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Abstract

A strongly rpp semigroup S is called orthocryptic rpp semigroup if
(1) the set of idempotents forms a band; and (2) the relation H(†) is a
congruence. Some characterizations of orthodox cryptic rpp semigroups
are obtained. In particular, it is proved that a semigroup is a orthocryp-
tic rpp semigroup if and only if it is isomorphic to the spined product
of a band and a C-rpp semigroup.
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1 Introduction

Throughout this paper, we follow the notations and terminologies given by
Fountain [2].

Similar to rpp rings, a semigroup S is called an rpp semigroup if for all
a ∈ S, aS1, regarded as a right S1-system, is projective. To study the structure
of rpp semigroups, Fountain [2] considered a Green-like left congruence relation
L∗ on a semigroup S defined by: for a, b ∈ S, aL∗b if and only if ax = ay ⇔
bx = by for all x, y ∈ S1. Dually, we can define the right relation R∗. It is
not difficult to see that when a, b are regular elements, aL∗b if and only if aLb.
In the same reference [2], Fountain pointed out that a semigroup S is an rpp
semigroup if and only if each L∗-class of S contains at least one idempotent.
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the Science Foundation of the Education Department of Jiangxi Province and the Foundation
of Jiangxi Normal University, China.
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We call a strongly rpp semigroup S cryptic rpp semigroup if H� is a con-
gruence on S.

We call an rpp semigroup S a C-rpp semigroup if the idempotents of S are
central. It is well known that a semigroup S is a C-rpp semigroup if and only if
S is a strong semilattice of left cancellative monoids (see, [1]). Obviously, C-rpp
semigroups are proper generalizations of Clifford semigroups. Guo-Guo-Shum
[7] gave another kind of generalizations of Clifford semigroups in the range of
rpp semigroups.

As an analogue of completely regular semigroups in the range of rpp semi-
groups, Guo-Shum-Zhu [19] defined the concept of “strongly rpp semigroup”.
So-called a strongly rpp semigroup is an rpp semigroup in which every L∗

a con-
tains a unique idempotent a� ∈ L∗

a

⋂
E(S) such that a�a = a, where E(S) is

the set of idempotents of S. In fact, C-rpp semigroups are strongly rpp semi-
groups. There are many authors having been investigating various classes of
strongly rpp semigroups (see, [3]-[6], [10]-[13], [16], [18], [19], [24] and [25]). A
strongly rpp semigroup S is called a left C-rpp semigroup if L∗ is a congruence
and eS ⊆ Se for all e ∈ E(S). Guo-Shum-Zhu [19] established a construction
of left C-rpp semigroups. After then, there are many works on this aspect (see,
[6], [12], [14], [15] and [18]).

On the other hand, a strongly rpp semigroup S is called a right C-rpp
semigroup if L∗ ∨ R is a congruence and Se ⊆ eS for all e ∈ E(S) (see [16]).
In the letters, right C-rpp semigroup is a dual of left C-rpp semigroup. But,
in fact, there are less dual properties between left C-rpp semigroups with right
C-rpp semigroups (for detail, see [12] and [25]). Recently, Guo-Ren-Shum [11]
established a construction method of right C-rpp semigroups by making use of
the developed wreath product. Recently, Guo-Jun-Zhao [10] defined pseudo-C-
rpp semigroups by weakening the condition that Se ⊆ Se for any idempotent
e in the definition of right C-rpp semigroups. They obtained a construction of
pseudo-C-rpp semigroups.

Recall from [23], an orthocryptic group is defined as a completely regular
semigroup in which the relation H is a congruence and whose set of idempo-
tents forms a band. Because strongly rpp semigroups are generalizations of
completely regular semigroups in the range of rpp semigroups, it is naturally
posed which kind of rpp semigroups the analogue of orthocryptic groups should
be. This is the aim of this paper.

2 Preliminaries

In this section, we recall some known results used in the sequel. To begin with,
we provide some results on L∗ and dual for the relation R∗.
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Lemma 2.1 [2] Let S be a semigroup and e2 = e, a ∈ S. The the following
statements are equivalent:

(1) aL∗e.

(2) ae = a and for all x, y ∈ S1, ax = ay implies that ex = ey.

It is well known that L∗ is a right congruence. In general, L ⊆ L∗. And,
when a, b are regular elements of S, aL∗b if and only if aLb. For convenience,
we denote by E(S) the set of idempotents of S and by Reg(S) the set of regular
elements of S. We use a∗ [resp. a†] to denote the typical idempotents related
to a by L∗ [resp. R∗]. And, Ka stands for the K-class of S containing a if K
is an equivalence on S.

In order to research rpp semigroups, Guo-Shum-Zhu [19] introduced so-
called (�)-Green’s relations:

aL(�)b ⇔ Kera� = Kerb�, i, e., L(�) = L∗;
aR(�)b ⇔ Ima� = Imb�, i.e., R(�) = R;
D(�) = L(�) ∨R(�);
H(�) = L(�)

⋂R(�);
aJ (�)b ⇔ J (�)(a) = J (�)(b),

where a� is the inner left translation of S1 determined by a and J (�)(a) is the
smallest ideal of S containing a and such that J (�)(a) is the union of some
L(�)-classes.

Let I, Λ be arbirary non-empty sets and P = (pλi) a Λ × I-matrix with
entries pλi in the units of the monoid M . If we write S = M ×I×Λ and define
a multiplication on S by

(a, i, λ)(b, j, μ) = (apλjb, i, μ),

then, same as the Rees theorem, we can easily verify that S is a semigroup. We
now denote this semigroup S by M(M ; I, Λ; P ) and call it the Rees matrix
semigroup over M with sandwich matrix P. Then Reg(M(M ; I, Λ; P )) (the
set of all regular elements of M(M ; I, Λ; P )) is a completely simple subsemi-
group of S. Also, it is trivial to see that E(S) = {(p−1

λi , i, λ)|i ∈ I, λ ∈ Λ}
is the set of idempotents of the semigroup S = M(M ; I, Λ; P ), where p−1

λi

is the corresponding inverse element of pλi in M . It is easy to see that
Reg(M(M ; I, Λ; P )) = M(Reg(M); I, Λ; P ). The following lemma is an im-
mediate consequence of [23, Theorem III.5.2, p.142].

Lemma 2.2 Let M = M(M ; I, Λ; P ) be the Rees matrix semigroup over M
with sandwich matrix P. If E(M) is a band, then every entry of P is the
identity of M . Moreover, M is the direct product of M and the rectangular
band E, where E = I × Λ with the multiplication: (i, λ)(j, μ) = (i, μ).
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Lemma 2.3 (1) [8, Theorem 2.3] If D(�) is a D(�)-class of a strongly rpp
semigroup S, then D(�) is a D(�)-simple strongly rpp semigroup and the set of
regular elements of D(�) is a completely simple semigroup.

(2) [8, Theorem 3.4] A semigroup is a D(�)-simple strongly rpp semigroup
if and only if it is isomorphic to some Rees matrix semigroup M(M ; I, Λ; P )
over a left cancellative monoid M with the sandwich matrix P .

For a strongly rpp semigroup S, we define a relation on S as

aR(†)b ⇐⇒ a�Rb�.

Evidently, R(†) is an equivalence on S. Furthermore, we define H(†) := R(†) ∩
L(�).

Definition 2.4 A strongly rpp semigroup is called an orthodox cryptic rpp
semigroup, in short, orthocryptic rpp semigroup, if (1) E(S) (the set
of idempotents of S) forms a band; and (2) the relation H(†) is a congruence,
that is, S is cryptic rpp.

Theorem 2.5 The following conditions are equivalent for a strongly rpp semi-
group S:

(1) S is orthocryptic.

(2) For any a, b ∈ S, a�b� = (ab)�.

Proof. (1) ⇒ (2) Assume S is orthocryptic. Then for any a, b ∈ S, a�b� ∈
E(S), thereby (a�b�)� = a�b�, thus by Lemma 2.5, (ab)� = (a�b�)� = a�b�.

(2) ⇒ (1) Assume (2) holds. Note that e = e� for any e ∈ E(S). We
always have a�b� = (a�b�)� if E(S) is a band, in this case, (ab)� = (a�b�)�

for any a, b ∈ S, hence H(†) is a congruence. So, it suffices to verify that
ef ∈ E(S) for any e, f ∈ E(S). In fact, since e = e� and f = f �, we have
ef = e�f � = (ef)� ∈ E(S), as required. �

Lemma 2.6 If S is an orthocryptic rpp semigroup, then D(�) is a semilattice
congruence on S.

Proof. By hypothesis, the set E of idempotents of S is a band and by Lemma
2.3 (1), for all a, b ∈ S,

aD(�)b ⇔ a�DEb�.

Now, by Theorem 2.5, abD(�)a�b� and thus D(�) is a congruence on S. Note
that D is a semilattice congruence on E, therefore we easily observe that D(�)

is a semilattice congruence on S. �

Recall from [13] that a semigroup is called a left cancellative plank if it is
isomorphic to the direct product of a left cancellative monoid and a rectangular
band. Based on Lemmas 2.2 and 2.6, we have
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Proposition 2.7 Every orthocryptic rpp semigroup is a semilattice of left can-
cellative planks.

3 Characterizations

In this section we will establish some characterizations of orthodox cryptic rpp
semigroups.

To begin with, we introduce some notations.
Let B be a band such that B = (Y ; Eα), which is the semilattice decom-

position of B into rectangular bands Eα with α ∈ Y . If e ∈ Eα, then we can
write E(e) = Eα. Also, we write Eα ≤ Eβ if EαEβ ⊆ Eα.

Proposition 3.1 If S is orthocryptic rpp semigroup, then the relation ξS =
{(x, y) ∈ S × S : (∃e, f ∈ E(y�) x = eyf} is indeed a C-rpp semigroup
congruence on S preserving L(�)-classes.

Proof. Assume S is orthocryptic. By proposition 2.7, we may assume S is the
semilaatice Y of left cancellative planks Mα × Eα with α ∈ Y , where Mα is a
left cancellative monoid with identity 1α and Eα = Iα × Λα is a rectangular
band. Clearly, E(S) = ∪α∈Y 1α×Eα. Write B = ∪α∈Y Eα. Define an operation
on B by: for (iα, λα) ∈ Eα, (iβ , λβ) ∈ Eβ ,

(iα, λα)(iβ, λβ) = (i, k)

if (1α, iα, λα)(1β, iβ, λβ) = (1αβ, i, k). It is easy to check that B is a band
isomorphic to E(S). On the other hand, we easily know that for any (m, x) ∈
Mα ×Eα, (m, x)� = (1α, x) and E((m, x)�) = {1α} ×Eα. This means that for
any (m, x) ∈ Mα × Eα and (n, y) ∈ Mβ × Eβ,

(∗) (m, x) ξS (n, y) ⇔ α = β, m = n.

Lemma 3.2 If (m, x), (m, y) ∈ Mα × Eα and (n, z) ∈ Mβ × Eβ, then
(1) The first components of (m, x)(n, z) and (m, y)(n, z) are the same.
(2) The first components of (n, z)(m, x) and (n, z)(m, y) are the same.

Proof. We only prove (1) and (2) can be similarly proved. Let (m, y)(n, z) =
(q, v) and (m, x)(n, z) = (p, u). We divide the proof into two steps:

Step A. Assume α ≤ β. Clearly, (q, v), (p, u) ∈ Mα × Λα. Compute

(q, x) = (1α, x)(q, v)(1α, x) = (1α, x)(m, y)(n, z)(1α, x) = (1α, x)(m, y)(s, w)

= (1α, x)(m, y)(1α, y)(1α, w)(s, w)

= (1α, x)(m, y)[(1α, y)(1α, x)(1α, w)](s, w)

= [(1α, x)(m, y)(1α, y)(1α, x)][(1α, w)(s, w)

= (m, x)(s, w) = (m, x)(n, z)(1α, x) = (p, u)(1α, x)

= (p, ux),
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where (n, z)(1α, x) = (s, w) ∈ Mα × Eα. It follows that p = q.
Step B. Obviously, (q, v), (p, u) ∈ Mαβ × Eαβ. By Step A, we have

(n, z)(1αβ, u) = (a, k), (n, z)(1αβ, v) = (a, l)

(1αβ, u)(m, x) = (b, f), (1αβ, v)(1α, y)(m, x) = (b, g)

where a, b ∈ Mαβ, k, l, f, g ∈ Eαβ. So,

(p, μ) = (m, x)(n, z) = [(1αβ, u)(m, x)][(n, z)(1αβ, u)] = (ba, fk).

On the other hand, since (1α, y)(1αβ, g) ∈ Eαβ, we have (1αβ, g)(1α, y)(1αβ, l) =
(1αβ, g)(1αβ, l), so that

(m, y)(n, z) = [(1αβ, v)(m, y)][(n, z)(1αβ, v)] = (1αβ, v)(m, y)(a, l)

= (1αβ, v)(1α, y)(m, x)(1α, y)(a, l) = (b, g)(1α, y)

= (b, g)(1αβ, g)(1α, y)(1αβ, l)(a, l) = (b, g)(1αβ, g)(1αβ, l)(a, l)

= (ba, gl).

We complete the proof. �

We need still prove

Lemma 3.3 If x ξS y then E(x�) = E(y�) and y�xy� = y.

Proof. If xξSy, then x = eyf for some e, f ∈ E(y�), and therefore xf = eyff =
eyf = x. By xL�x�, this shows that x� = x�f , hence E(x�) ≤ E(f) = E(y�).
On the other hand, by x = eyf , we have

y�xy� = y�eyfy� = (y�ey�)y(y�fy�) = y�yy� = y,

that is, y ξS; x. By applying similar arguments to yξSx, E(y�) ≤ E(x�). Now,
E(y�) = E(x�). Here we have indeed verified that ξS is symmetric. �

Obviously, ξS is reflexive. To show that ξS is an equivalence on S, it remains
to prove ξS is transitive. To see this, let x, y, z ∈ S and x ξS y, y ξS z, then
by Lemma 3.3, E(x�) = E(y�) = E(z�) and y�xy� = y, z�yz� = z, thus
z�y�xy�z� = z. Note that z�y�, y�z� ∈ E(x�). Therefore zξSx, and whence ξS

is transitive, as required.
By Lemma 3.2, ξS is a congruence on S. Now, by (∗), S/ξS is a semilattice

Y of the semigroups Mα×Eα/ξS. Note that Mα×Eα/ξS is isomorphic to Mα.
Thus S/ξS is a semilattice of left cancellative monoids, and whence S/ξS is a
C-rpp semigroup. Now, it is easy to see that ξS preserves L(�)-classes. �

For any semigroup, we denote the smallest semilattice congruence by N .
Let S = (Y ; Sα) and T = (Z; Tβ), where Sα and Tβ are the N -classes of S
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and T , respectively. Assume there exists an isomorphism ξ of Y onto Z. The
set ∪α∈Y Sα × Tαξ is a subsemigroup of the direct product of S and T , called
the spined product of S and T relative to ξ (for detail, see [22, I.8.12. Spined
products, p.17]).

Theorem 3.4 A semigroup S is an orthocryptic rpp semigroup if and only if
S is a spined product of a band and a C-rpp semigroup.

Proof. (⇒) Suppose S is an orthocryptic rpp semigroup. Then E(S) is a band
and by Proposition 3.1, S/ξS

is a C-rpp semigroup. Let E(S) = (Y ; Eα) be
the semilattice decomposition of E(S) into rectangular bands Eα. Note that
the restriction of ξS to E(S) is just DE(S), therefore E(S/ξS) is isomorphic to
Y . We will identity E(S/ξS) with Y . Now, by Lemma 3.3, we may assume
S/ξS

= (Y ; Mα) is the semilattice decomposition of S/ξS into left cancellative
monoids Mα. Hence the spined product of S/ξS

and the band E(S) with
respect to the semilattice Y is M = ∪α∈Y (Mα ×Eα), where the multiplication
on M is defined by (m, i) · (n, j) = (mn, ij), and mn and ij are the semigroup
products of m and n in S/ξS

and i and j in E(S), respectively.
Define

θ : S → M ; s �→ (sξS, s�).

Since ξS preserves L(�)-classes, θ is well defined. It remains to prove that θ is
a semigroup isomorphism. We divide the proof into the following steps:

Step A. If (sξS, s�) = (tξS, t�), then sξS = tξS and s� = t�. By the first
equality, there exist e, f ∈ E(t�) such that s = etf . But E(t�) is a rectangular
band, now we have

s = s�ss� = t�etft� = t�et�tt�ft� = t�tt� = t

and so θ is injective.
Step B. For any (a, i) ∈ M , then a ∈ S/ξS

and so there exists x ∈ S
such that xξS = a. By the definition of M , x� ∈ E(i) and further ix�i = i.
This shows (ixi)ξS = xξS = a. On the other hand, by Theorem 2.5, (ixi)� =
i�x�i� = i. Thus (ixi)θ = (a, i). Therefore θ is surjective.

Step C. By Theorem 2.5 and Proposition 3.1, we have

(st)θ = ((st)ξS, (st)�) = (sξStξS, s�t�) = (sξS, s�)(tξS, t�) = (s)θ(t)θ

Thus θ is a homomorphism. Therefore θ is an isomorphism, as needed.
(⇐) Suppose that S is a spined product of a band E and a C-rpp semi-

group M . Then we may assume S = (Y ; Mα × Λα), where M = (Y ; Mα) is
the semilattice decomposition of the C-rpp semigroup M into left cancellative
monoids Mα and E = (Y ; Eα) the semilattice decomposition E into rectangu-
lar bands Eα. Obviously, E(S) = ∪α∈Y 1α × Eα, where 1α is the identity of
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Mα. By hypothesis, the mapping defined by (1α, i) → i is an isomorphism of
E(S) onto E, thus E(S) is a band.

We next prove that S is rpp. Let x = (aα, iα) ∈ Mα×Iα and y = (1α, iα) ∈
Mα × Iα. Obviously, xy = x. If z = (bβ, jβ) ∈ Mβ × Iβ, w = (cγ, kγ) ∈
Mγ ×Iγ such that xz = xw, then αβ = αγ = δ and (aαbβ , iαjβ) = (aαcγ , iαkγ).
Comparing the components of the second equality, we have aαbβ = aαcγ and
iαjβ = iαkγ. Note that aαbβ = (1αβaα)(1αbβ) and aαcγ = (1αβaα)(1αcγ), and
since Mαβ is a left cancellative monoid, we obtain that 1αbβ = 1αcγ . Thus

yz = (1αbβ , iαjβ) = (1αcγ, iαkγ) = yw.

On the other hand, if x = xw, then (x =) xy = xw and by the above proof,
(y =) yy = yw. Now we have proved that for all z, w ∈ S1, xz = xw implies
that yz = yw. Consequently, xL∗y and whence S is rpp.

Evidently, yx = x. Now let z = (1β, jβ) ∈ E(Mβ × Iβ) such that xL∗z and
zx = x. Then yL∗z and so yLz. This shows that yz = y and zy = z, thereby
α = β and yzy = z. But E(Mα×Iα) is a rectangular band, yzy = z can imply
that y = z. Therefor S is a strongly rpp semigroup in which (aα, iα)� = (1α, iα)
for (aα, iα) ∈ Mα × Iα.

Finally, if x = (aα, iα) ∈ Mα × Eα and y = (bβ , jβ) ∈ Mβ × Iβ, then

xy = (aαbβ , iαjβ) ∈ Mαβ × Eαβ

and by the forgoing arguments, (xy)� = (1αβ, iαjβ), x� = (1α, iα) and y� =
(1β, jβ). Thus

x�y� = (1α1β, iαjβ) = (1αβ, iαjβ) = (xy)�.

and by Theorem 2.5, S is an orthocryptic rpp semigroup. �
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