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Abstract

In this paper we study a non-local one dimensional heat equation
of the following type: ∂u

∂t − ∂2u
∂x2 = f(x, t), x ∈ (0, 1), t > 0, with

an initial condition and a non-local boundary condition. We will ap-
ply the ADM to solve the above problem. This method provide us a
straightforward, accurate and quite efficient technique in comparison
with the other usual classical methods. The results are also verified on
two examples discussed at the end of the study.
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1 Introduction

Consider the following non-local one dimensional heat equation arising in the
quasi-static theory of thermo-elasticity ([2],[3]) and given as

∂u

∂t
− ∂2u

∂x2
= f(x, t), for x ∈ (0, 1), and t > 0, (1)

subject to the initial condition

u(x, 0) = ψ(x) for x ∈ [0, 1], (2)

and the non-local boundary conditions

u(0, t) =
∫ 1

0
p(x)u(x, t)dx+ r(t), (3)

u(1, t) =
∫ 1

0
q(x)u(x, t)dx+ v(t). (4)
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Where x and t are the spatial and the temporal coordinates respectively. Our
aim is to find out the aim is to find out the solution u(x, y) provided the
functions f, ψ, p, q, r and v are suitably prescribed. Many authors as Sun [7],
Ekolin[4], Liu [6] and Ang [1] , Javidi [5] have considered the problem with
the traditional techniques. We propose a new technique for solving the given
problem with the non-local boundary conditions based on Adomian’s series
solution method instead of the classical finite-difference approximation method
or the perturbation method. This new technique provides us an accurate and
efficient method to find a solution in a series form.

2 Adomian Decomposition Method

Let us consider the non-local problem (1) in the operator form as:

Lt(u) − Lxx(u) = f(x, t), (5)

where Lt(·) = ∂
∂t

(·) , Lxx(·) = ∂2

∂x2 (·). We assume that the inverse operator
L−1

t exists and it is defined as

L−1
t (·) =

∫ t

0
(·)dt. (6)

Thus applying the inverse operator on both the sides of (5) and using the
initial condition we have:

L−1
t (u) = L−1

t Lxxu+ L−1
t (f(x, t)),

or

u(x, t) = ψ(x) + L−1
t Lxxu+ L−1

t (f(x, t)).

Now we decompose the unknown functions u(x, t) by a sum of components
defined by the following series with u0 identified as u(x, 0) :

u(x, t) =
∞∑

k=0

uk(x, t). (7)

We obtain these components uk(x, t) by the recursive formula:

∞∑
k=0

uk(x, t) = ψ(x) + L−1
t Lxx(

∞∑
k=0

uk(x, t)) + L−1
t (f(x, t)).

or

u0(x, t) = ψ(x) + L−1
t (f(x, t)), (8)

uk+1(x, t) = L−1
t (Lxxuk(x, t)), k ≥ 1. (9)
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3 Numerical examples

In this section, we apply the Adomian method in following example.

Example 1: In this example, we consider (1) with

f(x, t) = x(x− 1)e−t, ψ(x) = x(x− 1) − 2,

p(x) =
12

13
, q(x) =

12

13
, r(t) = 0, v(t) = 0. (10)

We can re-write the given problem in an operator form as

Lt(u(x, t)) = Lxx(u(x, t)) + f(x, t), (11)

where Lt(·) =
∂

∂t
(·), Lxx(·) =

∂2

∂x2
(·), L−1

t (·) =
∫ t

0
(·)dt.

Applying the inverse operator L−1
t , on both the sides of (11), we get

u(x, t) = u(x, 0) + L−1
t (Lxx(u(x, t))) + L−1

t (f(x, t)). (12)

Now the recursive formula is

u0(x, t) = ψ(x) + L−1
t (f(x, t)),

or

u0(x, t) = x(x− 1) − 2 + L−1
t (x(x− 1)e−t), and

uk+1(x, t) = L−1
t (Lxx(uk(x, t))), k ≥ 0.

Which gives

u0(x, t) = x(x− 1)e−t − 2, (13)

u1(x, t) = −2e−t + 2, (14)

uk(x, t) = 0, k ≥ 2. (15)

The solution in the series form is given by

u(x, t) =
∞∑

n=0

uk(x, t),

u(x, t) = u0(x, t) + u1(x, t) + uk(x, t), k ≥ 2,

Which gives the solution of (1) with (10) as :

u(x, t) = (x(x− 1) − 2)e−t.
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Example 2: In this example, we consider (1) with

f(x, t) =
−2(x2 + t+ 1)

(t+ 1)3
,

ψ(x) = x2, p(x) = x, q(x) = x

r(t) =
−1

4(t+ 1)2
, v(t) =

3

(t + 1)2
. (16)

We can re-write the given problem in an operator form We can re-write the
given problem in an operator form as

Lt(u(x, t)) = Lxx(u(x, t)) + f(x, t), (17)

where Lt(·) =
∂

∂t
(·), Lxx =

∂2

∂x2
(·), L−1

t (·) =
∫ t

0
(·)dt.

Applying the inverse operator L−1
t on both the sides of (17), we have

u(x, t) = u(x, 0) + L−1
t (Lxx(u(x, t))) + L−1

t (f(x, t)). (18)

Now the recursive formula is

u0(x, t) = ψ(x) + L−1
t (f(x, t)),

or

u0(x, t) = x2 + L−1
t

(−2(x2 + t+ 1)

(t+ 1)3

)
, and

uk+1(x, t) = L−1
t (Lxxuk(x, t)), k ≥ 0.

Using the recursive relation we compute the components as follows:

u0(x, t) = x2(t + 1)−2 + 2(t+ 1)−1 − 2, (19)

u1(x, t) = −2(t+ 1)−1, (20)

uk(x, t) = 0, k ≥ 2. (21)

The solution in the series form is given by

u(x, t) =
∞∑

n=0

uk(x, t),

or
u(x, t) = u0(x, t) + u1(x, t) + uk(x, t), k ≥ 2.

Hence the solution of (1) with (16) is given as:

u(x, t) =
(

x

t+ 1

)2

.
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Conclusion: The study of the above two problem reveals that the com-
putation of the solution and its components are easy and take less time in
comparison with other classical methods.
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