynomial F (x) as

F (x) = p(x4 + ax3 + bx2 + cx + d) =
n−1∏

u=0

(x4 + ax3 + bx2 + cx + d − αqu

).

Suppose h(x) = x4 + ax3 + bx2 + cx + d − α, then by Cohen’s theorem F (x),
is irreducible polynomial of degree 4n over Fq if and only if h(x) ∈ Fqn be
irreducible. But by Dickson’s theorem, h(x) where c = 1

2
ab− 1

8
a3 is irreducible

if and only if X = (1
2
b − 1

8
a2)2 − (d − α) = −(T1 − α), and Y = 5

16
a4 − a2b +

16(d−α) = 16(T2−α), where T1 = d−(1
2
b− 1

8
a2)2, and T2 = 5

162 a
4− a2b

16
+d, be

non square in Fqn . We know X ∈ Fqn, is non square if and only if X
qn−1

2 = −1.
But we have

X
qn−1

2 = (−(T1 − α))
qn−1

2 = {(−(T1 − α))
qn−1
q−1 } q−1

2
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= (
n−1∏

u=0

(−(T1 − α))qu

)
q−1
2 = ((−1)np(T1))

q−1
2 ,

where p(x) =
∏n−1

u=0(x − αqu
). So X ∈ Fqn , is non square if and only if

(−1)np(T1) ∈ Fq, be non square. Like above relations it is clear that Y ∈ Fqn,
is non square if and only if p(T1) ∈ Fq, be non square. So we derive this
theorem.

Theorem 2.1 Let p(x) be an irreducible polynomial of degree n over Fq

and c = 1
2
ab − 1

8
a3. Then F (x) = p(x4 + ax3 + bx2 + cx + d) is irreducible

of degree 4n, if and only if (−1)np(T1) and p(T2) be non square in Fq where

T1 = d − (1
2
b − 1

8
a2)2 and T2 = 5

162 a
4 − a2b

16
+ d.

3 Recurrent method

In this section we apply theorem 2.1 to describe some recurrent methods for
constructing families of irreducible polynomials over Fq.

1. Let b = d = 0 ,a = c = 1 and construct a recurrent method over F3s . By
above notations in this case T1 = T2 = 2. Let F1(x) = F0(x

4 + x3 + x) where
F0(x), is an irreducible polynomial of degree n over F3s . For irreducibility
F1(x) by theorem 2 we need that (−1)nF0(2) and F0(2) be non square in F3s .
Namely n is even and F0(2) be non square in F3s . In general case if we set,
Fk(x) = Fk−1(x

4 + x3 + x), For irreducibility Fk(x), we need that Fk−1(2)
be non square in F3s . But it’s clear that Fk−1(2) = F0(2), so we obtain this
theorem by induction on k.

Theorem 3.1 Let F0(x) be an irreducible polynomial of degree n over F3s,
where n is even. Suppose F0(2), be non square in F3s. Define

Fk(x) = Fk−1(x
4 + x3 + x) k ≥ 1,

then Fk(x) is an irreducible polynomial of degree n4k, over F3s.

2. Let a = b = c = d = 0, namely F1(x) = F0(x
4) where F0(x) is an irreducible

polynomial of degree n, over Fq. So in this case we have T1 = T2 = 0, Then
F1(x), is irreducible of degree 4n over Fq, if and only if (−1)nF0(0) and F0(0),
be non square in Fq. It is equal that F0(0) be non square and n is even when
q ≡ 3 (mod 4). If we set Fk(x) = Fk−1(x

4), for irreducibility of Fk(x), we need
that Fk−1(0), be non square in Fq, but Fk−1(0) = F0(0). So we derive this
theorem by induction on k.
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Theorem 3.2 Let F0(x) be an irreducible polynomial of degree n over Fq,
where n is even when q ≡ 3 (mod 4). Suppose F0(0), be non square in Fq.
Define

Fk+1(x) = Fk(x
4) k ≥ 1,

then Fk(x) is an irreducible polynomial of degree n4k, over Fq.

Note by this theorem 3.2 if we chose F0(x) as a trinomial(pentanomial) ir-
reducible polynomial, so we derive a families of trinomial(pentanomial) ir-
reducible polynomials, Fk(x) over Fq of degree n4k. These kind irreducible
polynomials are important in application.

3. Let a = c = d = 0, namely F1(x) = F0(x
4 + bx2). So in this case

we have T1 = − b2

4
and T2 = 0. Then F1(x), is irreducible of degree 4n,

over Fq if and only if (−1)nF0(− b2

4
) and F0(0), be non square in Fq. We set

Fk(x) = Fk−1(x
4+bx2), and let Fk(T1) = Fk−1(T1). It holds if b6+16b3+64 = 0.

So we can derive by induction on k this theorem.

Theorem 3.3 Let F0(x) be an irreducible polynomial of degree n over Fq,

where n is even when q ≡ 3 (mod 4). Suppose F0(0) and F0(− b2

4
), be non

square in Fq and b6 + 16b3 + 64 = 0. Define

Fk+1(x) = Fk(x
4 + bx2) k ≥ 1,

then Fk(x) is an irreducible polynomial of degree n4k over Fq.

Now by Q-transformation we prove that above corollary can construct a re-
current method only for a finite field by characteristic 3.
Let F2(x) = xnF1(x + δ2x−1), where F1(x) is an irreducible polynomial of de-
gree n over Fq. By above corollary, F2(x) is an irreducible polynomial of degree
2n over Fq, if and only if F1(2δ)F1(−2δ) = (−1)ngF1(4δ

2) be non square in Fq.
For second step we set F3(x) = x2nF2(x+δ2x−1), which for irreducibility F3(x),
we need that F2(2δ)F2(−2δ) = (−1)2ngF2(4δ

2) = gF2(4δ
2) be non square in Fq.

But we have

F2(x) = xnF1(x+δ2x−1) = xn
n−1∏

u=0

(
x2 + δ2

x
−αqu

)F2(−x) = (−x)n
n−1∏

u=0

(
x2 + δ2

−x
−αqu

)

F2(x)F2(−x) = (x2)n
n−1∏

u=0

(
(x2 + δ2)2

x2
− α2qu

) = g(x2)

Therefor

g(x) = (x)n
n−1∏

u=0

(
(x + δ2)2

x
− α2qu

)
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It is clear that if β be a root F2(x) then β2 is root of g(x). Hence g(x) is
minimal polynomial β2, namely g(x) = gF2(x). So we obtain

gF2(4δ
2) = g(4δ2) = (4δ2)n

n−1∏

u=0

(
25δ4

4δ2
− α2qu

) = (4δ2)ngF1(
25δ2

4
)

(since α is root F1(x))For constructing a recurrent method we need that 4δ2 =
25δ2

4
or 25 − 16 = 9 = 0. But this relation happens if q = 3s. So in this field

we have gF2(δ
2) = (δ2)ngF1(δ

2). Hence for irreducibility F3(x) we need that
gF1(δ

2) be non square. In general case for irreducibility Fk+1(x) we need that
gF1(δ

2) be non square. Therefor we can state this theorem.

Theorem 3.4 Let F1(x) be an irreducible polynomial of degree n over Fq =
F3s, and n is even when q ≡ 3 (mod 4). Then

Fk+1(x) = x2k−1nFk(x + δ2x−1) k ≥ 1

is irreducible over F3s of degree n2k, if and only if gF1(δ
2) = F1(−δ)F1(δ) be

non square in F3s.
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