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Abstract

In this paper, we introduce and study a homological invariant of
modules called P-injective dimension. This dimension is used to give a
new characterization of each of the well-known Dedekind domains and
semisimple rings. Also, P-global dimension of rings is investigated. We
show, that the P-global dimension of rings is smaller than the classical
global dimension, and they coincide for Noetherian rings.
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1 Introduction

Throughout this paper all rings are commutative with identity element and
all modules are unitary. For a ring R and an R-module M , we use pdR(M)
and idR(M) to denote, respectively, the classical projective and injective di-
mensions of M ; and we use gldim(R) to denote the classical global dimension
of R. Also, we use M∗ to denote the character module HomZ(M,Q/Z) of M ,
where Z denotes the ring of integers and Q the field of rational numbers.

Since the famous Baer’s Criterion of injective modules, which states that an
R-module E is injective if and only if every homomorphism from every ideal of
R to E extends to R if and only if Exti

R(R/I, E) = 0 for every i > 0 and every
ideal I of R, various generalization of the notion of injective modules has been
introduced by imposing more restricted conditions on the set of ideals. For
example, an R-module E is called principally injective if every homomorphism
from every principal ideal of R to E extends to R [6]. Also, an R-module E is
called F-injective if every homomorphism from every finitely generated ideal
of R to E extends to R [3]. See [7] for more other generalizations.
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This paper is devoted to the following generalization of injective modules:
an R-module E is called P-injective if Exti

R(R/p, E) = 0 for every i > 0 and
every prime ideal p of R. In general, we define and study, in Section 2, P-
injective dimension of modules, denoted by PidR(M) for an R-module M (see
Definition 2.1). We characterize this dimension in terms of resolutions by P-
injective modules (see Theorem 2.3). Then, we show that the P-injectivity is
closed under direct summand and direct product of modules (see Proposition
2.4). In Theorem 2.5, we investigate the behavior of P-injective dimension in
short exact sequences. We end Section 2 with a characterization of each of the
well-known Dedekind domains and semisimple rings in terms of P-injective
modules (see Theorems 2.7 and 2.8). Section 3 is devoted to the P-global
dimension of rings, which is denoted, for a ring R, by P.gldim(R), and defined
canonically as the supremum of the P-injective dimensions of all R-modules.
We give a homological characterization of the P-global dimension (see Theorem
3.2). And, in Theorem 3.4, we investigate the relation between the P-global
dimension and the classical global dimension of rings. Namely, we prove, for
a ring R, that P.gldim(R) ≤ gldim(R); and, if R is Noetherian, we have an
equality P.gldim(R) = gldim(R).

2 P-injective dimension of modules

In this section, we investigate the following homological dimension of modules.

Definition 2.1 Let R be a ring and let M be an R-module. The P-injective
dimension of M , denoted by PidR(M) or simply Pid(M), is the least positive
integer n for which Extn+i

R (R/p, M) = 0 for every i > 0 and every prime ideal
p of R. If no such n exists, we set Pid(M) = ∞.
Modules of P-injective dimension 0 are called P-injective.

Naturally, every injective module is P-injective, and from [5, proof of The-
orem 2.8], the converse holds if R is a semi-local Noetherian ring of Krull
dimension ≤ 1. The following result set a condition on P-injective modules so
that the converse holds.

Proposition 2.2 Let R be a ring. If an R-module E is P-injective such
that, for every ideal I of R, every homomorphism I → E can be extended to
any prime ideal p contained I, then E is injective.

Proof. First, note that using the short exact sequence 0 → p → R → R/p → 0,
we get the following exact sequence: 0 → Hom(R/p, E) → Hom(R,E) →
Hom(p, E) → Ext1(R/p, E) → Ext1(R, E) = 0. Then, for any prime ideal p
of R, every homomorphism p → E can be extended to R. Now, consider the
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injection map i : I ↪→ p and a homomorphism f : I → E. By hypothesis, there
is a homomorphism g : p → E such that gi = f ; and, by the reason above,
there is h : R → E such that hj = g where j is the injection map j : p ↪→ R.
Therefore, hji = gi = f , as desired.

The following result establishes a characterization of P-injective dimension
using the P-injective resolutions: a P-injective resolution of a module M is an
exact sequence of the form: 0 → M → E0 → E1 → · · ·, where every Ei is P-
injective. Note that every injective resolution of M is a P-injective resolution
of M .

Theorem 2.3 Let R be a ring and let E be an R-module. For a positive
integer n, Pid(E) ≤ n if and only if, for every P-injective resolution of E:

0 → M −→ E0
f1−→ E1

f2−→ E2 → · · ·, Im(fn) is P-injective.

Proof. ⇒. Decompose a P-injective resolution of E into short exact sequences:
0 → Ni → Ei → Ni+1 → 0, where N0 = E and Ni = Imfi, and applying recur-
sively the long exact sequence for a prime ideal p of R: 0 = Extk(R/p, Ei) →
Extk(R/p, Ni+1) → Extk+1(R/p, Ni) → Extk+1(R/p, Ei) = 0, We get that
Extk(R/p, Nn) = 0 for every k ≥ 1, which means that Nn = Im(fn) is P-
injective, as desired.

⇐. Consider an injective resolution of E: 0 → M −→ E0
f1−→ E1

f2−→
E2 → · · · . Then, Extk(R/p, Im(fn)) ∼= Extn+k(R/p, E) which vanishes for
every prime ideal p of R and every k ≥ 1. Therefore, Pid(E) ≤ n.

Now, we show that the P-injectivity is closed under direct summand and
direct product of modules.

Proposition 2.4 For any family of modules {Mi}i∈I , we have:

Pid(Πi Mi) = sup{Pid(Mi), i ∈ I}.
Particularly, Πi Mi is P-injective if and only if each Mi is P-injective.

Proof. Follows from the isomorphism Extn(R/p, Πi Mi) ∼= Πi Extn(R/p, Mi)
[8, Theorem 7.14].

Also, the well-known standard (in)equalities for the classical injective di-
mension hold true for the P-injective dimension. Namely, we have:

Theorem 2.5 Let 0 → A → B → C → 0 be a short exact sequence of
modules. Then,

1. Pid(A) ≤ sup{Pid(B), Pid(C) + 1} with equality if Pid(B) 
= Pid(C).
2. Pid(B) ≤ sup{Pid(A),Pid(C)} with equality if Pid(A) 
= Pid(C) + 1.
3. Pid(C) ≤ sup{Pid(B), Pid(A) − 1} with equality if Pid(B) 
= Pid(A).
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Proof. Using the long exact sequence of Ext, the argument is analogous to
the one of [2, Corollary 2, p. 135].

Now, we investigate some change of rings results for P-injective dimension.

Proposition 2.6 Let R be a ring and let S be a multiplicative set of R.
1. If M is an S−1R-module, then PidR(M) = PidS−1R(M).
2. If R is Noetherian, then, for a finitely generated R-module M , we have

PidS−1R(S−1M) ≤ PidR(M).
Furthermore, PidR(M) = sup{PidRp(Mp), p is a prime ideal of R}.

Proof. 1. Let q be a prime ideal of S−1R, then there exists a prime ideal p of
R such that q = S−1p and so S−1R/q ∼= (S−1R) ⊗ R/p. Therefore, the result
follows from the isomorphism Extn

S−1R(S−1R/S−1p, M) ∼= Extn
R(R/p, M) [8,

Theorem 11.65].
2. The inequality follows from the isomorphism [8, Theorem 1.3.11]:

Extn
S−1R(S−1R/S−1p, S−1M) ∼= Extn

R(R/p, M) ⊗ S−1R.

The eqaulity is also a consequence of the isomorphism above and [8, Theorem
3.80].

We conclude this section with a characterization of each of the well-known
Dedekind domains and semisimple rings in terms of P-injective modules.

Theorem 2.7 For a domain R, the following assertions are equivalent:
1. R is Dedekind;
2. Every quotient of an injective module is P-injective;
3. PidR(M) ≤ 1 for every R-module M .

Proof. The implication (1) ⇒ (2) is obvious since, from [8, Theorem 4.23], ev-
ery quotient of an injective module is injective. The implication (2) ⇒ (3) fol-
lows from Theorem 2.3. We prove the implication (3) ⇒ (1). Since PidR(M) ≤
1 for every R-module M , Ext2(R/p, M) = 0 for every prime ideal p of R. This
implies that pdR(R/p) ≤ 1 and so p is projective. And, since R is a domain, p is
invertible and so finitely generated [8, Theorem 4.24]. Then, R is Noetherian by
Cohen’s theorem which states that if every prime ideal is finitely generated then
so every ideal is finitely generated. Now, consider any finitely generated R-
module M . By hypothesis, PidR(M∗) ≤ 1 and so Exti

R(R/p, M∗) = 0. Then,
using [4, Theorem 1.1.8], we get (TorR

i (M, R/p))∗ ∼= Exti
R(R/p, M∗) = 0.

Hence, from [8, Theorem 4.23], TorR
i (M, R/p) = 0. Then, by [4, Corollary

2.5.10], pdR(M) ≤ 1. Therefore, gldim(R) ≤ 1 and so R is Dedekind.
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It is well-known that a ring is semisimple if and only if every module is
injective. In the following result we show that it suffices to consider P-injective
modules.

Theorem 2.8 For a ring R, the following assertions are equivalent:
1. R is semisimple;
2. Every R-module is P-injective;
3. Every prime ideal of R is P-injective.

Proof. (1) ⇒ (2). Holds since R is semisimple implies that every R-module is
injective and so P-injective.
(2) ⇒ (3). Straightforward.
(3) ⇒ (1). By hypothesis, we have ExtR

1 (R/p, p) = 0 for every prime ideal p
of R. Then, the short exact sequence 0 → p → R → R/p → 0 splits. Then,
R ∼= p ⊕ R/p. This implies that p is finitely generated and R/p is projective.
Then, by Cohen’s theorem, R is Noetherian; and, for any finitely generated
R-module M , TorR

1 (M, R/p) = 0. Then, by [4, Corollary 2.5.10], pdR(M) = 0.
Therefore, gldim(R) = 0 and so R is semisimple.

3 P-global dimension of rings

Naturally, one can define, as in the classical homological theory, the P-global
dimension of rings as follows:

Definition 3.1 The P-global dimension of a ring R, denoted by P.gldim(R),
is the quantity: P.gldim(R) = sup{PidR(M) |M is an R − module}.

The following result gives a characterization of the P-global dimension.

Theorem 3.2 Let R be a ring and let n be a positive integer. The following
assertions are equivalent:

1. P.gldim(R) ≤ n;
2. Exti

R(R/p, M) = 0 for every i > n, every prime ideal p of R, and every
R-module M ;

3. Extn+1
R (R/p, M) = 0 for every prime ideal p of R and every R-module

M ;
4. pdR(R/p) ≤ n for every prime ideal p of R.

Consequently, the P-global dimension of R is also determined by the formula:

P.gldim(R) = sup{pdR(R/p) | p is a prime ideal of R}
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Proof. (1) ⇒ (2). Follows by the definition of the P-injective dimension.
(2) ⇒ (3). Straightforward.
(3) ⇒ (4). Use [8, Theorem 9.5].
(4) ⇒ (1). Let M be an R-module. From [8, Theorem 9.5], Exti

R(R/p, M) = 0
for every i > n and every prime ideal p of R (since, by hypothesis, pdR(R/p) ≤
n). Therefore, PidR(M) ≤ n, and so P.gldim(R) = sup{PidR(M) |M is an R−
module} ≤ n.

It is Natural to ask for a relationship between the P-global dimension and
the classical global dimension. The following result establishes some relations
between them. First, we give the following result.

Lemma 3.3 For a ring R and a multiplicative set S of R, there is an
inequality:

P.gldim(S−1R) ≤ P.gldim(R).

Proof. The inequality is a direct consequence of Proposition 2.6(1).

Theorem 3.4 For a ring R, there is an inequality:

P.gldim(R) ≤ gldim(R).

Furthermore, if R is Noetherian, then we have equality:

P.gldim(R) = gldim(R).

Proof. The inequality is a consequence of the last equality in Theorem 3.2.
Assume now that R is Noetherian. First, from Lemma 3.3 and Proposition
2.6(2), we have P.gldim(R) = sup{P.gldim(Rp) | p is a prime ideal of R}.
Then, from [8, Theorem 9.51], we can assume that R is local with a maximal
ideal m. Now, to prove the equality it remains, from the first inequality to
prove the converse inequality: gldim(R) ≤ P.gldim(R). For that we may as-
sume that P.gldim(R) = n for some positive integer n. Then, for a finitely
generated R-module M , we have Exti

R(R/m, M∗) = 0. Then, by [4, Theorem
1.1.8], we get (TorR

i (M, R/m))∗ ∼= Exti
R(R/m, M∗) = 0. Hence, from [8, The-

orem 4.23], TorR
i (M, R/m) = 0. This implies, from Lemma [8, Lemma 9.53],

that pdR(M) ≤ n. Therefore, gldim(R) ≤ n.

We end the paper with a result that compute the P-global dimension of
finite direct product of rings.

Proposition 3.5 Let {Ri}i=1,...,n be a family of rings. Then:

P.gldim(
n∏

i=1

Ri) = sup{P.gldim(Ri), 1 ≤ i ≤ n}.



On P-injective dimension of modules and P-global dimension of rings 2397

Proof. The equality follows from [1, Section 2.6], which gives a detailed treat-
ment of the structure of modules and homomorphisms over direct products of

rings, and the fact that every prime ideal of R is of the form
n∏

i=1

pi, where pi is

either a prime ideal of Ri or equal to Ri.
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