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1. introduction

Throughout this paper, let (A, m) be a local ring and let E be a finitely
generated A-module of dimension d. Let b be an ideal of A such that lA(A/b) <
∞. For convenience we will assume that the field k = A/m is infinite. An ideal
a is called a reduction of b relative to E if abnE = bn+1E for some integer
n ≥ 0, (see [2, Definition 4.6.4], [9, section 4] and [7, 10]). Let r�(b, E) denote
the least integer n with this property. A reduction a of b relative to E is called
minimal reduction if it does not properly contain any other reductions of b
relative to E. Since k is infinite it is well known that the minimal reductions
relative to E always exist (see [9, section 4]). We define the reduction number
of b relative to E by

r(b, E) = min{r�(b, E) : a is a minimal reduction of b relative to E}.
The function H�

E(.) : Z −→ Z, given by

H�

E(n) =

{
lA(E/bnE) if n ≥ 1,

0 if n ≤ 0,

is called the Hilbert function of E with respect to b. It is well known that
(see for example [2, Proposition 4.5.2]) this function is of polynomial type
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of degree d. So let P �

E(X) ∈ Q[X] be a polynomial of degree d such that
H�

E(n) = P �

E(n) for all sufficiently large values of n. We put

n(b, E) = max{n ∈ Z : P �

E(n) �= H�

E(n)}.
In order to explain the aim of this paper we need one more notation. We
denote by G�(E) := ⊕i≥0b

iE/bi+1E the associated graded module of E with
respect to b. In the case E = A denote it by G(b) and call it the associated
graded ring of b simply. Then G(b) is positively graded homogeneous ring with
Artinian local base ring A/b and G�(E) is a finitely generated G(b)-module.
In this paper using some ideas of [5], we will consider conditions on b that force
r�(b, E) to be independent of the choice of minimal reduction of b relative to
E. If G(b)+ denotes the irrelevant ideal of G(b), then in [8], Trung proved that
if grade(G(b)+) ≥ dim A−1 then r�(b) = r�(b, A) is independent of a. Here by
making use of the module version of some observations made by [8] and some
information on certain local cohomology modules we prove that whenever E is
Cohen-Macaulay and grade(G(b)+, G�(E)) ≥ d−1, then r(b, E) = d+n(b, E).
This is a generalization and also another proof of a theorem of Sally [6].

2. results

We need a few definition and auxiliary results.
Let R = ⊕∞

n=0Rn = R0[R1] be a Noetherian graded ring with Artinian local
base ring (R0, m0) and irrelevant ideal R+. Let L = ⊕n∈�Ln be a graded R-
module. Then the end of L is defined by sup{n ∈ Z : Ln �= 0} and end(0) =
−∞. For each i ≥ 0 the i-th local cohomology module H i

R+
(L) is also a graded

R-module and whenever L is finitely generated each H i
R+

(L)n being finitely
generated R0-module is Artinian and is zero for large values of n. We put
ai(L) = end(H i

R+
(L)) for each i ≥ 0.

In what follows assume that L is finitely generated. We let HL(n) = lR0(Ln).
Then there is a polynomial PL ∈ Q[X] of degree dimL − 1 such that HL is of
type PL, i.e., PL(n) = HL(n) for all large values of n.
A sequence g1, ..., gh of homogeneous elements of R is called an R+-filter regular
sequence for L if gi /∈ p for all p ∈ Ass(L/(g1, ..., gi−1)L) with R+ � p. This
is equivalent to say that end(((g1, ..., gi−1)L :L gi)/(g1, ..., gi−1)L) < ∞ for
i = 1, ..., h. If R0 has an infinite residue field it is well known that R+-filter
regular sequences g1, ..., gh ∈ R1 for L exist, (see [9, section 4] and [1, 18.3.10
Proposition]).

A nice relationship between regularity and reduction number which has been
proved in [8, Proposition 3.2] can be extended to the following case.

Lemma 2.1. Let lA(A/b) < ∞ and a be a minimal reduction of b relative
to E. Then

ad(G�(E)) + d ≤ r�(b, E) ≤ max{ai(G�(E)) + i : 0 ≤ i ≤ d}.
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From this lemma we see that if ai(G�(E)) + i ≤ ad(G�(E)) + d for each 0 ≤
i ≤ d, then r�(b, E) = ad(G�(E))+d and so the reduction number of b relative
to E is independent of a.
The link between local cohomology of G�(E) and the numbers HG�(E)(n) and
PG�(E)(n) and the behavior of ai(G�(E)) with respect to G(b)+-filter regular
elements for G�(E) is crucial in the proof of the Corollary 2.4, Proposition 2.5
and Theorem 2.6. So we supply the following lemmas of [1, 17.1.6] and [8,
Lemma 2.3] respectively.

Lemma 2.2. Let R and L be as in above. Then

HL(n) = PL(n) +

dimL∑
i=0

(−1)il(H i
R+

(L)n),

for all n ∈ Z.

Lemma 2.3. Let R and L be as in above and let g ∈ R1 be a filter regular
element for L. Then for each i ≥ 0 we have

ai(L) + 1 ≤ ai(L/gL) ≤ max{ai(L), ai+1(L) + 1}.
.

Corollary 2.4.
(i) n(b, E) ≤ max{a0(G�(E)), ..., ad(G�(E))} and the equality holds if there
exists j ∈ {0, ..., d} such that ai(G�(E)) < aj(G�(E)) for all i �= j.
(ii) If ai(G�(E)) < ad(G�(E)) for all i < d, then r�(b, E) = n(b, E) + d for all
minimal reduction a of b relative to E.

Proof. (i) follows by applying Lemma 2.2 to the case L = G�(E), while (ii)
follows by (i) together with Lemma 2.1.

If x is an element of A then x∗ denotes the initial form of x in G(b) and for
the ideal u of A, u∗ denotes the ideal uG(b) of G(b). The following proposition
represents the heart of the proof of the Theorem 2.6.

Proposition 2.5. Let (A, m) be a local ring, E a finitely generated Cohen-
Macaulay A-module and let b be an ideal of A such that lA(A/b) < ∞. Suppose
that grade(G(b)+, G�(E)) = 0. Then
(i) a0(G�(E)) < a1(G�(E))
(ii) Let g ∈ b \ mb such that g∗ be a filter regular element of G�(E). Then
either a1(G�(E)) < a2(G�(E)) or

a1(G�(E)) = max{n ∈ Z : bn+1E :E g �= bnE}.
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Proof. (i). We put N = E/gE. Then we see that

G�(E)/g∗G�(E) =

∞⊕
n=0

bnE/(bn+1E + gbn−1E),

and

G�(N) =

∞⊕
n=0

(bnE + gE)/bn+1E + gE) =

∞⊕
n=0

bnE/(bn+1E + gE ∩ bnE).

Therefore there exists an exact sequence

0 −→ K =

∞⊕
n=0

Kn −→ G�(E)/g∗G�(E) −→ G�(N) −→ 0,(1)

where

Kn = (bn+1E + gE ∩ bnE)/(bn+1E + gbn−1E)

which is isomorphic to

(bnE :E g)/(bn−1E + (bn+1E :E g)),

(note that g is non-zerodivisor on E). By [3, Lemma 3.1], Kn = 0 for suffi-
ciently large values of n. Therefore a0(K) ≤ max{n ∈ Z : bnE :E g �= bn−1E}.
On the other hand, if n > a0(K) then by induction on s ≥ 1 we deduce that
bnE :E g = bn−1E + (bn+sE :E g). Since (bn+sE :E g) ⊆ bn−1E for large s ,
we get (bnE :E g) = bn−1E. Consequently we see that a0(K) = max{n ∈ Z :
bnE :E g �= bn−1E}. Now

a0(G�(E)) = max{n ∈ Z : H0
R+

(G�(E))n �= 0} = max{n ∈ Z : (0 :G�(E) g∗)n �= 0}
= max{n ∈ Z : (bn+2E :E g) ∩ bnE �= bn+1E}.

So it follows that a0(G�(E)) ≤ a0(K) − 2. On the other hand from the exact
sequence (2.1) and Lemma 2.3, we get

a0(G�(E)) + 2 ≤ a0(K) ≤ a0(G�(E)/g∗G�(E)) ≤ max{a0(G�(E)), a1(G�(E)) + 1}.
This gives that a0(G�(E)) < a1(G�(E)), which proves the claim.
To prove (ii), we note that by lemma 2.3

a1(G�(E)) + 1 ≤ a0(G�(E)/g∗G�(E)) ≤ max{a0(G�(E)), a1(G�(E)) + 1}.
So by (i) we have a0(G�(E)/g∗G�(E)) = a1(G�(E)) + 1. Applying the lo-
cal cohomology functor H i

G(�)+
(.) to the exact sequence (2.1) and noting that

H i
G(�)+

(K) = 0 for all i ≥ 1 yields the exact sequence

0 −→ H0
G(�)+(K) −→ H0

G(�)+(G�(E)/g∗G�(E)) −→ H0
G(�)+(N) −→ 0,(2)

and the isomorphism

H i
G(�)+

(G�(E)/g∗G�(E)) ∼= H i
G(�)+

(N)(3)
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for all i ≥ 1 which gives that a0(G�(E)/g∗G�(E)) = max{a0(G�(N)), a0(K)}.
We consider two cases:
(a): a0(G�(E)/g∗G�(E)) = a0(G�(N)). We claim that grade(G(b/(g))+, G�(N)) =
0, (if grade(G(b/(g))+, G�(N)) > 0, then H0

G(�/(g))+
(G�(N)) = 0 and so a0(K) ≤

a0(G�(E)/g∗G�(E)) = a0(G�(N)) = −∞, which gives that K = 0 and so g∗ is
a regular element for G�(E). This contradicts with the fact that grade(G(b)+, G�(E)) =
0.) Hence using the correspondence inequality for G�/(g)(N) in (i) and the iso-
morphism in (2.3) for i = 1, we deduce that

a0(G�(E)/g∗G�(E)) = a0(G�(N)) < a1(G�(N)) = a1(G�(E)/g∗G�(E)).

But it has been mentioned above that a0(G�(E)/g∗G�(E)) = a1(G�(E)) + 1.
So we have a1(G�(E)) + 1 < a1(G�(E)/g∗G�(E)). On the other hand from
Lemma 2.3 we have

a2(G�(E)) + 1 ≤ a1(G�(E)/g∗G�(E)) ≤ max{a1(G�(E)), a2(G�(E)) + 1}.
This gives that a1(G�(E)/g∗G�(E)) = a2(G�(E)) + 1 and so a1(G�(E)) <
a2(G�(E)).
(b): a0(G�(E)/g∗G�(E)) = a0(K). Since we have a0(G�(E)/g∗G�(E)) =
a1(G�(E)) + 1, in this case by the equality a0(K) = max{n ∈ Z : bnE :E
g �= bn−1E} we see that

a1(G�(E)) = a0(K) − 1 = max{n ∈ Z : bn+1E :E g �= bnE}.
Now the proof of (b) is complete.

Theorem 2.6. With the same assumption as in Proposition 2.5, suppose that
grade(G(b)+, G�(E)) = t. Then
(i) at(G�(E)) < at+1(G�(E))
(ii) Let g1, ..., gt+1 ∈ b \mb such that g∗

1, ..., g
∗
t+1 be a filter regular sequence for

G�(E). Then either at+1(G�(E)) < at+2(G�(E)) or

at+1(G�(E)) = max{n ∈ Z : (bn+t+1, g1, ..., gt)E :E gt+1 �= (bn, g1, ..., gt)E}.
Proof. We proceed by induction on t ≥ 0. The case t = 0 was settled in the
previous Proposition. So let t > 0. We have 0 :G�(E) g∗

1 ⊆ H0
G(�)+

(G�(E)) = 0.

So g∗
1 is a G�(E)-regular element in G(b)+. Therefore G�(E)/g∗

1G�(E) ∼=
G�(E/g1E) and hence, by Lemma 2.3 we deduce that at−1(G�(E/g1E)) =
at−1(G�(E)/g∗

1G�(E)) = at(G�(E))+1, (we should note that H t−1
G(�)+

(G�(E)) =

0 and so at−1(G�(E)) = −∞). By induction we have, at−1(G�(E/g1E)) <
at(G�(E/g∗

1E)). Now suppose the contrary at(G�(E)) ≥ at+1(G�(E)). Then
we can deduce that

at(G�(E/g1E)) = at(G�(E)/g∗
1G�(E)) ≤ max{at(G�(E)), at+1(G�(E)) + 1}

≤ max{at(G�(E)), at(G�(E)) + 1} = at(G�(E)) + 1 = at−1(G�(E/g1E)),
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which is a contradiction. This proves (i).
To prove part (ii), suppose that at+1(G�(E)) ≥ at+2(G�(E)). Then we conclude
that

at+1(G�(E/g1E)) = at+1(G�(E)/g∗
1G�(E))

≤ max{at+1(G�(E)), at+2(G�(E))}
≤ max{at+1(G�(E)), at+1(G�(E)) + 1}.

But we note that Lemma 2.3 together with (i) give that

at(G�(E/g1E) = at+1(G�(E)) + 1.

Therefore we must have at+1(G�(E/g1E)) ≤ at(G�(E/g1E)). Hence using the
induction hypothesis on the module G�(E/g1E) we have

at+1(G�(E)) = at(G�(E/g1E)) − 1

= max{n ∈ Z : (bn+t, g2, ..., gt)E/g1E :E/g1E gt+1 �= (bn+t−1, g2, ..., gt)E/g1E} − 1

= max{n ∈ Z : (bn+t, g1, g2, ..., gt)E :E gt+1 �= (bn+t−1, g1, g2, ..., gt)E} − 1

= max{n ∈ Z : (bn+t+1, g1, g2, ..., gt)E :E gt+1 �= (bn+t, g1, g2, ..., gt)E}.
The proof now is complete.

The following Corollary is immediate by combining part (i) of the previous
theorem with part (ii) of corollary 2.4, (cf. [6, proposition 3] and [4, Theorem
2]).

Corollary 2.7. Let (A, m) be a local ring, E be a finitely generated Cohen-
Macaulay A-module and let b be an ideal of A such that lA(A/b) < ∞. Suppose
taht grade(G(b)+, G�(E)) ≥ d − 1. Let a be a minimal reduction of b relative
to E. Then

r�(b, E) = n(b, E) + d = ad(G�(E)) + d.
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