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Abstract.  In [5], it is  shown  that the block  distribution of  an endomorphism 
algebra of a module Y over a finite dimensional  algebra  Λ  implies  the Λ -block 
distribution of the indecomposable direct summands of Y in the light of the 
Brauer-Fitting correspondence. Towards the end of that paper we gave an 
example which shows that the converse is not true even when the endomorphism 
algebra of Y is Frobenious  and conjectured  that the converse is true when  the 
endomorphism algebra is symmetric. However the author thankfully  received a 
counterexample to that conjecture from S. Donkin [4] which we present in this 
note. We also introduce the notion of  the pseudoblock of endomorphism 
algebras and show that the Λ - pseudoblock distribution of indecomposable 
summand of Y is compatible with the block distibution of the simple modules for 
the endomorphism algebra )(YE .  
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INTRODUCTION  
 Let  Λ be a finite dimensional k-algebra  where k is an algebraically closed 
field of characteristic 0fp . Let Λmod denote the category of finite dimensional 
left Λ -modules and ΛmodM  denote the category whose objects are all the 
covariant functors kF modmod: →Λ , where kmod is the category of vector 
spaces over k. Let Y be a finite dimensional Λ -module and write 

)(End)( YYE Λ= ; the endomorphism algebra of Y. The interplay between the 
representations of E(Y) and representations of Λ  is an object of study  in the  
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representation theory, motivated by many concrete examples in representation of 
finite groups. One of the early and direct connections between the representation 
theory of the endomorphism  algebra E(Y) and representation theory of  Λ  is  
provided  by the  Brauer-Fitting theorem (see [6], 1.4) which  gives a bijection 
(Brauer-Fitting correspondence) between the isomorphism classes of simple E(Y)-
modules and the isomorphism classes of indecomposable direct Λ -summands of 
Y. In fact, if iY  is an indecomposable direct summand of Y, then it is known that 

Λ= ),(: YYP ii = ),(Hom YYiΛ  is a projective indecomposable  E(Y)-module and 
the Brauer-Fitting correspondence mentioned earlier is given by the following 
bijection  

iiii YrPPS ←→= /:)1(  
In [5, Theorem1] it is shown that if two simple E(Y)-modules are linked 
(blockwise) as E(Y)-modules, then the corresponding summands under the 
Brauer-Fitting correspondence (1) are also linked as Λ -modules. In fact if we use 
the notation 

Λ
≈  to mean " lie in the same block of Λ " or "linked"  then we have 

  
THEOREM1 ( [5], Theorem1):  If  jYEi SS

)(
≈  then  ji YY

Λ
≈ .        

 
The proof of theorem1 depends on  the description of the linkage principle 

in terms of  extension bifunctor ),(Ext1 −−Λ  as well as the structure of the 
morphism space in the category of functors ΛmodM . Theorem1 was applied to 
study the block distribution of the simple modules for the finite groups of Lie type 
G in the defining charactestic in the light of the Cabanes work [1] in which he 
determined the block distribution for the simple modules of the endomorphism 
algebra )(YE  where Y  is the permutation module on the Sylow p-subgroup of G 
where p is the defining characteristic of G.  

It was shown also that the converse of theorem1 is not true in general by 
providing a counterexample for which the endomorphism algebra E(Y) is a 
Frobenius algebra according to the first part of the following definition  
 
DEFINITION: (1)  A finite dimensional algebra A  over k  is said to be 
Frobenious  if  there is a linear map kA→:λ  such that λKer  contains no 
non-zero left or right ideal. 
(2)  A  is symmetric if it satisfies (1) together with the condition )()( baab λλ =  
for all Aba ∈, .  
   
 The concepts of Frobenius and symmetric algebras proved to be vital in 
studying duality and selfenjective modules as well as the structure and properties 
of quotient algebras. If we take kGA = ; the group algebra of a finite group G  
over k  and define kA→:λ  as 1)( cgc

Gg
g =∑

∈

λ ; the coefficient of the identity 

element of G , then λ  satisfies condition (2) in the previous definition (for the 
proof see [3], 9.6) and hence kGA =  is symmetric algebra. It is also not difficult  
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(see [1], exercise1 p.10) to show that every finite dimensional semisimple algebra 
over a field is Frobenious.  

Motivated by two examples for which E(Y) is symmetric algebra  (one is 
when )(YEΛ  is the group algebra of a finite group and the other is when it is 
semisimple algebra), it was conjectured in [5] that the converse of theorem1 is 
true for the case when the endomorphism algebra E(Y) is symmetric. However the 
author thankfully received a counterexamople for that conjecture from S. Donkin. 
To present his example, we need to introduce some preliminary facts and results 
concerning the endomorphism algebras of certain extension modules. In order to 
adapt the block distribution of simple )(YEΛ -modules with the Brauer-Fitting 
correspondents, we  introduce the concept of the pseudo-blocks of )(YEΛ  and 
show that the indecomposable −Λ summands of Y  distribute in pseudo-blocks 
in a compatible way with the block distribution of the corresponding simple 

)(YEΛ -modules.  
 
 
EXTENSIONS AND ITS ENDOMORPHISM ALGEBRS 
 

The structure for the endomorphism algebra of simple objects in Λmod  
is described by the following well known lemma which we state here for latter 
reference 
 
SHUR'S LEMMA:  
If U and V are two simple Λ -modules then for VU ≅/ , 0),( =Λ VUHom , while 
the endomorphism algebra kUUHomUE ≅= ΛΛ ),()( .    
 
If Λ∈mod,, EYX  such that there is a short exact sequence  

00 →→→→ YEX  
in Λmod  then we say that the module E  is an extension of the module X  by Y  
and it is called non-split extension if E  is indecomposable. Schur's lemma can be 
extended to describe the endomorphism algebra for an extension of a simple 
module by another non-isomorphic simple module  
 
LEMMA1:  If 00 →→→→ YEX  is a non-split extension in Λmod  where 

YX ,  are two nonisomorphic simple modules then kEEnd ≅Λ )( . 
PROOF: Each morphism )(0 EEndf Λ∈≠  is determined by a triple 

),,( 21 fff  where )(0 1 XEndf Λ∈≠ , )(0 2 YEndf Λ∈≠  which makes the 
following diagram  

00

00

21

→→→→
↓↓↓

→→→→

YEX
fff

YEX
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commutes. But since X  and Y  are simple, Shur's lemma implies that both 21, ff  
are isomorphisms. It follows then that f  is an isomorphism and therefore ; as the 
field k  is algebraic closed,  kEEnd ≅Λ )( .      
 

Incidently lemma1 provides a counterexample for the converse of Schur's 
lemma since extensions of a simple module by a different simple module exist for 
finite-dimensional algebras; e.g. over a field of characteristic 3,  the group algebra 
for the symmetric group 3S  has two indecomposable modules of dimension 2 
each with two nonisomorphic composition factors. 
 

We are now ready to present S. Donkin's example      
 
EXAMPLE1: (S. Donkin [4]): Take any algebra which has a block with at least 3 
simples in which there is an extension of a simple by a different simple (e.g. 
example2 below for the group algebra of )4,2(SLG =  over algebraically closed 
field of characteristic 2 provides such an algebra). Take such an extension E and a 
simple L, say, in the same block which is not a composition factor of E. Then, as k 
is an algebraically closed field, Schur's lemma and lemma1  implies that  

kkLEndEEndLE kGkGkG ⊕≅⊕≅⊕ )()()(End  
which is semisimple algebra having two blocks although E and L are linked and 
this gives a counterexample for the conjecture.   
   

 
The PSEUDOBLOCKS  

In this section we introduce the notion of pseudo-block of  the 
endomorphism algebra )(YE  and show the compatibility of the pseudo-block 
distribution of the indecomposable −Λ summands of Y  with the the block 
distribution of the (Brauer-Fitting correspondents) simple )(YEΛ -modules.  

  
 

DEFINITION: Define the relation 
)(YPSE

≈ on the set of indecomposable 

−Λ summands of Y  { }nYYYYInds ...,,,)( 21=  as follows:  If 
)(, YIndsYY ji ∈  then jYPSEi YY

)(
≈  if jiii f ==∃ ,...,1  such that 

0),(0),(,
11

≠≠∀
++ nininini

YYHomorYYHomn . 

 
The relation

)(YPSE
≈ clearly defines an equivalence relation on )(YInds  

whose equivaence classes are called the pseudo-blocks of the endomorphism 
algebras )(YE . Note that, although  jYPSEi YY

)(
≈  implies that ji YY

Λ
≈ ,  the 

−≈
)(YPSE

classes of )(YInds  in general differ from its −≈
Λ

classes as shown by the 

following example.    
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EXAMPLE2: Take )4,2(SLG = . Then it is known that in characteristic 2 ,G  has 
2  blocks and  4 irreducible kG -modules :  4,2,2,1 21 , where upper case 
number refers to dimensions, the first three irreducible kG-modules belong to the 
same 2-block . Let )(Ind kY G

V= , where V  is the Sylow 2- subgroup of G which 
isomorphic to 22 CC × .  Then Y is of dimension 15 and has the following 
decomposition  
 

             3-1                            4
2
1

2

2
1
2

1

1

2

2

1

⊕⊕⊕=Y  

Hence 
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
===== 4,

2
1
2

,
2
1
2

,1)( 4

1

2

3

2

1

21 YYYYYInds  and the pseudo-blocks 

( −≈
)(YPSE

classes) are  { } { } { }4321 ,,, YYYY  while there are only two −≈
kG

classes 

namely { }321 ,, YYY , { }4Y . We note that the pseudo-blocks distribution above is 
compatible with the block distribution for the simple representations of 

)(End YE kG= (see the example in [5]) and the following theorem shows that this 
in fact is the case in general.  
 
THEOREM2:  jYEi SS

)(
≈  if and only if   jYPSEi YY

)(
≈ .  

PROOF: It is clear from the proof of theorem1 in [5] that jYPSEi YY
)(

≈  if and only 

if jYEi PP
)(

≈  where Λ= ),(: YYP ii  is the projective cover of the simple 

−)(YE module iS  which is equivalent to the fact that  jYEi SS
)(

≈ .     
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