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Abstract

We prove that the Lehmer means Lp(x, y) = (xp+yp)(xp−1+yp−1)−1

are Schur harmonic convex (or concave, respectively ) with respect to
(x, y) ∈ (0,∞) × (0,∞) if and only if p ≥ 0 (or p ≤ 0, respectively ).
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1. Introduction

For x, y > 0 and p ∈ R, the Lehmer mean values Lp(x, y) were introduced by
D.H.Lehmer[13] as follows:

Lp(x, y) =
xp + yp

xp−1 + yp−1
. (1.1)

It is easy to see that the Lehmer mean values Lp(x, y) are continuous on
the domain {(p; x, y) : p ∈ R; x, y > 0} and differentiable with respect to
(x, y) ∈ (0,∞) × (0,∞) for fixed p ∈ R. They are of symmetry between x
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and y. Many mean values are special cases of the Lehmer mean values, for
example,

A(x, y) =
x + y

2
= L1(x, y) is the arithmetic mean,

G(x, y) =
√

xy = L 1
2
(x, y) is the geometric mean,

H(x, y) =
2xy

x + y
= L0(x, y) is the harmonic mean,

H̃(x, y) =
x2 + y2

x + y
= L2(x, y) is the anti-harmonic mean.

Investigation of the elementary properties and inequalities for Lp(x, y)
has attracted the attention of a considerable number of mathematicians (
see[2,3,11,14,16,20,21,22]). In this paper, we shall research the Schur harmonic
convexity of Lehmer means with respect to (x, y) ∈ (0,∞) × (0,∞) for fixed
p ∈ R.

For convenience of readers, we recall the notations and definitions as fol-
lows.

For x = (x1, x2), y = (y1, y2) ∈ (0,∞) × (0,∞) and α ∈ R, we denote by

x + y = (x1 + y1, x2 + y2),

xy = (x1y1, x2y2),

αx = (αx1, αx2)

and
1

x
= (

1

x1
,

1

x2
).

Definition 1.1. A set E1 ⊆ R2 is called a convex set if x+y
2

∈ E1 whenever
x, y ∈ E1. A set E2 ⊆ (0,∞) × (0,∞) is called a harmonic convex set if
2xy
x+y

∈ E2 whenever x, y ∈ E2.

It is easy to see that E ⊆ (0,∞) × (0,∞) is a harmonic convex set if and
only if 1

E
= { 1

x
: x ∈ E} is a convex set.

Definition 1.2. Let E ⊆ R2 be a convex set, f : E → R is said to be a convex
function on E if f(x+y

2
) ≤ f(x)+f(y)

2
for all x, y ∈ E. Moreover, f is called a

concave function if −f is a convex function.

Definition 1.3. Let E ⊆ (0,∞) × (0,∞) be a harmonic convex set, f : E →
(0,∞) is called a harmonic convex(or harmonic concave, respectively) function
on E if

f(
2xy

x + y
) ≤ (or ≥, respectively)

2f(x)f(y)

f(x) + f(y)

for all x, y ∈ E.
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Definition 1.2 and 1.3 have the following consequences.

Remark 1.1. If E1 ⊆ (0,∞) × (0,∞) is a harmonic convex set and f : E1 →
(0,∞) is a harmonic convex function,then

F (x) =
1

f( 1
x
)

:
1

E1

→ (0,∞)

is a concave function. Conversely, if E2 ⊆ (0,∞) × (0,∞) is a convex set and
F : E2 → (0,∞) is a convex function, then

f(x) =
1

F ( 1
x
)

:
1

E2
→ (0,∞)

is a harmonic concave function.

Definition 1.4. Let E ⊆ R2 be a set. A function F : E → R is called a Schur
convex function on E if

F (x1, x2) ≤ F (y1, y2)

for each pair of two-tuples x = (x1, x2) and y = (y1, y2) in E, such that x ≺ y,
i.e.

x[1] ≤ y[1]

and

x[1] + x[2] = y[1] + y[2],

where x[i] denotes the ith largest component in x. A function F is called a
Schur concave function if −F is a Schur convex function.

Definition 1.5. Let E ⊆ (0,∞) × (0,∞) be a set. A function F : E → R
is called a Schur harmonic convex(or Schur harmonic concave, respectively)
function on E if

F (x1, x2) ≤ (or ≥, respectively)F(y1, y2)

for each pair of x = (x1, x2) and y = (y1, y2) in E, such that 1
x
≺ 1

y
.

Definition 1.4 and 1.5 have the following consequences.

Remark 1.2. Let E ⊆ (0,∞) × (0,∞) be a set, and H = 1
E

= { 1
x

: x ∈ E},
then f : E → (0,∞) is a Schur harmonic convex(or concave, respectively)
function on E if and only if 1

f( 1
x
)

is a Schur concave(or Schur convex, respec-

tively)function on H .
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The theory of Schur convex functions in the sense of arithmetic mean is
one of the most important tool in finding inequalities, it can be used in isop-
ermetric problems for polytopes[23], linear regression[19], and graphs and ma-
trices[6]. As the special case of the generalized means, the harmonic means
play an important role in Fourier analysis[18], approximation to limiting val-
ues[8], extremum problems[7], combinatorial probability[1], Gamma and bata
functions[9], inequalities theory[4] and many other mathematics branches. Re-
cently, G.D.Anderson, M.K.Vamanamurthy and M.Vuorinen[5] discussed an
attractive class of inequalities, which arise from the notation of harmonic con-
vexity.

The following Gini means S(a, b; x, y) are the generalization of the Lehmer
means Lp(x, y), which were first introduced by C.Gini[10].

S(p, q; x, y) =

⎧⎪⎨
⎪⎩

(xp+yp

xq+yq )
1

p−q , p 
= q,

exp(xp log x+yp log y
xp+yp ), p = q 
= 0,√

xy, p = q = 0.

It is obvious that Lp(x, y) = S(p, p − 1; x, y). For the Schur convexity of
the Gini means S(p, q; x, y), J.Sándor [17] proved that the Gini mean values
S(p, q; x, y) are Schur convex on (−∞, 0] × (−∞, 0], and Schur concave on
[0,∞)×[0,∞) with respect to (a, b) for fixed x, y with x, y > 0 and x 
= y. C.Gu
and H.N.Shi[12] discussed the Schur convexity and Schur geometric convexity
of the Lehmer means Lp(x, y) with respect to (x, y) ∈ (0,∞)× (0,∞) for fixed
p.

Our aim in what follows is to discuss the Schur harmonic convexity of the
Lehmer mean values Lp(x, y) with respect to (x, y) ∈ (0,∞)× (0,∞) for fixed
p ∈ R. Our main result is the following Theorem 1.1.

Theorem 1.1. The Lehmer mean values Lp(x, y) are Schur harmonic convex
with respect to (x, y) ∈ (0,∞)×(0,∞) if and only if p ≥ 0 and Schur harmonic
concave with respect to (x, y) ∈ (0,∞) × (0,∞) if and only if p ≤ 0.

2. Lemmas and Proof of Theorem 1.1

First, we introduce and establish two lemmas, which are used in the proof of
Theorem 1.1.
Lemma 2.1(see[15]) Let E ⊆ R2 be a symmetric convex set with nonempty
interior intE and ϕ : E → R be a continuous symmetric function on E. If ϕ is
differentiable on intE, then ϕ is Schur convex(or Schur concave, respectively)
on E if and only if

(y − x)(
∂ϕ

∂y
− ∂ϕ

∂x
) ≥ 0(or ≤ 0, respectively)
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for all (x, y) ∈ intE.

Lemma 2.2. Let E ⊆ (0,∞) × (0,∞) be a symmetric harmonic convex set
with nonempty interior intE and ϕ : E → (0,∞) be a continuous symmet-
ric function on E. If ϕ is differentiable on intE, then ϕ is Schur harmonic
convex(or concave, respectively) on E if and only if

(y − x)(y2∂ϕ

∂y
− x2 ∂ϕ

∂x
) ≥ 0(or ≤ 0, respectively)

for all (x, y) ∈ intE.

Proof. Lemma 2.2 follows from Lemma 2.1 and Remark 1.2 together with the
elementary computation.

Proof of Theorem 1.1. We use Lemma 2.2 to discuss the nonnegativity and
nonpositivity of (y − x)(y2 ∂Lp(x,y)

∂y
− x2 ∂Lp(x,y)

∂x
) for all (x, y) ∈ (0,∞) × (0,∞)

and for fixed p ∈ R. Since Lp(x, y) is symmetric with respect to x and y.
Without loss of generality we assume y > x in the following discussion.

By simple computation, (1.1) leads to the following identity

(y − x)(y2∂Lp(x, y)

∂y
− x2 ∂Lp(x, y)

∂x
)

=
y − x

(xp−1 + yp−1)2
[(y2p − x2p) + pxp−1yp−1(y2 − x2)]. (2.1)

If p ≥ 0, then (y − x)(y2 ∂Lp(x,y)
∂y

− x2 ∂Lp(x,y)
∂x

) ≥ 0 follows from (2.1) and

(x, y) ∈ (0,∞)× (0,∞) together with the assumption y > x, this and Lemma
2.2 imply that Lp(x, y) is Schur harmonic convex with respect to (x, y) ∈
(0,∞) × (0,∞).

If p ≤ 0, then (y − x)(y2 ∂Lp(x,y)
∂y

− x2 ∂Lp(x,y)
∂x

) ≤ 0 again follows from (2.1)

and (x, y) ∈ (0,∞)× (0,∞) together with the assumption y > x, and we know
that Lp(x, y) is Schur harmonic concave with respect to (x, y) ∈ (0,∞)×(0,∞)
by Lemma 2.2.
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