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Abstract

Quite a few problems in production planning and scheduling, location,
transportation, finance, and engineering design require that decisions be
made under uncertainty. In this paper, we focus on Fuzzy nonlinear opti-
mization problems in the Linear Fuzzy Real (LFR) numbers. The problems
will consist of fuzzy constraints and objective functions, crisp constraints
with a fuzzy objective function, or fuzzy constraints with a crisp objec-
tive function. In this paper, we propose LFR Newton’s method for solving
nonlinear systems and use it to solve optimization problems.
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1 Introduction

Decision making problems such as the idea to maximize gains and minimize loss
have been the cornerstone of optimization. Quite a few problems in production
planning and scheduling, location, transportation, finance, and engineering design
require that decisions be made under uncertainty. Fuzzy decision making was
initially introduced by Bellman and Zadeh [1]. This concept was then adopted
to mathematical programming [12], uncertain programming [10, 13], fuzzy posets
[5], linear programming [2, 7, 9, 11, 13] and many others. Linear Fuzzy Real
(LFR) numbers [6] are a system of numbers that has properties akin to a set of
real numbers and a set of fuzzy numbers. LFR numbers are used in the study
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of fuzzy random variables [4, 8] and in the linear optimization problem [9]. The
set of LFR numbers is a set that shows intermediate properties which are unique
to the set and not to those of either the real numbers or the “general” fuzzy
numbers. Because of the unique properties of LFR numbers, we can solve fuzzy
nonlinear optimization problems.

The paper is outlined as follows. Linear Fuzzy Real numbers are reviewed in
Section 2. In Section 3, we look at nonlinear equations in LFR. In Section 4, we
illustrate LFR Newton’s method to solve systems of nonlinear equations in LFR.
In Section 5, we discuss unconstrained and constrained optimizations in LFR.
Finally, conclusions are made in Section 6.

2 Linear Fuzzy Real Numbers

In this section, we describe the linear fuzzy real numbers [6, 9] which are based
on this paper. Considering the set of all real numbers R, one way to associate a
fuzzy number with a fuzzy subset of real numbers is as a function μ : R → [0, 1],
where the value μ(x) is to represent a degree of belonging to the subset of R.

Definition 2.1. (Linear fuzzy real number) Let μ : R → [0, 1] be a function
such that:

1. μ(x) = 1 if x = b;

2. μ(x) = 0 if x ≤ a or x ≥ c;

3. μ(x) = (x − a)/(b − a) if a < x < b;

4. μ(x) = (c − x)/(c − b) if b < x < c.

Then μ(a, b, c) is called a linear fuzzy real number with associated triple of real
numbers (a, b, c) where a ≤ b ≤ c shown in Fig. 1.

x

μ(x)

0            a          b                c

1

Fig. 1. Linear fuzzy real number μ(a, b, c)
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We let LFR be the set of all linear fuzzy real numbers. We note that any real
number b can be written as a linear fuzzy real number, r(b), where r(b) = μ(b, b, b)
and so R ⊆ LFR. As a linear fuzzy real number, we consider r(b) to represent the
real number b itself. Operations, functions, and linear equations are also defined
in LFR as follows.

Definition 2.2. (Operations in LFR) For given two linear fuzzy real numbers
μ1 = μ(a1, b1, c1) and μ2 = μ(a2, b2, c2), we define addition, subtraction, multipli-
cation, and division by

1. μ1 + μ2 = μ(a1 + a2, b1 + b2, c1 + c2);

2. μ1 − μ2 = μ(a1 − c2, b1 − b2, c1 − a2);

3. μ1 · μ2 = μ(min{a1a2, a1c2, a2c1, c1c2}, b1b2, max{a1a2, a1c2, a2c1, c1c2}).;
4. μ1

μ2
= μ1· 1

μ2
where 1

μ2
= μ(min{ 1

a2
, 1

b2
, 1

c2
}, median{ 1

a2
, 1

b2
, 1

c2
}, max{ 1

a2
, 1

b2
, 1

c2
}).

Definition 2.3. (Function in LFR) Given real-valued function f : R → R
and an LFR μ(a, b, c), the LFR-valued function f̄ : LFR → LFR is defined as

f̄(μ(a, b, c)) = μ(ā, b̄, c̄),

where ā = min{f(a), f(b), f(c)}, b̄ =median{f (a), f(b), f(c)}, c̄ = max{f(a), f(b), f(c)}.
We note that if a = b = c then ā = b̄ = c̄, i.e., f̄(r(b)) = r(f(b)). Hence f̄ is an
extension of the function f .

Definition 2.4. (Linear equation in LFR) A linear equation over LFR is an
equation of the form

μ1 · μx + μ2 = μ3,

where the μi are LFR’s for i = 1, 2, 3 and μx = μ(α, β, γ) is an unknown LFR
with a triple of unknown real numbers (α, β, γ).

3 Nonlinear equations in LFR

Nonlinear equations can be found in many applications, all the way from light
diffraction to planetary orbits for example. In this section, we discuss how to solve
nonlinear equations in LFR so that we may locate the maximum or minimum
of nonlinear functions eventually. For now we discuss locating fuzzy zeros of
nonlinear functions. Thus we will find a μx in LFR such that a nonlinear equation
f̄(μx) = 0, where f̄ : LFR → LFR is a nonlinear function.
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3.1 LFR Newton’s method for solving nonlinear equations

Solving nonlinear equations over linear fuzzy real numbers of the form f̄(μx) = 0
is possible with a modification of Newton’s method over real numbers. Modified
Newton’s method begins with an initial approximation LFR, μ

(0)
x = μ(a(0), b(0), c(0)),

and generates the sequence {μ(n)
x }∞n=0 with μ

(n)
x = μ(a(n), b(n), c(n)) by

μ(n)
x = μ(n−1)

x − f̄(r(b(n−1)))

f̄ ′(r(b(n−1)))
, for n ≥ 1. (1)

The stopping criterion of this method is |r(b(n)) − r(b(n−1))| < ε, where ε is a
preset small value, 10−3.

Example 3.1. Solve an LFR nonlinear equation μ2
x − 3 = 0.

If we set f̄(μx) = μ2
x − 3, then f̄ ′(μx) = 2μx. If we use an initial approximation

μ
(0)
x = μ(1, 2, 3), then Equation (1) generates the solution sequence {μ(n)

x } in Table
1.

Table 1. Iterations in Example 3.1

n μ
(n)
x

0 μ
(0)
x = μ(1, 2, 3)

1 μ
(1)
x = μ(0.75, 1.75, 2.75)

2 μ
(2)
x = μ(0.73214, 1.73214, 2.73214)

3 μ
(3)
x = μ(0.73205, 1.73205, 2.73205)

4 System of nonlinear equations in LFR

In this section, we discuss solving system of nonlinear equations in LFR. To
solve a system of nonlinear equations, we use the same plan that was used for a
single nonlinear equation. To illustrate, suppose we solve the following system of
two LFR nonlinear equations:

{
f1(μx1, μx2) = 0
f2(μx1, μx2) = 0

(2)

Here we modify Newton’s method in real numbers for solving nonlinear system
of equations to LFR.
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4.1 LFR Newton’s method for solving systems

Let the vector function F and the Jacobian matrix J be the followings:

F (μx1, μx2) =

[
f1(μx1, μx2)
f2(μx1, μx2)

]

and

J =

[
∂f1

∂μx1

∂f1

∂μx2
∂f2

∂μx1

∂f2

∂μx2

]

Then LFR Newton’s method generates the solution sequences {μ(n)
x1 }∞n=0 and

{μ(n)
x2 }∞n=0 such as:

[
μ

(n)
x1

μ
(n)
x2

]
=

[
μ

(n−1)
x1

μ
(n−1)
x2

]
−

(
J

(
μ

(n−1)
x1 , μ

(n−1)
x2

))−1

· F
(
μ

(n−1)
x1 , μ

(n−1)
x2

)
(3)

where μ
(n)
x1 = μ

(
a

(n)
x1 , b

(n)
x1 , c

(n)
x1

)
and μ

(n)
x2 = μ

(
a

(n)
x2 , b

(n)
x2 , c

(n)
x2

)
. The stopping crite-

rion of this method is min{|r(b(n)
x1 ) − r(b

(n−1)
x1 )|, |r(b(n)

x2 ) − r(b
(n−1)
x2 )|} < ε, where ε

is a preset small value, 10−3.

Example 4.1. Solve an LFR system of nonlinear equations:

⎧⎨
⎩

μx1 + μx2 + μx3 = 6
μ2

x1 + μx2 = 5
μ2

x2 + μx3 = 4

We easily find F and J as

F (μx1, μx2, μx3) =

⎡
⎣ μx1 + μx2 + μx3 − 6

μ2
x1 + μx2 − 5

μ2
x2 + μx3 − 4

⎤
⎦ and J =

⎡
⎣ 1 1 1

2μx1 1 0
0 2μx2 1

⎤
⎦

If we use initial approximations μ
(0)
x1 = μ(0, 1, 2), μ

(0)
x2 = μ(1, 2, 3), and μ

(0)
x3 =

μ(2, 3, 4), then LFR Newton’s method (3) generates solution sequences {μ(n)
x1 },

{μ(n)
x2 }, and {μ(n)

x3 } in Table 2.

Table 2. Iterations in Example 4.1
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n μ
(n)
xi n μ

(n)
xi

μ
(0)
x1 = μ(0, 1, 2) μ

(3)
x1 = μ(0.99837, 1.99837, 2.99837)

0 μ
(0)
x2 = μ(1, 2, 3) 3 μ

(3)
x2 = μ(0.00653, 1.00653, 2.00653)

μ
(0)
x3 = μ(2, 3, 4) μ

(3)
x3 = μ(1.99511, 2.99511, 3.99511)

μ
(1)
x1 = μ(1.28571, 2.28571, 3.28571) μ

(4)
x1 = μ(0.99999, 1.99999, 2.99999)

1 μ
(1)
x2 = μ(0.42857, 1.42857, 2.42857) 4 μ

(4)
x2 = μ(0.00003, 1.00003, 2.00003)

μ
(1)
x3 = μ(1.28571, 2.28571, 3.28571) μ

(4)
x3 = μ(1.99997, 2.99997, 3.99997)

μ
(2)
x1 = μ(0.99662, 1.99662, 2.99662) μ

(5)
x1 = μ(1, 2, 3)

2 μ
(2)
x2 = μ(0.09708, 1.09708, 2.09708) 5 μ

(5)
x2 = μ(0, 1, 2)

μ
(2)
x3 = μ(1.90630, 2.90630, 3.90630) μ

(5)
x3 = μ(2, 3, 4)

5 Optimization

In this section, we discuss optimization problems with and without constraints.
Unconstrained optimization problems occur in many situations, such as produc-
tion, control, selection, and function approximation but most frequently when the
problem formulation is simple. More complex formulations often involve explicit
constraints.

5.1 Unconstrained optimization

Consider the unconstrained optimization problem of the form

Minimize f̄(μx)

where f̄ is an LFR-valued function. In order for the maximum or minimum value
to exist certain conditions must be met, which is ∇f̄(μx) = 0. This condition
produces a system of equations in LFR. We use LFR Newton’s method to solve
such system.

Example 5.1. Minimize f̄(μx1, μx2) = μx1
2 + μx2

2 − 4μx1 · μx2 + 6μx2 + 3.
The required condition ∇f̄(μx1, μx2) = 0 yields a system{

2μx1 − 4μx2 = 0
−4μx1 + 2μx2 + 6 = 0

If we use initial approximations μ
(0)
x1 = μ(0, 1, 2) and μ

(0)
x2 = μ(1, 2, 3), then LFR

Newton’s method (3) generates the solution sequences {μ(n)
x1 } and {μ(n)

x2 } in Table
3. The minimum value of the function f̄(μx1, μx2) at the iteration n = 2 is
μ(−20, 6, 28).
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Table 3. Iterations in Example 5.1

n μ
(n)
xi

0 μ
(0)
x1 = μ(0, 1, 2)

μ
(0)
x2 = μ(1, 2, 3)

1 μ
(1)
x1 = μ(1, 2, 3)

μ
(1)
x2 = μ(0, 1, 2)

2 μ
(2)
x1 = μ(1, 2, 3)

μ
(2)
x2 = μ(0, 1, 2)

5.2 Constrained optimization

We now discuss solving constrained optimization problems. In this paper, we use
the method of Lagrange multiplier.

5.2.1 Equality constrained optimization

Consider the equality constrained optimization problem of the form

Minimize f̄(μx)
subject to ḡ(μx) = 0

The method of Lagrange multiplier produces a system{ ∇f̄(μx) + λ∇ḡ(μx) = 0
ḡ(μx) = 0

(4)

which is solved by LFR Newton’s method. The next example is an equality
constrained optimization problem.

Example 5.2.

Minimize f̄(μx1, μx2) = 2μx1
2 + μx2

2

subject to μ2
x1 + μ2

x2 = 1.

It is not difficult to find that Equation (4) produces F and J as

F (μx1, μx2, λ) =

⎡
⎣ 4μx1 + 2λμx1

2μx2 + 2λμx2

μ2
x1 + μ2

x2 − 1

⎤
⎦ and J =

⎡
⎣ 4 + 2λ 0 2μx1

0 2 + 2λ 2μx2

2μx1 2μx2 0

⎤
⎦

If we use initial approximations μ
(0)
x1 = μ(0, 0.5, 1), μ

(0)
x2 = μ(1, 1.5, 2), and λ(0) =

μ(1.5, 2, 2.5), then LFR Newton’s method (3) generates the sequences {μ(n)
x1 },

{μ(n)
x2 }, and {λ(n)} in Table 4. The minimum value of the function f̄(μx1, μx2) at

the iteration n = 5 is μ(−0.25, 1, 2.75).
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Table 4. Iterations in Example 5.2

n μ
(n)
xi n μ

(n)
xi

μ
(0)
x1 = μ(0, 0.5, 1) μ

(3)
x1 = μ(−0.494, 0.006, 0.596)

0 μ
(0)
x2 = μ(1, 1.5, 2) 3 μ

(3)
x2 = μ(0.506, 1.006, 1.506)

λ(0) = μ(1.5, 2, 2.5) λ(3) = μ(−1.5,−1,−0.5)

μ
(1)
x1 = μ(−0.231, 0.269, 0.769) μ

(4)
x1 = μ(−0.5, 0, 0.5)

1 μ
(1)
x2 = μ(0.577, 1.077, 1.577) 4 μ

(4)
x2 = μ(0.5, 1, 1.5)

λ(1) = μ(−0.654,−0.154, 0.346) λ(4) = μ(−1.5,−1,−0.5)

μ
(2)
x1 = μ(−0.385, 0.115, 0.615) μ

(5)
x1 = μ(−0.5, 0, 0.5)

2 μ
(2)
x2 = μ(0.508, 1.008, 1.508) 5 μ

(5)
x2 = μ(0.5, 1, 1.5)

λ(2) = μ(−1.445,−0.945,−0.445) λ(5) = μ(−1.5,−1,−0.5)

5.2.2 Inequality constrained optimization

Consider the inequality constrained optimization problem of the form

Minimize f̄(μx)
subject to h̄(μx) ≤ 0

The method of Lagrange multiplier produces{ ∇f̄(μx) + λ∇h̄(μx) = 0
λh̄(μx) = 0

(5)

which is solved by LFR Newton’s method. The next example is an inequality
constrained optimization problem.

Example 5.3.

Minimize f̄(μx1, μx2) = μx1 · μx2

subject to μx1
2 + μx2

2 ≤ 100.

It is not difficult to find that Equation (5) produces F and J as

F (μx1, μx2, λ) =

⎡
⎣ μx2 + 2λμx1

μx1 + 2λμx2

λ(μx1
2 + μx2

2 − 100)

⎤
⎦

and

J =

⎡
⎣ 2λ 1 2μx1

1 2λ 2μx2

2λμx1 2λμx2 μx1
2 + μx2

2 − 100

⎤
⎦
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If we use initial approximations μ
(0)
x1 = μ(0, 1, 2), μ

(0)
x2 = μ(−10,−9,−8), and

λ(0) = μ(1, 2, 3), then LFR Newton’s method (3) generates the sequences {μ(n)
x1 },

{μ(n)
x2 }, and {λ(n)} in Table 5. The minimum value of the function f̄(μx1, μx2) at

the iteration n = 7 is μ(−65.14217,−50.00003,−36.85789).

Table 5. Iterations in Example 5.3

n μ
(n)
xi n μ

(n)
xi

μ
(0)
x1 = μ(0, 1, 2) μ

(4)
x1 = μ(6.240, 7.240, 8.240)

0 μ
(0)
x2 = μ(−10,−9,−8) 4 μ

(4)
x2 = μ(−8.224,−7.224,−6.224)

λ(0) = μ(1, 2, 3) λ(4) = μ(−0.496, 0.504, 1.504)

μ
(1)
x1 = μ(2.115, 3.115, 4.115) μ

(5)
x1 = μ(6.074, 7.074, 8.074)

1 μ
(1)
x2 = μ(−9.866,−8.866,−7.866) 5 μ

(5)
x2 = μ(−8.074,−7.074,−6.074)

λ(1) = μ(−0.797, 0.203, 1.203) λ(5) = μ(−0.5, 0.5, 1.5)

μ
(2)
x1 = μ(11.070, 12.070, 13.070) μ

(6)
x1 = μ(6.071, 7.071, 8.071)

2 μ
(2)
x2 = μ(−8.996,−7.996,−6.996) 6 μ

(6)
x2 = μ(−8.071,−7.071,−6.071)

λ(2) = μ(−0.299, 0.701, 1.701) λ(6) = μ(−0.5, 0.5, 1.5)

μ
(3)
x1 = μ(7.587, 8.587, 9.587) μ

(7)
x1 = μ(6.071, 7.071, 8.071)

3 μ
(3)
x2 = μ(−9.024,−8.024,−7.024) 7 μ

(7)
x2 = μ(−8.071,−7.071,−6.071)

λ(3) = μ(−0.465, 0.535, 1.535) λ(7) = μ(−0.5, 0.5, 1.5)

6 Conclusion

In this world, we often do not know the consequence of each possible decision
with precision, sometimes we can only know this case with uncertainty. Different
kinds of uncertain environments require different kinds of uncertain programming
[3]. In some cases the LFR approach may be a good approach. The simplest case
for example would be tolerance, where all possible values within the interval are
equally likely. LFR presents an advantage where it may represent an interval,
a crisp point, or a fuzzy number that can be written discretely or continuously.
This is an advantage in the case of certain problems where it is already known
that “crisp optima” in the purest sense do not exist, but projecting to the middle
μ(a, b, c) → μ(b, b, b) = b produces a “crisp good choice” for an optimum. In this
paper, we used LFR to solve fuzzy nonlinear optimization problems. As we can
see in this paper, LFR is well applied to the fuzzy nonlinear optimization, in which
optimum μ(a, b, c) may present an interval [a, c] or a crisp point b = μ(b, b, b).
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