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Abstract

For a nontrivial graph G, its first and second Zagreb coindices are de-
fined [1], respectively, as M1(G) =

∑
uv �∈E(G)

(dG(u)+dG(v)) and M2(G) =
∑

uv �∈E(G)

dG(u)dG(v), where dG(x) is the degree of vertex x in G. In this

paper, we obtained some new properties of Zagreb coindices. We mainly
give explicit formulae for the first Zagreb coindex of line graphs and to-
tal graphs.
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1 Introduction

Let G be a simple connected graph with vertex set V (G) and edge set V (G).
For a graph G, we let dG(v) be the degree of a vertex v in G and let dG(u, v)
denote the distance between vertices u and v in G.

A graph invariant is a function defined on a graph which is independent of
the labeling of its vertices. Till now, hundreds of different graphs invariants
have been employed in QSAR/QSPR studies, some of which have been proved
to be successful (see [9]). Among those successful invariants, there are two
invariants called the first Zagreb index and the second Zagreb index (see [3,5,
7, 8, 10–12]), defined as

M1(G) =
∑

u∈V (G)

(dG(u))2 and M2(G) =
∑

uv∈E(G)

dG(u)dG(v),

respectively.
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In fact, one can rewrite the first Zagreb index as

M1(G) =
∑

uv∈E(G)

(dG(u) + dG(v)). (1)

Noticing that contribution of nonadjacent vertex pairs should be taken into
account when computing the weighted Wiener polynomials of certain compos-
ite graphs (see [4]), Ashrafi et al. [1, 2] defined the first Zagreb coindex and
second Zagreb coindex as

M 1(G) =
∑

uv �∈E(G)

(dG(u) + dG(v)) and M 2(G) =
∑

uv �∈E(G)

dG(u)dG(v),

respectively.
Ashrafi et al. [1] explored basic mathematical properties of Zagreb coindices

and in particular presented explicit formulae for these new graph invariants
under several graph operations, such as, union, join, Cartesian product, dis-
junction product, and so on. Ashrafi et al. [2] determined the extremal values
of Zagreb coindices over some special classes of graphs. Hua and Zhang [6] re-
vealed some relations between Zagreb coindices and some other distance-based
topological indices.

In this paper, we obtained some new properties of Zagreb coindices. We
mainly give explicit formulae for the first Zagreb coindex of line graphs and
total graphs.

2 M 1 index of line graphs and total graphs

It is not difficult to see that the contribution of each vertex u in G to M 1(G)
is exactly (n − dG(u) − 1)dG(u). Thus, we have

M 1(G) =
∑

u∈V (G)

(n − dG(u) − 1)dG(u). (2)

Given a graph G, its line graph L(G) is a graph such that
• each vertex of L(G) represents an edge of G; and
• two vertices of L(G) are adjacent if and only if their corresponding edges

share a common endpoint (“are adjacent”) in G.
The total graph T (G) of a graph G is a graph such that the vertex set of

T (G) corresponds to the vertices and edges of G and two vertices are adjacent
in T (G) if and only if their corresponding elements are either adjacent or
incident in G.

For a positive integer, we let δk(G) =
∑

v∈V (G)

(dG(v))k. One can see that

δ1(G) is just the number of edges in G, and δ2(G) is just the first Zagreb index
M1(G).
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Theorem 2.1 Let G be a nontrivial graph of order n and size m. Then

M 1(L(G)) = (m + 3)M1(G) − 2M2(G) − 2m(m + 1) − δ3(G).

Proof. Suppose that ei = uivi (i = 1, . . . , m) is a vertex in L(G). It can
be easily seen that dL(G)(ei) = dG(ui) + dG(vi) − 2. Note that for a nonempty
graph G, it holds

∑
uv∈E(G)

[(dG(u))2 + (dG(v))2] =
∑

w∈V (G)

(dG(w))3 = δ3(G). By

means of the equation (2), we have

M 1(L(G)) =
∑

ei∈V (L(G))

(m − dL(G)(ei) − 1)dL(G)(ei)

=
∑

uivi∈E(G)

[m − (dG(ui) + dG(vi) − 2) − 1](dG(ui) + dG(vi) − 2)

= (m + 3)M1(G) − 2m(m + 1) −
∑

uivi∈E(G)

(dG(ui) + dG(vi))
2

= (m + 3)M1(G) − 2M2(G) − 2m(m + 1) −
∑

ui∈V (G)

(dG(ui))
3

= (m + 3)M1(G) − 2M2(G) − 2m(m + 1) − δ3(G),

as desired.

Theorem 2.2 Let G be a nontrivial graph of order n and size m. Then

M 1(T (G)) = 4m(n + m − 1) + (n + m − 5)M1(G) − 2M2(G) − δ3(G).

Proof. Note that T (G) has n + m vertices. By means of the equation (2), we
have

M1(T (G)) =
∑

w∈V (T (G))

(n + m − dT (G)(w) − 1)dT (G)(w)

=
∑

w∈V (T (G))∩V (G)

(n + m − dT (G)(w) − 1)dT (G)(w) +

∑

w∈V (T (G))∩E(G)

(n + m − dT (G)(w) − 1)dT (G)(w).

Note that for w ∈ V (T (G))∩ V (G), dT (G)(w) = 2dG(w), and for w = uv ∈
V (T (G)) ∩ E(G), dT (G)(w) = (dG(u) + dG(v) − 2) + 2 = dG(u) + dG(v).
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Hence,

M 1(T (G)) =
∑

w∈V (G)

(n + m − 2dG(w) − 1)2dG(w) +

∑

w=uv∈V (T (G))∩E(G)

(n + m − (dG(u) + dG(v)) − 1)(dG(u) + dG(v))

= 2(n + m − 1) · 2m − 4M1(G) + (n + m − 1)M1(G) −
∑

uv∈E(G)

(dG(u) + dG(v))2

= 4m(n + m − 1) + (n + m − 5)M1(G) − 2M2(G) −
∑

uv∈E(G)

[(dG(u))2 + dG(v))2]

= 4m(n + m − 1) + (n + m − 5)M1(G) − 2M2(G) − δ3(G).

This completes the proof.
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