
 
 

International Mathematical Forum, 4, 2009, no. 35, 1709 - 1713 

 
 

Fixed Point Theorems for Contractions in Posets 
 

Maria Luigia Diviccaro 
 

Università degli Studi di Napoli Federico II 
Dipartimento di Costruzioni e Metodi Matematici in Architettura 

Via Monteoliveto 3, 80134 Napoli, Italy 
diviccar@unina.it 

 
 

Abstract 
 

Let X be a partially ordered set with partial ordering “≤”and d a metric on X  
such that (X,d) is a (non necessarily complete) metric space. We prove some fixed 
point theorems for nondecreasing selfmaps of X satisfying a contractive condition  
assigned for pairs of elements of X which are comparable with respect to “≤”. 
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1 Preliminaries 
 
   Some contractive conditions in a partially ordered sets (for short, poset) which 
guarantee the existence of fixed points have been recently established in [5] and 
[6]. There concrete applications to matrix equations and to periodic boundary 
value problems of ordinary differential equations are also presented. Precisely 
speaking, the following theorems in [5, Theorem 2.1] and [5, Theorem 2.2] are 
given. 
 
Theorem 1.  Let (X, ≤) be a poset and suppose that there exists a metric d in X 
such that (X, d) is a complete metric space. Let f be a selfmap of X such that 
 
1) f is continuous and nondecreasing, 
2) there exists a point x0∈X with x0≤f(x0), 
3) there exists k∈[0,1) with d(f(x),f(y))≤k·d(x;y) for any pair (x,y)∈X2 with x ≥ y. 
 
  Then f has a fixed point in X. 
 
Theorem 2. Let (X, ≤) be a poset and suppose that there exists a metric d in X  
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such that (X, d) is a complete metric space. Let f be a selfmap of X such that 
 
1) f is monotone nondecreasing, 
2) there exists a point x0∈X with x0 ≤ f(x0), 
3) there exists k∈[0,1) with d(f(x),f(y))≤k·d(x;y) for any pair (x,y)∈X2 with x ≥ y, 
4) if {xn} is a nondecreasing sequence converging to z∈X, then xn ≤ z for each n. 
 
  Then f has a fixed point in X. 
 
Remark 1. As pointed out in [5, Lemma 1], the condition 4) of Theorem 2 is 
valid if X has the property that every chain has supremum. 
 
Remark 2. As pointed out in [5, Remark 1], the symmetry implies that condition 
3) in the Theorems 1 and 2 holds for every pair of comparable elements with 
respect to the partial ordering “≤”. 
 
   By extending a famous theorem of DeMarr [1], the author of [4, Theorem 3] 
established a result for a commutative family of nondecreasing operators of (X, ≤).                
In the case of a single operator, we have the following theorem: 
 
Theorem 3. Let (X, ≤) be a poset and f be a selfmap of X such that 
 
1) f  is monotone nondecreasing, 
2) there exists a point x0∈X with x0 ≤ f(x0), 
3) if C is a chain of X containing x0 and not having supremum, then f(C) has 
supremum in X. 
 
  Then f has the minimum fixed point in X which is greater of x0, i.e. there exists 
an element m0∈X such that m0= min{m∈X: m=f(m) and x0 ≤ m}. 
 
 
2 Main theorems 
 
   We establish the following results: 
 
Teorema 4. Let (X,≤) be a partially ordered set and there exists a metric d : X2 

 [0,+∞). Let f be a selfmap of X such that 
 
1) f  is monotone and nondecreasing, 
2) there exists a point x0∈X with x0 ≤ f(x0), 
3) there exists k∈[0,1) with d(f(x),f(y))≤k·d(x;y) for any pair (x,y)∈X2 with x ≥ y, 
4) if {xn} is a nondecreasing Cauchy sequence in X, then the sequence {xn} 
converges to a point z∈X and f(xn) ≤ z for every n. 
 
  Then f has a fixed point greater than x0. 
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   Proof. In order to avoid trivial cases, assume that x0 ≠ f(x0), thus h = d(f(x0),x0) 
> 0. For sake of completeness, we prove that {fn(x0)} is a nondecreasing  Cauchy 
sequence in X (cfr. proof of Theorem 2.1 of  [5]). Indeed we evidently have x0 ≤ 
f(x0) ≤ fn(x0) ≤ fn+1(x0) for every n by properties 1) and 2), furthermore it is easily 
seen that by induction d(fn+1(x0),fn(x0)) ≤ kn·h for every n. This means for m > n: 
 

d(fm(x0),fn(x0)) ≤ d(fm(x0),fm-1(x0)) + …+ d(fn+1(x0),fn(x0)) 
 

       ≤ (kn – km )·h/(1 – k) ≤ kn·h/(1 – k), 
 
that is {fn(x0)} is a  Cauchy sequence. By property 4), the sequence {fn+1(x0)} 
converges to a point z∈X and fn(x0) ≤ fn+1(x0) ≤ z for every n. Hence we have 
d(f(z),fn+1(x0)) ≤ k·d(z,fn(x0)) by property 3) and passing to the limit for n ∞, we 
deduce that fn+1(x0) converges to f(z) and thus z = f(z), i.e. z is a fixed point of f. 
 
Remark 3. Theorem 2 follows from Theorem 4. Indeed we prove that property 4) 
of Theorem 2 implies property 4) of Theorem 4. Indeed, let {xn} be a 
nondecreasing  Cauchy sequence in X. Since X is complete, {xn} is a sequence 
converging to a point z in X and then xn ≤ z for every n. By property 3) of 
Theorem 2, we have that d(f(z),f(xn)) ≤ k·d(z,xn) and passing to the limit for n ∞, 
we deduce that f(xn) converges to f(z). Moreover f(xn) ≤ f(z) for every n because f 
is nondecreasing. Then all the assumptions of Theorem 4 are satisfied and the 
thesis follows. 
 
Example 1 (cfr. Example 4 of [5]). Let X = {(x,x): x∈[-1,1]}⊆ R2 endowed with 
the Euclidean metric d. Then (X,d) is a complete metric space and consider the 
partial ordering defined as [(x,x) ≤ (y,y) iff x ≤ y] if x ≠ 0, y ≠ 0 and (-1,-1) ≤ (0,0) 
≤ (1,1). Let  k∈[0,1) and define f: X  X as f((x,x)) = (kx,kx) if x > 0 and f((x,x)) 
= (0,0) if x ≤ 0. It is immediate to verify that property 1) holds. Moreover we have 
that d(f(x,x),f(y,y)) = d((kx,kx), (ky,ky)) = 21/2·k·│x – y│= k·d((x,x),(y,y)) if x ≥ y 
> 0, d(f(x,x),f(y,y)) = 0 ≤ k │x - y │ = d((x,x),(y,y)) if x ≥ y and x,y < 0, 
d(f(x,x),f(y,y)) = d((0,0), (kx,kx)) = 21/2·kx ≤ 21/2·k(x-y) = k·d((x,x),(y,y)) if x>0, 
y<0, d(f(1,1),f(0,0)) = 21/2·k = k·d((1,1),(0,0)). Thus f satisfies property 3). The 
property 2) is valid since it suffices to consider x0 = (-1,-1) ≤ (0,0) = f(x0). 
Theorem 2 is not applicable because 2’) does not hold. Indeed the sequence {xn} 
= {(-1/n, -1/n)} converges to  (0,0) but only the first element (-1,-1) is 
comparable with its limit while the property 4) is trivially satisfied having f(xn) = 
(0,0)  for every n. Hence all the assumptions of Theorem 4 hold: indeed f has a 
fixed point which is (0,0). 
 
   Theorem 4 can also be useful in the cases in which X is not a complete metric 
space as proved in the following: 
 
Example 2. (cfr. Example 1 of [4]). Let  X = [0,1]-{1/3} endowed with the its 
natural ordering and the Euclidean metric d. Then (X,d) is a non complete metric  
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space and define f: X  X as f(x) = (x + 2)/3 for every x∈X. Clearly f is 
monotone and nondecreasing, further x0 ≤ (x0 + 2)/3  for every x0∈X and 
d(f(x),f(y)) = d(x,y) = (x-y)/3 for  x ≥ y.  We note that if {xn}, with xn < 1/3 for 
every n, is a nondecreasing  Cauchy sequence converging to 1/3∉X is such that 
f(xn) converges to 7/9 and moreover f(xn) < 7/9 for every n. Thus all the 
assumptions of Theorem 4 are satisfied and f has a fixed point which is 1. 
 
   If we assume the continuity of f, then we can prove the following result: 
 
Teorema 5. Let (X,≤) be a partially ordered set and let d a metric on X. Let f be a 
selfmap of X such that 
 
1) f  is continuous and nondecreasing, 
2) there exists a point x0∈X with x0 ≤ f(x0), 
3) there exists k∈[0,1) with d(f(x),f(y))≤k·d(x;y) for any pair (x,y)∈X2 with x ≥ y, 
4) if {xn} is a nondecreasing  Cauchy sequence in X, then the sequence 
{f(xn)}converges to a point z∈X. 
 
  Then f has a fixed point in X. 
 
   Proof. As above assume that x0 ≠ f(x0) and (cfr. also proof of Theorem 2.1 of  
[5]) one proves that {fn(x0)} is a nondecreasing Cauchy sequence in X  because f 
is nondecreasing and properties 2) and 3) hold. By property 4), the sequence 
{fn+1(x0)} converges to a point z∈X and the continuity of f implies that {fn+2(x0)} 
= {f(fn+1(x0))} converges also to f(z) and thus z = f(z), i.e. z is a fixed point of f. 
 
Remark 4. Theorem 1 follows from Theorem 5. Indeed the completeness of X 
implies the property 4) of  Theorem 4. Indeed, let {xn} is a nondecreasing  
Cauchy sequence in X. Since X is complete, {xn} is a sequence converging to a 
point z in X and the continuity of f implies the convergence of f(xn) to f(z). Then 
all the assumptions of Theorem 1 are satisfied and the thesis follows. 
 
Example 3. Let X={(x,x): x∈[-1,1)}⊆ R2 endowed with the Euclidean metric d. 
Then (X,d) is a (non complete) metric space and consider the partial ordering 
defined as [(x,x) ≤ (y,y) iff x ≤ y] if x ≠ 0, y ≠ 0 and (-1,-1) ≤ (0,0). Let  k∈[0,1) 
and define f as in Example 1. It is immediate to show that f is continuous, 
nondecreasing and property 3) of Theorem 5 holds as above. Moreover it is a 
routine to prove that property 4) of Theorem 5 holds too (we explicitly observe 
that the nondecreasing Cauchy sequences {(xn,xn)}, with xn ≥ 0, converging to 
(1,1)∉X are such that {f((xn,xn)} = {(kxn,kxn)} converges to (k,k)∈X). Theorem 1 
is not applicable because X is not a complete metric space while all the 
assumptions of Theorem 5 hold. Hence f has a fixed point which is (0,0).  
 
Remark 5.  As pointed out in [5], the hypothesis in Theorem 1 and 2 do not  
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guarantee the uniqueness of the fixed point of f. However we can say that 
 
(i) if one assumes also property 3) of Theorem 3) additionally to the assumptions 
of Theorem 4 or Theorem 5, then f has a unique fixed point m0 greater than x0. 
Indeed, if z = f(z) is another fixed point greater than x0, then z ≥ m0 by Theorem 3) 
and hence d(z,m0) = d(f(z),f(m0)) ≤ k·d(z,m0) by property 3) of Theorem 4, that is 
z = m0; 
 
(ii) if one assumes that X is such that every pair of its elements has a lower bound 
or an upper bound (e.g., X is a lattice), then f has a unique fixed point[5, Theorem 
2.3]. 
 
   Indeed we explicitly point out in Examples 1 and 3 that the unique chains {yn} 
= {(xn, xn)} of X not having supremum are those ones such that  - 1 ≤ xn < 0 and 
xn 0 but f(yn) = (0,0) for every n. Thus property 3) of Theorem 3) holds and f has 
a unique fixed point z ≥ x0 as outlined in Remark 5(i). 
   Same conclusion is achieved by invoking Remark 5(ii). Indeed we also note 
that (-1,-1) is a lower bound of the pair ((x,x),(0,0)) if x ≠ 0  and (min(x,y), 
min(x,y)) is a lower bound of the pair ((x,x),(y,y)) if x ≠ 0, y ≠ 0. 
   In Example 2, 1 is the unique fixed point of f since X is a (totally ordered) 
lattice. 
 
Acknowledgement. We thank the authors of [5] for a copy of their paper. 
 
 
References 
 
[1] R. DeMarr, Common fixed points for isotone mappings, Colloquium Math. 

13 (1964), 45-48. 
[2] M.L. Diviccaro, Common fixed points of commutative antitone operators in 

partially ordered sets, Radovi  Math. 12 (2004), 123-128. 
[3] M.L. Diviccaro, Fixed point properties of decomposable isotone operators in 

posets, Sarajevo J. Math. 1 (13) (2005), 5-10. 
[4] M.L. Diviccaro and S. Sessa, Common fixed points of increasing operators 

in posets and related semilattice properties, Internat. Math. Forum 3 (2008), 
no. 43, 2123 – 2128. 

[5] J.J. Nieto and R.Rodriguez-Lopez, Contractive mapping theorems in partially 
ordered sets and applications to ordinary differential equations, Order 22 
(2005), 223-239. 

[6] A.C.M. Ran and M.C.B. Reurings, A fixed point theorem in partially ordered 
sets and some applications to matrix equations, Proc. Am. Math. Soc. 132  
(2004), 1435-1443.  

 
Received: January, 2009 


