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1 Introduction

Dynamic lot-sizing (DLS) model, initially analyzed by Wagner and Whitin [11]

, is one of the most frequently studied deterministic inventory management

models. It can be stated as follows. Given a known demand for a finite

discrete time horizon, a facility possibly a warehouse or a retail outle has to

find a production plan such that total costs are minimized. Relevant costs

include setup cost, production cost and holding cost.

Following Wagner and Whitin’s fundamental work , a number of researchers

have generalized the DLS problem with various considerations. For example,

Federgruen and Lee [4] proposed an all-unit discount and an incremental dis-

count cost structures and proposed two dynamic programming algorithms with

complexity O(T 3) and O(T 2), respectively. Some modifications are made on

these algorithms, see Xu and Lu [12] . Later, Zhang et al.[13] presented a gen-

eral model with multi-break point discount structure and designed a dynamic

programming algorithm in polynomial time. Chan et al.[1] considered the DLS

problem with modified all-unit discount cost structure. For this model, they

demonstrated its NP-hardness and analyzed the worst case ratio for an easy-

to-implement approximation solution. Their solution is the minimum cost

solution that satisfies the ZIO policy. Chan et al. [2] further extended the

model to a single-warehouse multi-retailer setting. In these two papers, they

showed that the cost of the best ZIO policy is no more than 4
3

( 5.6
4.6

if costs

are stationary) times the optimal one. Some other theoretical results are given

([3],[8],[5]) for the DLS problem with general cost structures.

It should be noted that most of the literatures as listed above discussed

are focused on the model in a single supplier or single-supplier multi-retailer

system, that is, the retailer need to order from the only supplier. However, in

practical situation, when replenishing inventory, there is often more than one

suppliers from which to choose. Recognizing a need for the research in this area,

the paper considered by Jaruphongsa et al. [7] is the first to generalize a DLS

problem to consider the case where replenishment orders may be delivered by

multiple shipment models. For this problem, they analyzed several structural

optimality properties and proposed a dynamic programming algorithm to find

the optimal solution. However, whether the running time of the algorithm is

in polynomial time is unknown. The main contributions of their paper are

the two-supplier problems they solved in polynomial time, the special cases of

multi-supplier problem, in which each supplier has a different cost structure

either a fixed set up cost or a multiple set-ups cost. In their paper, they

developed a dynamic programming time algorithm with complexity O(T 2),

O(T 3)and O(T 4) , respectively, for the case that both suppliers have fixed set-
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up cost structure, the case that one supplier has a fixed set-up cost structure

and the other has a multiple set-ups cost structure, and the case that both

suppliers have multiple set-ups cost structures.

Recently, two-echelon DLS model with delivery cost have been receive con-

siderable attention. A detailed problem description follows. A supplier ships

final products to a third-party warehouse(TPW) for storage and distribution to

retailer with discrete time-varying demands. The cost of replenishing inventory

at the TPW is a fixed cost. The costs of TPW for storage and distribution and

the total holding costs at the retailer are based on the number of demands of

retailer satisfied. Consequently, both the TPW and retailer would like to take

advantage of cost-saving opportunities in making inventory replenishment and

delivery decisions. Lee et al.[9] considered a two-echelon DLS model with the

container-based cost considerations for the outbound delivery and presented

an algorithm that runs in O(T 6) time for the problem with backlogging allowed

and in O(T 4) time if backlogging is not allowed. Li et al. [10] generalized the

model in [9] by considering a more general cost structure for outbound delivery.

In a recent paper, Jaruphongsa et al. [6] presented a two-echelon DLS model

with two outbound delivery models where one model has a fixed set-up cost

structure while the other has a container-based cost structure and provided a

polynomial solution algorithm in O(T 5) time.

In this paper, we generalize the two-echelon DLS model with delivery cost

by considering multiple suppliers. In our model, TPW is faced with multi-mode

replenishment(multiple suppliers) and each mode is characterized by a different

incremental discount cost structure. The delivery cost from TPW to retailer

in each period is a fixed set-up cost structure. Therefore, to minimize system-

wide costs, the following decisions must to be considered: 1) how often, from

where and in what quantities, the stock should be replenished at the TPW,

and 2)how often, and in what quantities , the products should be released to

the retailer so that delivery scale economies can be realized. For this problem,

we propose several structural optimality properties and develop an polynomial

algorithm with complexity O(T 4 +NT 2) to find the optimal solution based on

the dynamic programming.

The remainder of the paper is organized as follows. First, in Section 2, we

introduce some notations and give a mathematical description of the problem.

In Section 3, we analyze the optimal optimality properties. In Section 4, we

present an optimal algorithm in polynomial time and a numerical example

tests our algorithm empirically and Section 4 contains the conclusion.
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2 Notation and Problem Formulation

The problem proposed in this paper is denoted by P problem. For this problem,

when TPW replenishes product, there are N, (N is constant) suppliers from

which to choose. In each period, TPW will select the supplier and quantity

so as to replenish stock. On the other hand, TPW will decide: how often

and in what quantity , the products should be released to the retailer so that

the demand and the stock at the retailer can be replenished. In addition,

the backlogging is not allowed. The goal is to minimize the total costs, and

the relevant costs typically include replenishment costs and delivery cost from

TPW to retailer and and holding (inventory) costs at the TPW and the retailer.

Fig.1. Schematic representation of two-echelon DLS model in this paper

Letting T denote the length of the planning horizon, for t ∈ {1, 2, . . . , T}
and n ∈ {1, 2, . . . , N}, we define the following notations for our model.

dt = demand in period t,

xnt = the replenishment quantity at the TPW from supplier n in period t,

yt = the units dispatched to the retailer in period t and y(t, k) denotes

the total units dispatched to the retailer from period t to k, k ≥ t, that is,

y(t, k) = yt + yt+1 + · · · + yk.

It = the on-hand inventory level at the retailer at the end of period t,

I
′
t = the on-hand inventory level at the TPW at the end of period t,

ht = the unit holding cost in period t at the retailer,

h
′
t = the unit holding cost in period t at the TPW,

Cnt(xnt) = the cost of replenishing xnt units in period t from supplier n.

The cost function is denoted by an incremental-discount cost structure, that

is,

Cnt(xnt) =

{
Antδ(xnt) + cntxnt, xnt ≤ Qn

Ant + cntQn + cnt(1 − rnt)(xnt − Qn), xnt < Qn
,

where δ(xnt) = 1 if xnt > 0 and 0 otherwise. Let Ant, cnt, rnt (0 < rnt < 1)

denote the fixed set-up cost, the the basis unit purchase cost, the discount

rate, respectively, when TPW replenishes product from supplier n in period t.

In this cost structure, the discount price at the supplier n in period t applies

only to the units in excess of Qn.
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Pt(yt) = the cost of dispatching yt units from TPW to the retailer at the

period t. The cost function is denoted by an fixed set-up cost structure, that

is, Pt(yt) = Ktδ(yt) + ptyt, where Kt, pt denote the fixed set-up cost and the

unit dispatch (or delivery) cost in period t, respectively.

Hence, our problem denoted as P can be formulated as

(P ) min
T∑

t=1

[
N∑

n=1

Cnt(xnt) + h
′
tI

′
t + Pt(yt) + htIt]

s.t.

N∑
n=1

Cnt(xnt) + I
′
t−1 − yt = I

′
t , t = 1, 2, . . . , T

It−1 + yt − dt = It, t = 1, 2, . . . , T

I
′
0 = I

′
T = I0 = IT = 0,

xnt ≥ 0, yt ≥ 0, t = 1, 2, . . . , T

For the problem under consideration, let xt denote the total replenishment

quantity at the TPW in period t, that is, xt = x1t + x2t + · · · + xNt. Also,

for each i, j with 1 ≤ i ≤ j ≤ T , let d(i, j) = di + di+1 + · · · + dj, h
′
(i, j) =

h
′
i + h

′
i+1 + · · · + h

′
j , h(i, j) = hi + hi+1 + · · · + hj. We also define h

′
(i, j) =

0, h(i, j) = 0, d(i, j) = 0 if i > j.

We also define the following notations. Period t, 1 ≤ t ≤ T , is called a

replenishment period if xt > 0, and it is called a dispatch period if yt > 0. We

call period t is a TPW-regeneration point if I
′
t = 0 and a R-regeneration point

if It = 0. In addition, in practical situation, the more frequent a product is

replenished or dispatched, the more favorable its relevant cost. So we make

the following assumption.

Assumption. We assume that Ant, cnt, Kt and pt are non-increasing in t and

rnt is non-decreasing in t, that is, for 1 ≤ t ≤ T , we have Ant ≥ An,t+1, cnt ≥
cn,t+1, Kt ≥ Kt+1, pt ≥ pt+1 and rnt ≤ rn,t+1.

3 The optimality property

In this section, we analyze the optimality properties of P problem which may

help to develop an efficient polynomial algorithm.

Property 1 There exists an optimal solution for P problem such that

xnt ∈ {0, xt} for all 1 ≤ t ≤ T and n = 1, 2, . . . , N .

Proof. This will be shown by induction on n, the number of suppliers.

For n = 2, the conclusion holds and the proof is as follows. Recall that,

xt = x1t+x2t. Suppose that there is no optimal solution satisfying xnt ∈ {0, xt},
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that is, 0 < x1t < xt and 0 < x2t < xt. Without loss of generality, we assume

that Q1 ≤ Q2 and consider the following cases.

Case 1. x1t > Q1, x2t > Q2. In this case, if c2t(1 − r2t) ≥ c1t(1 − r1t),

then we can cancel x2t and increase x1t by x2t. It can be easily seen that the

cost is reduced by A2t + c2tr2tQ2 + [c2t(1− r2t)− c1t(1− r1t)]x2t ≥ 0 after this

perturbation, and we have x1t = xt and x2t = 0. Otherwise, we let x1t = 0 and

x2t = xt, then we get a solution with lower cost.

Case 2. x1t > Q1, 0 < x2t ≤ Q2. If c2t ≥ c1t(1 − r1t), then we can decrease

x2t by x2t and increase x1t by the same amount. After this perturbation, the

total cost is reduced by A2t + [c2t − c1t(1− r1t)]x2t ≥ 0. If c2t < c1t(1− r1t), we

can cancel x1t and increase x2t by x1t. After this perturbation, the total cost

is reduced by at least A1t + c1tr1tQ1 + [c1t(1 − r1t) − c2t]x1t ≥ 0 for the two

possibilities xt > Q2 or xt ≤ Q2. Thus we have a contradiction.

Case 3. 0 < x1t ≤ Q1, x2t > Q2. In this case, if c2t(1− r2t) ≥ c1t, we can let

x2t = 0 and x1t = xt. After this perturbation, the total cost is not increased.

Otherwise, we can cancel x1t and let x2t = xt. It can be easily seen that the

cost is reduced.

The proof for n = 2 can be completed by considering the remaining case

(4)0 < x1t ≤ Q1, 0 < x2t ≤ Q2. For this case, it is not difficult to show that

we can cancel x1t and let x2t = xt or let x1t = xt, x2t = 0 without increasing

the total cost.

Assume now that the conclusion is true for some m − 1, m > 3, we show

that it continues to be true for m. Suppose that it does not hold for m, we have

0 < xnt < xt for all n. Obviously, for suppliers n1 and n2 (1 ≤ n1, n2 ≤ m),

we have 0 < xn1t < xt and 0 < xn2t < xt. Similar to the above arguments for

n = 2, we can have a new lower cost solution with xn1t = 0 or xn2t = 0. In

other word, by perturbation policy, we can have a new solution in which only

replenishing from m − 1 suppliers. From the assumption, the property holds

for m.

By induction, the conclusion holds for all m.

Property 2 There exists an optimal solution for P problem such that

I
′
t−1xt = 0, for t = 1, 2, . . . , T .

Proof. Suppose that xt > 0 and I
′
t−1 > 0 in the optimal solution. From

Property 1, TPW replenishes only from one of the N suppliers in period t.

Without loss of generality, we may assume that the TPW replenishes from

the m-th supplier in period t, that is, xt = xmt. Since I
′
t−1 > 0, there exists

an replenishment period before t. Let s be the latest such period. We have

I
′
k ≥ I

′
t−1 > 0 for all s ≤ k < t. From Property 1, we also assume xs = xns.

Then the following cases are to be considered.

Case 1. xmt > Qm, xns > Qn. If cns(1−rns)−cmt(1−rmt)+h
′
(s, t−1) ≥ 0,
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we can decrease xns by Δ with Δ = min{I ′
t−1, xns} and increase xmt by the

same amount. After the perturbation, we have either xns−Δ > Qn or xns−Δ ≤
Qn. For both possibilities, we will have xns = 0 or I

′
t−1 = 0 and the total cost

is reduced by at least [cns(1−rns)−cmt(1−rmt)+h
′
(s, t−1)]Δ ≥ 0; otherwise,

we can cancel xmt and increase xns by xmt. It can be easily seen that the cost

is reduced by Amt +cmtrmtQm +[cmt(1−rmt)−cns(1−rns)−h
′
(s, t−1)]xmt > 0

after this perturbation.

Case 2. 0 < xmt ≤ Qm, xns > Qn. In this case, if cns(1−rns)−cmt+h
′
(s, t−

1) ≥ 0, let Δ = min{I ′
t−1, xns}, we can decrease xns by Δ and increase xmt by

the same amount so that the total cost is reduced after the perturbation, and

hence we have a contradiction. If cns(1 − rns) − cmt + h
′
(s, t − 1) < 0, we let

xmt = 0 and increase xns by xmt. This perturbation policy does not lead to an

increase in the cost and we have a contradiction.

We complete the proof by considering the follow two case (3)xmt > Qm, 0 <

xns ≤ Qn, (4) 0 < xmt ≤ Qm, 0 < xns ≤ Qn. In the case (3), if cns − cmt(1 −
rmt) + h

′
(s, t − 1) ≥ 0 and in the case (4), if cns − cmt + h

′
(s, t − 1) ≥ 0, we

can decrease xns by Δ = min{I ′
t−1, xns} and increase xmt by the same amount

so that the total cost is not increased. We also have xns = 0 or I
′
t−1 = 0.

Otherwise, we let xmt = 0 and increase xns by xmt. The total cost is reduced

after this perturbation and we have therefore arrived at a contradiction, which

shows that the conclusion holds.

The property 3 is presented by Lee et al. [9] for their model, it is easy to

show that this property also holds for our problem.

Property 3 There exists an optimal solution for P problem such that an

inbound replenishment is received only when an outbound dispatch is made,

(i.e., for a given t, xt > 0 only if yt > 0.)

The following property may decide when and in what quantities the prod-

ucts be released to retailer and allow us to design the polynomial algorithm to

solve P problem efficiently.

Property 4 There exists an optimal solution for P problem such that

Ityt = 0 for all t = 1, 2, . . . , T , that is, period t is a dispatch period if and only

if t − 1 is a R-regeneration point.

Proof. Given an optimal solution, we assume that Ityt = 0 is violated for

some period t, 1 ≤ t ≤ T . Thus It−1 > 0 and yt > 0. Then there exists a

previous dispatch period before t and let s(s < t) be such period. Let u and

v, u ≤ v, be the replenishment periods that supply ys and yt, respectively.

By property 1, let xu = xmu, xv = xnv for some m, n, 1 ≤ m, n ≤ N . The

proof can be completed by considering the four cases (1)xmu > Qm, xnv > Qn,

(2)xmu > Qm, xnv ≤ Qn, (3)xmu ≤ Qm, xnv > Qn, and (4)xmu ≤ Qm, xnv ≤
Qn. If ps+h

′
(u, s−1)+h(s, t−1)+cmu(1−rmu) ≥ cnv(1−rnv)+h

′
(v, t−1)+pt
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in case 1, ps + h
′
(u, s− 1) + h(s, t− 1) + cmu(1− rmu) ≥ cnv + h

′
(v, t− 1) + pt

in case 2, ps + h
′
(u, s− 1) + h(s, t − 1) + cmu ≥ cnv(1− rnv) + h

′
(v, t− 1) + pt

in case 3 and ps + h
′
(u, s − 1) + h(s, t − 1) + cmu ≥ cnv + h

′
(v, t − 1) + pt in

case 4, we decrease xmu and ys by Δ with Δ = min{ys, It−1}, and increase

xnv and yt by the same amount. It can be verified that the total cost does not

increase after the perturbation and we have It−1 = 0 or yt = 0. Hence we have

contradictions. Otherwise, we increase xmu and ys by yt, and decrease xnv and

yt by the same amount. For each case, we have a feasible solution with lower

total cost and we also have yt = 0. Contradiction!

From above properties, we can have the Corollaries .

Corollary 1 There exists an optimal solution for P problem such that for

some t, k, 1 ≤ t ≤ k ≤ T , if xt > 0 and xk > 0, then x(t, k) = y(t, k), where

x(t, k) = xt + xt+1 + · · ·xk.

Corollary 2 There exists an optimal solution for P problem such that if

periods t and k + 1, (t ≤ k) are two dispatch periods, then y(t, k) = d(t, k).

Corollary 3 There exists an optimal solution for P problem such that if

t − 1 is a TPW-regeneration point, then it is a R-regeneration point.

4 The Optimal Algorithm

4.1 The Optimal Algorithm and its Complexity

Using the optimal properties obtained so far, the remainder of this section is

devoted to designing an optimal dynamic programming algorithm in a poly-

nomial time to solve our problem. For this purpose, we first introduce some

formulas that will be used in the algorithm.

Let F (j) denote the minimum total cost of satisfying the retailer demands

from period 1 to j and C(i, j) denote the minimum cost of satisfying the retailer

demands from period i to j, where i − 1 and j are two consecutive TPW-

regeneration points with 1 ≤ i ≤ j ≤ T . Now, we can give the description to

our algorithm for solving problem P .

DP algorithm

F (0) = 0; F (j) = min
1≤i≤j

{F (i − 1) + C(i, j)}, 1 ≤ i ≤ j ≤ T (1)

Obviously, the minimum cost is F (T ). If the value of C(i, j) for all 1 ≤
i ≤ j ≤ T is known, it can easily be shown that F (T ) can be found in O(T 2)

time. Hence the remaining task is how to compute the value of C(i, j) in an

efficient time.

Recall that i− 1 and j are two consecutive TPW-regeneration points with

1 ≤ i ≤ j ≤ T , we have xi = d(i, j) and y(i, j) = d(i, j) by corollary 1-3
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and we also have that for i ≤ t ≤ j, I
′
t = I

′
i + x(i, t) − y(i, t) = xi − y(i, t).

Therefore, we define G(i, j) as the minimum total cost of satisfying the retailer

demands from period i to period j, ie., d(i, j). Note that G(i, j) includes all

dispatch costs during periods i, . . . , j and the corresponding holding costs at

the TPW and the retailer. Thus the values of C(i, j) can be computed using

the following formula. For 1 ≤ i ≤ j ≤ T ,

C(i, j) = min
1≤n≤N

{Cni(xi)} + G(i, j) (2)

Given the value of G(i, j) for all 1 ≤ i ≤ j ≤ T , we can compute the values of

C(i, j) in O(NT 2) by formula 2.

It follows from Corollary 3, that i − 1 and j are also two R-regeneration

points but may be not two consecutive points. This means that there may

exist several R-regeneration points from period i to period j − 1. Without

loss of generality, let u − 1, v be such two R-regeneration points , that is, for

i ≤ u ≤ v ≤ j, Iu−1 = 0, Iv = 0. Hence we want to compute the value of C(i, j)

only if we compute the value of G(u, v) (ie., G(i, j)). Let w − 1 be the last

R-regeneration points before v. From Ii−1 = 0, Iu−1 = 0, Iw−1 = 0, Iv−1 = 0

and Ij = 0, we have y(w, v) = yw = d(w, v). For w ≤ l ≤ v, we have

y(i, v) = d(i, v) = y(i, l) + y(l + 1, v). From w < l + 1 and y(l + 1, v) = 0, we

have y(i, l) = d(i, v) and I
′
l = xi − y(i, l) = d(i, j)− d(i, v) = d(v +1, j), where

I
′
l = 0 when l = v, and Il = Iw−1 + yw − d(w, l) = d(l + 1, v). To summary

above discussions, for i ≤ u ≤ v ≤ j, we can compute the value of G(u, v) by

the following formula. G(u, u− 1) = 0;

G(u, v) = min
u≤w≤v

{G(u, w − 1) + Pw(yw) +

v∑
l=w

[h
′
lI

′
l + hlIl]} (3)

Observe that for 1 ≤ u ≤ v ≤ j ≤ T , if d(i, j) are known then computing

the value of G(u, v) using (3) takes O(T 4) time, however, it only takes O(T 2)

time to compute the value of d(i, j). In summary, the total computational

complexity of the DP algorithm for P problem is O(T 4 + NT 2).

4.2 Computational Results

In this section, we give a numerical example to test our algorithm empirically.

We consider a four period instance with two supplers and the corresponding

parameters are as follows.
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Fig.2. The parameter of the example

For this instance, we obtain the optimal solution using Matlab 7.0 by com-

piling DP algorithm and the running time is less than 0.1 seconds. The values

of the corresponding parameters used in the computational study are summa-

rized in the following Tables. In additional, we also increase the number of

period and the number of supplier to test the optimal solution of our algorithm

and we thus conclude that our algorithm is very effective since it allow us to

find the optimal solution in a negligible amount of time.

Value of j 1 2 3 4
Values of G(u,v) 
and w

G(1,1)=52 w=1 G(1,1)=142 w=1
G(1,2)=207 w=2
G(2,2)=65  w=2

G(1,1)=193 w=1
G(1,2)=377 w=2
G(1,3)=377 w=2
G(2,2)=184 w=2
G(2,3)=184 w=2
G(3,3)=38  w=3

G(1,1)=226 w=1
G(1,2)=487 w=2
G(1,3)=542 w=2
G(1,4)=553 w=2
G(2,2)=261 w=2
G(2,3)=316 w=2
G(2,4)=327 w=2
G(3,3)=93  w=3 
G(3,4)=119 w=4
G(4,4)= 26 w=4

Fig.3. The value of C(u, v) for i = 1 and all j

Fig.4. The value of C(i, j) Fig.5. The value of n in the min
1≤n≤N

Cni(d(i, j))

Fig.6. The optimal value of F (j)
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5 Conclusion

In this paper, we proposed an O(T 4+NT 2) algorithm to solve the two-echelon

dynamic lot-sizing model with incremental-discount replenishment costs and

an fixed set-up delivery cost. In our model, the TPW replenishes product from

N supplers and dispatches to the retailer so that to satisfy the demands at the

retailer and to minimize the total cost, where the cost include replenishment

cost, delivery cost and holding cost at the TPW and the retailer. Our problem

is a generalization of the DLS problem with multi-mode replenishment. For

our problem, we can easily modify the algorithm given in this paper to solve

more general problem, for example, the problem by considering the multi-

model dispatches with fixed set-up cost structures. In the future research, we

could extend our model to consider the generalization cost structures.
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