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Abstract

In this paper the 2 point 2 step method for solving fuzzy initial
value problem is proposed. This method at each step will estimate the
solutions of the fuzzy initial value problem at two points simultaneously
using variable step size. The stability of the proposed method is dis-
cussed. Examples are presented to illustrate the computational aspect
of the method.
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1 Introduction

The topic of fuzzy differential equations (FDEs) have been rapidly growing
in recent years. Fuzzy differential equations are used in modelling problems in
engineering and sciences. Namely in study of population models [10], quantum
optic, gravity [16], medicine [2, 4]. After introducing sufficient conditions for
the existence of unique solutions of these equations, numerical methods for
approximating these solutions were developed [1, 12, 13]. Allahviranloo et
al. [3] introduced the predictor-corrector method for solving FDEs based on
Adams method. Bede in [7] has shown that, it is possible to translate a FDE
into system of ODEs. This idea is considered to develop the block method for
solving fuzzy initial value problems.
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2 Preliminaries

Definition 2.1 . A fuzzy number u is a fuzzy subset of the real line with a
normal, convex and upper semi continuous membership function of bounded
support. The class of fuzzy numbers will be denoted by E.
A fuzzy number u is completely determined by any pair u = (u(α), u(α)),
0 ≤ α ≤ 1, which satisfy the three conditions:

1. u(α) is a bounded left continuous monotonic increasing function ∀ ∈ (0, 1].
2. u(α) is a bounded left continuous monotonic decreasing function ∀ ∈ (0, 1].
3. u(α) ≤ u(α), 0 ≤ α ≤ 1.

Then the α-level set

[v]α = {s| v(s) ≥ α}, 0 ≤ α ≤ 1

is closed bounded interval, denoted by

[v]α = [v1(α), v2(α)].

A triangular fuzzy number N is defined by an ordered triple (xl, xc, xr) ∈ <3

with xl ≤ xc ≤ xl where the graph of N(s) is a triangular with base on the
interval [xl, xr] and vertex s = xc. An α-level of N is always a closed, bounded
interval. If N = (xl, xc, xr), then

[N ]α = [xc − (1− α)(xc − xl), xc + (1− α)(xr − xc)]

for any 0 ≤ α ≤ 1.
Definition 2.2 . Let I be a real interval. A mapping y : I → E is called a
fuzzy process. We denote its α-level set by:

[y(t)]α = [yα
1 (t), yα

2 (t)] t ∈ I, α ∈ (0, 1]

The Seikkala derivative y′(t) of a fuzzy process y is defined by

[y′(t)]α = [(yα
1 )′(t), (yα

2 )′(t)] α ∈ (0, 1]

Definition 2.3 . The fuzzy integral

∫ b

a

y(t)dt, 0 ≤ a ≤ b ≤ 1

is defined by [∫ b

a

y(t)dt

]α

=

[∫ b

a

yα
1 (t)dt,

∫ b

a

yα
2 (t)dt

]
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Definition 2.4 . Let x, y ∈ E. If there exist z ∈ E such that x = y + z, then
z is called the Hukuhara difference of x and y and it is denoted by xª y.

Following the idea of Bede and Gal in [5, 6], the authors in [9] define the fuzzy
lateral H-derivative for a fuzzy mapping F : I → E as following definition:

Definition 2.5. Let F : T → E and and t0 ∈ T ⊆ <. F is differentiable
at t0, if

1) there exist an element F ′(t0) ∈ E, such that for all h > 0 sufficiently small,
there are F (t0 + h)ª F (t0), F (t0)ª F (t0 − h) and the limits (in D-metric)

lim
h→0+

F (t0 + h)ª F (t0)

h
= lim

h→0+

F (t0)ª F (t0 − h)

h
= F ′(t0) (1)

or
2) there exist an element F ′(t0) ∈ E, such that for all h < 0 sufficiently small,
there are F (t0 + h)ª F (t0), F (t0)ª F (t0 − h) and the limits

lim
h→0−

F (t0 + h)ª F (t0)

h
= lim

h→0−

F (t0)ª F (t0 − h)

h
= F ′(t0) (2)

Where the relation (1) is the classical definition of the fuzzy H-derivative (or
differentiability in the sense of Hukuhara).

Theorem 1 [9]. Let F : I → E be a function and denote [F (t)]α = [fα(t), gα(t)],
for each α ∈ [0, 1]. Then
(i) If F is differentiable in the first form (1), then fα and gα are differentiable
functions and

[F ′(t)]α = [f ′α(t), g′α(t)] (3)

(ii) If F is differentiable in the second form (2), then fα and gα are differentiable
functions and

[F ′(t)]α = [g′α(t), f ′α(t)] (4)

3 Solving fuzzy differential equations

3.1 Reducing a FDE to ODEs

Let us consider the fuzzy initial value problem(FIVP)

y′(t) = F (t, y(t)) y(a) = y0, a ≤ t ≤ b (5)

where F : [a, b] × E → E is a continuous fuzzy mapping and y0 is a fuzzy
interval. The solution of the fuzzy differential equation (5) is depend on the
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choice of the derivative (in the first form or in the second form). Following
Kevla [11], in recent papers [7, 9], the authors propose a method for reducing
a FDE to a system of ODEs using relations (3) and (4) in theorem 1. Let us
recall the proposed method. If we denote

[y(t)]α = [yα
1 (t), yα

2 (t)], [y0]
α = [yα

0,1, y
α
0,2]

and
[F (t, y(t))]α = [Fα

1 (t, yα
1 (t), yα

2 (t)), F α
2 (t, yα

1 (t), yα
2 (t))]

We have the following results(see [9])
Case I. If we consider y′(t) in the first form (1), then we have to solve the
following system of ODEs

d

dt
(yα

1 (t)) = Fα
1 (t, yα

1 (t), yα
2 (t)) yα

1 (a) = yα
0,1

d

dt
(yα

2 (t)) = Fα
2 (t, yα

1 (t), yα
2 (t)) yα

2 (a) = yα
0,2 (6)

Case II. If we consider y′(t) in the second form (2), then we have to solve the
following system of ODEs

d

dt
(yα

1 (t)) = Fα
2 (t, yα

1 (t), yα
2 (t)) yα

1 (a) = yα
0,1

d

dt
(yα

2 (t)) = Fα
1 (t, yα

1 (t), yα
2 (t)) yα

2 (a) = yα
0,2 (7)

In both case, we should ensure that the solution [yα
1 (t), yα

2 (t)] are valid level
sets of a fuzzy number valued function and [ d

dt
(yα

1 (t)), d
dt

(yα
2 (t))] are valid level

sets of a fuzzy valued function.

3.2 Block methods

Block methods are one of the numerical methods introduced by several re-
searcher such as [8, 14, 15] for solving ordinary differential equations . The
advantage of block method is that, at each application of a block method,
the solution will be approximated in more than one point. The number of
points are depend on the structure of the block method. Zanariah et al. in
[14] have used Gauss Seidel approach for implementation of 3-point block one
step method. The same approach will be considered for the 2-point implicit
block multistep method i.e the closest point in the interval will be considered
for obtaining the corrector and predictor formula. In this article, we develop
a 2-point 2-step method for solving fuzzy initial value problem. The method
will approximate the solution of translated fuzzy initial value problem at two
points concurrently.
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In Figure 1, the solution of yn+1 and yn+2 at the points tn+1 and tn+2 respec-
tively with step size h, will be approximated simultaneously using three back
values at the points tn, tn−1 and tn−2 of the previous two step with step size
rh. The method is based on predictor-corrector scheme PE(CE)m of Adams
type methods with variable step size.

hhrhrhqh

tntn−3 tn−2 tn−1 tn+1 tn+2

Figure 1: 2-point 2-step method

The formula of the proposed method are derived using Lagrange interpola-
tion polynomial. The involved interpolation points for obtaining the corrector
formula to approximate the solutions for the first and second point i.e. tn+1

and tn+2 are {(tn−2, Fn−2), . . . , (tn+2, Fn+2)}. The interval of integration for
the first and second point are [tn, tn+1], [tn+1, tn+2] respectively. by integrating
the translated fuzzy initial value problem (5) over the corresponding interval,
using MATHEMATICA, we may obtain the corrector formula for first and
second point respectively as follows

The 1st point,

yn+1 = yn + h

[
− 3 + 15r + 20r2

240(1 + r)(2 + r)
Fn+2 +

18 + 75r + 80r2

60(1 + r)(1 + 2r)
Fn+1

+
7 + 45r + 100r2

240r2
Fn − 7 + 30r

60r2(1 + r)(2 + r)
Fn−1 +

7 + 15r

240r2(1 + r)(1 + 2r)
Fn−2

]
.

The 2nd point,

yn+2 = yn+1 + h

[
147 + 255r + 100r2

240(1 + r)(2 + r)
Fn+2 +

78 + 165r + 80r2

60(1 + r)(1 + 2r)
Fn+1

− 23 + 45r + 20r2

240r2
Fn +

23 + 30r

60r2(1 + r)(2 + r)
Fn−1 − 23 + 15r

240r2(1 + r)(1 + 2r)
Fn−2

]
.

The predictor formula are derived similarly and its order is one less than the
order of corrector formula. The involved interpolation points are {(tn−3, Fn−3),
. . . , (tn, Fn)}, so the predictor formula for first and second point in terms of r
and q are respectively,

The 1st point,

yn+1 = yn + h

[
− (1 + 2r)2

4q(q + r)(q + 2r)
Fn−3 +

3 + 4q + 12r + 6qr + 12r2

24qr2
Fn−2

− 3 + 4q + 16r + 12qr + 24r2

12r2(q + r)
Fn−1 +

3 + 4q + 20r + 18qr + 48r2 + 24qr + 48r3

24r2(q + 2r)
Fn

]
.
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The 2nd point,

yn+2 = yn+1 + h

[
− (3 + 2r)(5 + 6r)

4q(q + r)(q + 2r)
Fn−3 +

45 + 28q + 84r + 18qr + 36r2

24qr2
Fn−2

− 45 + 28q + 112r + 36qr + 72r2

12r2(q + r)
Fn−1

+
45 + 28q + 140r + 54qr + 144r2 + 24qr2 + 48r3

24r2(q + 2r)
Fn

]
.

During the implementation of the method, the choice for next step size will be
limited to half, double or the same as the current step size. If the approximated
solution at step k, has desired accuracy, i.e. it is acceptable, therefore the
choice for next step will be double or the same as current step size which may
be specified by step size controller. Otherwise the step size controller will allow
the step size to become half, this case can be refer as failure step size.
In our code an estimation of local truncation error is obtained by comparing the
derived corrector formula of order p for second point, and the same corrector
formula for that point of order p− 1. The first predicted step size for hn+1 is
given by,

hn+1 = τ × hn ×
(

TOL

LTE

) 1
p

where τ is a safety factor. In the developed code, when the next step size is
double, the ratio r is 0.5 and q can be 0.5 or 0.25, but if the next step size
remain constant, r is 1 And q can be 1, 2 or 0.5. In case of step size failure, r
is 2, and q is 2. In order to reduce the cost of time, all the coefficients of the
formula are stored in the developed code. The Euler method is used just for
the first step to approximate the solution of some necessary initial points for
starting the code. In the remainder of the steps, 2-point 2-step method will be
implemented to approximate the solutions of the problem. At the end of each
step, a test for checking the end of interval is made.

4 Absolute Stability

The absolute stability of the method is discussed using a linear first order test
problem

y′ = f = λy (8)

The stability region is plotted when the step size ratio is constant, doubled
and halved for the method. The test equation (8) is substituted into the
corrector formula of the method. Setting the determinant of the corrector
formula written in matrix form to zero will give the stability polynomial. The
stability regions are plotted in Figure 2.
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r = 2

r = 1

r = 0.5

Figure 2: Stability region for the method at r=2, 1 and 0.5

The stability region is inside the boundary of the dotted points. In Figure
2, the stability region is larger when the step size is half (r = 2) compare to
the step size being double (r = 0.5) or constant (r = 1). We expected that
the region should get larger with smaller step sizes.

5 Numerical Results

In order to show the efficiency of the proposed method, we apply the method for
three given problems, we compare our computed solutions with exact solutions.
The following notation are used in the tables:

TOL Tolerance
TS Total Successful Steps
FS Total Failure Steps
MAXE Absolute value of the maximum error of the computed solutions
FN Total Function Calls

The error calculated are defined as

(eα
i )s =

∣∣∣∣
(yα

i )s − (yα(ti)s)

A + B(yα(ti))s

∣∣∣∣

Where (yα)s, is the s-th component of the approximate yα. A = 1, B = 0
corresponds to the absolute error test, A = 0, B = 1 corresponds to the
relative error test and finally A = 1, B = 1 corresponds to the mixed error
test. The mixed error test is used for all the above problems. The maximum
error are defined as follows:

MAXE = max
1≤i≤TS

( max
1≤i≤N

(eα
i )s)
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In the code, we iterate the corrector to convergence using the convergence
criteria: ∣∣(yα

n+2)
r+1 − (yα

n+2)
r
∣∣ < 0.1× TOL

and r is the number of iteration. The numerical results are tabulated in Tables
1-3.

Problem 5.1. Consider the fuzzy initial value problem [12]

ỹ′ = −ỹ(t) + t + 1

ỹ(0) = (0.96 + 0.04α, 1.01− 0.01α)

The Exact solution at t = 0.1 is given by

Y (0.1, α) = [0.1 + (0.985 + 0.015α)e−0.1 − (1− α)0.025e0.1,

0.1 + (0.985 + 0.015α)e−0.1 + (1− α)0.025e0.1] α ∈ [0, 1]

Solution: According to section (3), after reducing the problem, we have the
following system of ODEs:

d

dt
(yα

1 (t)) = −yα
2 (t) + t + 1, yα

1 (0) = 0.96 + 0.04α

d

dt
(yα

2 (t)) = −yα
1 (t) + t + 1, yα

2 (a) = 1.01− 0.01α
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Table 1: Computational results for solving problem 5.1, τ=0.8
α/ TOL 10−2 10−6 10−10

0.0 TS 7 14 21
FS 0 0 0

MAXE 2.80× 10−7 1.30× 10−11 3.43× 10−13

FN 41 91 155
0.2 TS 7 14 21

FS 0 0 0
MAXE 2.76× 10−7 1.30× 10−11 3.41× 10−13

FN 41 91 155
0.4 TS 7 14 21

FS 0 0 0
MAXE 2.76× 10−7 1.30× 10−11 3.39× 10−13

FN 41 91 155
0.6 TS 7 14 21

FS 0 0 0
MAXE 2.74× 10−7 1.30× 10−11 3.37× 10−13

FN 41 91 155
0.8 TS 7 14 21

FS 0 0 0
MAXE 2.72× 10−7 1.30× 10−11 3.35× 10−13

FN 41 91 155
1.0 TS 7 14 21

FS 0 0 0
MAXE 2.69× 10−7 1.30× 10−11 3.33× 10−13

FN 41 91 155

Problem 5.2. Consider the fuzzy initial value problem [12]

ỹ′ = −ỹ(t)

ỹ(0) = (0.96 + 0.04α, 1.01− 0.01α)

The Exact solution at t = 0.1 is given by

Y (0.1, α) = [(0.985 + 0.015α)e−0.1 − (1− α)0.025e0.1,

(0.985 + 0.015α)e−0.1 + (1− α)0.025e0.1] α ∈ [0, 1]

Solution: According to section (3), after reducing the problem to system
of ODE we have:

d

dt
(yα

1 (t)) = −yα
2 (t), yα

1 (0) = 0.96 + 0.04α

d

dt
(yα

2 (t)) = −yα
1 (t), yα

2 (a) = 1.01− 0.01α (9)
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Table 2: Computational results for solving problem 5.2, τ=0.8
α/ TOL 10−2 10−6 10−10

0.0 TS 7 14 21
FS 0 0 0

MAXE 2.81× 10−7 1.29× 10−11 3.26× 10−13

FN 41 91 155
0.2 TS 7 14 21

FS 0 0 0
MAXE 2.79× 10−7 1.29× 10−11 3.31× 10−13

FN 41 91 155
0.4 TS 7 14 21

FS 0 0 0
MAXE 2.78× 10−7 1.29× 10−11 3.35× 10−13

FN 41 91 155
0.6 TS 7 14 21

FS 0 0 0
MAXE 2.77× 10−7 1.30× 10−11 3.40× 10−13

FN 41 91 155
0.8 TS 7 14 21

FS 0 0 0
MAXE 2.75× 10−7 1.30× 10−11 3.44× 10−13

FN 41 91 155
1.0 TS 7 14 21

FS 0 0 0
MAXE 2.74× 10−7 1.30× 10−11 3.49× 10−13

FN 41 91 155

Problem 5.3. Consider the initial value problem [13]

ỹ′ = ỹ(t)

ỹ(0) = (0.75 + 0.25α, 1.125− 0.125α)

The Exact solution at t = 1.0 is given by

Y (1, α) = [(0.75 + 0.25α)e,

(1.125− 0.125α)e] α ∈ [0, 1]

Solution: According to section (3), after reducing the problem to system
of ODE we have:

d

dt
(yα

1 (t)) = yα
1 (t), yα

1 (0) = 0.75 + 0.25α

d

dt
(yα

2 (t)) = yα
2 (t), yα

2 (a) = 1.125− 0.125α (10)
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Table 3: Computational results for solving problem 5.3, τ=0.8
α/ TOL 10−2 10−6 10−10

0.0 TS 11 20 58
FS 0 0 0

MAXE 4.3× 10−6 7.6× 10−9 1.28× 10−12

FN 73 147 449
0.2 TS 11 20 58

FS 0 0 0
MAXE 4.5× 10−6 7.8× 10−9 1.18× 10−12

FN 73 147 447
0.4 TS 11 20 57

FS 0 0 0
MAXE 4.7× 10−6 8.0× 10−9 1.44× 10−12

FN 73 147 441
0.6 TS 11 20 57

FS 0 0 0
MAXE 4.9× 10−6 8.2× 10−9 1.32× 10−12

FN 73 147 441
0.8 TS 11 20 57

FS 0 0 0
MAXE 4.7× 10−6 8.5× 10−9 1.62× 10−12

FN 65 147 433
1.0 TS 11 20 56

FS 0 0 0
MAXE 4.8× 10−6 8.8× 10−9 1.49× 10−12

FN 65 147 433

6 Conclusion

The characteristic theorems for the solution of FDEs are used to reduce a FDE
into a system of ODEs. The 2-point 2-step method is applied for solving the
created system. After comparing the results obtained by the proposed method
with exact solution, it seems to be very easy and accurate to employ with
reliable results.
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