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Abstract
A quick and simple Formula has been introduced to solve a special
case of non-homogenous nth order Euler-Cauchy ODE.
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Introduction

Our work here is very simple and can be understood easily by undergraduate
students taking the ﬁrst course in ordinary diﬀerential equations (ODEs), see
[2]; therefore these results are not new and can be obtained by any good
undergraduate student taking the ﬁrst course in ODE. But I thought that such
derived formulas might be useful especially for some problems in Engineering,
Mathematics and Physics.
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Preliminary Notes

Usually, to solve non-homogenous linear Euler-Cauchy Ordinary Diﬀerential
Equations (ODEs), it is better to use the Method of Variation of Parameters
since these kinds of ODEs are of non-constant coeﬃcients. But in this very
special case we found that the Method of Undetermined Coeﬃcients may be
used eﬀectively noticing that the particular solution must be assumed as yp =
Bxm . The following formula is very useful and saves a lot of time and a lot of
calculations especially when n is very large.
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Main Results

These are the main results of the paper.
1. A special case of a non-homogenous linear Euler-Cauchy ODE.
Let us consider a special case of the nth order non-homogenous linear
Euler-Cauchy ODE; namely:


an xn y (n) + an−1 xn−1 y (n−1) + ... + a1 xy + a0 y = bxm ;

(1)

where m ≥ n , m must not equal any of the roots of the characteristic equation, and both
m & n are integers.
Usually, to evaluate the particular solution of a non-homogenous EulerCauchy ODE, it is advisable to use the method of variation of parameters; but
when n gets very large; mainly when n ≥ 4, the calculations gets very messy
if one does not use a mathematical software. Therefore, for few special cases
of Euler-Cauchy ODE it is appropriate to use the method of undetermined
coeﬃcients.
But even when using the method of undetermined coeﬃcients,with large
n, the calculations , by hand, of course still huge but less messy than using
the method of variation of parameters. Therefore I thought of deriving a very
straight forward and simple Formula to help our undergraduate students solve
such ODE in a very quick and short way as done in the next following section.
1.1 The Formula.
By direct substitution after assuming that the particular solution of (1)
takes the form yp = Bxm ; then using the method of undetermined coeﬃcients
we obtain the value of B to be as follows for m ≥ n:
B=

m!

n

b

ak
k=0 (m−k)!

(2)

and thus the particular solution of (1) will be:
yp =

bxm

m!

n

ak
k=0 (m−k)!

(3)

Remark 1.1:
In general, other forms of yp = Am xm + Am−1 xm−1 + ... + A1 x + A0 will not
work since at least one of A0 , A1 , ..., Am will be arbitrary and thus yp is not
going to be unique which does not make sense.
1.2 Example.
Use (2) or (3) to solve:
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x3 y − 3x2 y + 6xy − 6y = 5x4 .
Solution:
Note that n = 3, m = 4, b = 5, a0 = −6, a1 = 6, a2 = −3, a3 = 1.
Using (2) we obtain:
B = 3 5 ak = 4!( a0 + a15+ a2 + a3 ) = 24( −6 + 65+ −3 + 1 ) = 56
4!

k=0 (4−k)!

4!

3!

2!

1!

24

6

2

1

and thus by (3) we ﬁnd that the particular solution will be:
yp = 56 x4 .
2. General form of a non-homogenous linear nth order EulerCauchy ODE.


an xn y (n) + an−1 xn−1 y (n−1) + ... + a1 xy + a0 y = r(x);

(4)

where r(x) = 0.
We shall now convert equation (4) to a constant coeﬃcient ODE by using
the substitution:
x = eu or equivalently u = ln x
As a result, by simple calculations, and letting D =
see [1], to show that (4) can be written as:

(5)
d
du

it will be obvious,

[an D(D−1)(D−2)...(D−n+1)+an−1 D(D−1)(D−2)...(D−n+2)+...+a1 D+a0 ]y = r(eu )
(6)
Observe that equation (4) is a non-homogenous linear ODE with constant
coeﬃcients and, as known, it may be solved easily by ﬁnding the homogenous
solution using the characteristic equation and the particular solution using
either the Undetermined Coeﬃcient or Variation of Parameters Methods; then
the general solution of (6) will be the sum of both the homogenous and
particular solutions.
2.1.1 Example.
Solve




x2 y + 5xy + 3y = ln x by converting it to a constant coeﬃcient ODE then
solve it.
Solution:
Let u = ln x; then our equation will be converted to the equation:
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d
[D(D −1) + 5D + 3]y = u ; where D = du
. Which in turns gives the general
solution:
y = c1 e−3u + c2 e−u + 13 u − 49 ; but since u = ln x , we get the general solution
to our equation as:
y = c1 x−3 + c2 x−1 + 13 ln x − 49 .

2.1.1 Remark.
By using the above substitution; namely u = ln x
rewrite equation (1) in the form:

or

x = eu we can

[an D(D−1)(D−2)...(D−n+1)+an−1 D(D−1)(D−2)...(D−n+2)+...+a1 D+a0 ]y = bemu
(7)
d
where D = du
and m ≥ n.
Of course, equation (7) becomes a constant coeﬃcient non-homogenous
linear ODE that can be easily solved by
regular known methods. And its particular solution will coincide with our
solution obtained in (3).
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