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Abstract

In this paper certain injectivity conditions in terms of extensions of
monomorphisms are considered for submodules.More precisely we stud-
ied properties and characterizations of modules in which all submodules
are essentially pseudo-injective; termed as EP-modules. The notion
of essentially fully pseudo-stable modules are introduced here. This
notion is shown to complement of the definition of essentially pseudo-
injective modules in the sense that a module is EP-module if and only if
it is both essentially fully pseudo-stable and essentially pseudo-injective.
This notion is used to constructed the essential pseudo-stable envelope
of modules and we proved that this envelope is exactly the essentially
pseudo-injective envelope. Semisimple rings are characterized in terms
of EP-modules.
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1 INTRODUCTION

Throughout this paper, unless otherwise stated, we assume that every ring
is associative and has a non-zero identity and all modules are unital right
modules. Let M be an R-module. A submodule of M which has non-zero
intersection with all non-zero submodules of M is called essential. Let M and
N be two R-modules. M is called (pseudo-) N -injective if, for any submodule
A of N , every R-homomorphism (resp. R-monomorphism) from A into M
can be extended to an element of HomR(N ,M)[7]. An R-module M is called
quasi-injective (pseudo-injective) if it is (pseudo) M-injective. A submodule
N of an R-module M is called (pseudo-) stable if α(N) ⊆ N for each R-
homomorphism (resp. R-monomorphism) of N into M . The R-module M is
called fully (pseudo-) stable if each submodule of M is (pseudo-) stable [1]. A
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concept which has a weaker from of pseudo-N-injectivity was considered in [4].
Let M and N be R-modules. M is said to be essentially pseudo-N-injective
if for any essential submodule A of N , any R-monomorphism f : A → M
can be extended to some g in HomR(M ,N). M is called essentially pseudo
injective if M is essentially pseudo-M-injective. Recently in [2] P-modules
were studied. An R-module M is called P-module if each submodule of M is
pseudo-injective.

In this paper a weaker concept of P-module is considered,namely EP-
module. The essentially concept is applayed to fully pseudo-stable modules.
Several properties and characterizations of essentially fully pseudo-stable mod-
ules are considered. It is proved, in particular, that an R-module is essentially
fully pseudo-stable if and only if distinct essential submodules are not iso-
morphic. Let N be an essential submodule of an R-module M . We defined
the essential pseudo-stable envelope of N in M . Then this envelope is lifted
to the modules as a submodule of their injective envelope. It is shown that
this envelope is exactly the essentially pseudo-injective envelope of modules.
It is shown that EP-modules are precisely those modules which are both es-
sentially pseudo-injective and essentially fully pseudo-stable. Also the form of
submodules of EP-module are given.

2 ESSENTIALLY FULLY PSEUDO-STABLE

MODULES

In this section we introduce a weaker form of full pseudo-stability.

Definition 2.1 An R-module M is said to be essentially fully pseudo-stable
if each essential submodule of M is pseudo-stable.

Fully pseudo-stable modules are trivial examples of essentially fully pseudo-
stable, but the converse is not true, in fact every semisimple module is essen-
tially fully pseudo-stable, while every vector space V with dim(V ) > 1, is
notfully pseudo-stable. It is an easy matter to see that essential submodules
are inherit the essentially full pseudo-stability property. The Z-module ZP∞

is essentially fully pseudo-stable but Z is not essentially fully pseudo-stable
Z-module.

In the following we consider the terseness property of essentially fully
pseudo-stable modules.
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proposition 2.2 An R-module M is essentially fully pseudo-stable if and
only if distinct essential submodules of M are not isomorphic.

Proof . Assume that N1, N2 are two isomorphic distinct essential submodules
of M . No loss of generality, if we assume that there is an element x in N1 not
in N2. Let θ : N1 → N2 be an isomorphism and consider the following two
R-monomorphisms iN2 ◦ θ : N1 → M and iN1 ◦ θ−1 : N2 → M where iN1 , iN2

are the inclusion maps. Essentially full pseudo-stability of M implies that
iN2 ◦ θ(N1) ⊆ N1 and iN1 ◦ θ−1(N2) ⊆ N2. Thus x = (iN1 ◦ θ−1 ◦ iN2 ◦ θ)(x) ∈
N2 implies a contradiction. Conversely, suppose that there is an essential
submodule W of M and R-monomorphism α : W → M with α(W ) �⊂ W .
Then there are two isomorphic essential submodules W and α(W ) which are
distinct. This checks that M is essentially fully pseudo-stable.

Corollary 2.3 If M is essentially fully pseudo-stable R-module, then for
each essential cyclic submodules xR, yR of M, rR(x) = rR(y) implies that
xR = yR for each x, y ∈ M .

The condition in the above corollary does not imply the essentially full
pseudo-stability of the module. It is equivalent to a weaker from that appear
in the next proposition and the proof is straightforward.

proposition 2.4 The following statements are equivalent for an R-module
M.

1. distinct essential cyclic submodules of M are not isomorphic.

2. rR(x) = rR(y) implies xR = yR for each x, y ∈ M.

Let N be an essential submodule of an R-module M . Define

N̂ := < α(x) | x ∈ N and α : N → M is R − monomorphism >

the submodule generated by all images of elements of N under the R-monomor-
phism from N into M . Clearly N ⊆ N̂ , N̂ is essential in M and N is essential
in N̂ . In fact an R-module M is essentially fully pseudo-stable if and only if
N = N̂ for each essential submodule N of M if and only if N =

∑
θ(N) where

the sum runs over all R-monomorphism θ of essential submodule N of M into
M .

Let β : N̂ → M be an R-monomorphism and let α(x) ∈ N̂ .Then β(α(x)) =
β ◦ α(x) ∈ N̂ , this shows that N̂ is essential pseudo-stable.
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proposition 2.5 Let M be essentially pseudo-injective R-module and N be
an essential submodule of M. Then N̂ is the minimal essential pseudo-stable
submodule of M containing N.

proof . Let K be an essential pseudo-stable submodule of M which contains
N . If α(x) ∈ N̂ , then essential pseudo-injectivity of M implies there is an
extension β : M → M of α. It is clear that 0 = ker(α) = Ker(β) ∩ N implies
that β is R-monomorphism. Now x ∈ N ⊆ K, thus α(x) = β(x) ∈ K and
hence N̂ ⊆ K.

We call N̂ the essential pseudo-stable envelope of N in M . Let M be an
arbitrary R-module and E(M) be its injective envelope. We will consider M
as an essential submodule of E(M). Denote M̂ in E(M) by eps(M) and call
it the essential pseudo-stable envelope of M . In fact eps(M) is the minimal
essential pseudo submodule of E(M) containing M , further, it is an essential
extension of M .

Thus we have the following.

proposition 2.6 Every R-module has a unique (up to isomorphism) essen-
tial pseudo-stable envelope.

The proof of the following remark is straightforward.

Remark 2.7 Essentially pseudo-stable (and hence essential stable) submod-
ules of essentially pseudo-injective module are essentially pseudo-injective.

Analogously to the corresponding result for quasi-injective modules, for any
R-module M , we define the essentially pseudo-injective envelope of M to be
the minimal essentially pseudo-injective module containing M as submodule.
Any two such envelops are isomorphic. It is clear that an R-module M is
essentially pseudo-injective if and only if M is equal to its essentially pseudo-
injective envelope.

proposition 2.8 For any R-module M, eps(M) is the essentially pseudo-
injective envelope of M.

proof . eps(M) is the minimal essential pseudo-stable submodule of E(M)
containing M , proposition (2.5) and remark (2.7) assert that eps(M) is essen-
tially pseudo-injective. Thus eps(M) is the minimal pseudo-injective module
containing M as essential submodule.
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Corollary 2.9 The following are equivalent for an R-module M.

1. M is essentially pseudo-injective.

2. M is essentially pseudo-stable submodule of E(M).

3. M is invariant under each mono-endomorphism of E(M).

proof . M is essential pseudo-stable submodule of E(M) if and only if M =
eps(M) if and only if M is essentially pseudo-injective module, proposition
(2.8). This checks the equivalence of (1) and (2)
(2) ⇒ (3) Let α be a mono-endomorphism of E(M).Then ά = α|M : M →E(M)
is a monomorphism, hence α(M) = ά(M) ⊆ M .
(3) ⇒ (2) Let θ : M → E(M) be an R-monomorphism. Injectivity of
E(M) implies that there is ϕ : E(M) → E(M) which is an extension of θ.
0 = ker(θ) = ker(ϕ) ∩ M , essential property of M in E(M) implies that ϕ is
R-monomorphism and hence θ(M) = ϕ(M) ⊆ M .

3 EP-MODULES

Rings in which every right ideal is quasi-injective were studied in [10] such
rings called q-rings. it is shown that a right ring R is q-ring if and only if R
is a right self-injective, and every right ideal A of R is of the form eA, e is an
idempotent in R and A is a two sided ideal in R. The object of this section
is to investigate analogous conclusion for essential pseudo-injectivity. As we
have mentioned in the introduction that P-module was studied in [2]. First we
introduce the following weaker form of P-modules.

Definition 3.1 An R-module in which each submodule is essentially pseudo-
injective is called essentially P-module( simply EP-module). A ring R is called
EP-ring if it is EP-module as R-module.

As every direct summand of essentially pseudo-injective module is essen-
tially pseudo-injective [4], so it is easy to check that an R-module M is EP-
module if and only if each essential submodule of M is essentially pseudo-
injective.

It is clear that EP-modules are essentially pseudo-injective, the converse
may not be true. However in the following we show that essentially fully
pseudo-stable modules are complement of essentially pseudo-injective module.

Theorem 3.2 An R-module M is EP-module if and only if M is essentially
pseudo-injective and essentially fully pseudo-stable.
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proof . Assume that M is EP-module, N is an essential submodule of M and
f : N → M is an R-monomorphism. Then Ń = f−1(N) is essential in N . f́(=
f |Ń) : Ń → N is R-monomorphism. Essential pseudo-injectivity of N implies

that there exists g : N → N which extends f́ . As M is essentially pseudo-
injective, g can be extended to an R-homomorphism h : M → M . Suppose for
moments that (h− f)(N) �= 0, hence (h− f)(N)∩N �= 0, thus (h− f)(x) = y
for some non-zero elements x and y in N . (h − f)(x) = (g − f)(x) = y, so
f(x) = g(x)− y ∈ N , this implies that x ∈ Ń , hence y = (h− f)(x) = 0 which
is contradiction. Thus (h − f)(N) = 0 and hence f(N) = h(N) = g(N) ⊆ N .
Therefore N is pseudo-stable. Conversely, let N be an essential submodule of
M . Let K be an essential in N and α : K → N be an R-monomorphism.
There exists β : M → M which extends iN ◦ α where iN is the inclusion of N
into M . β́ = β|N : N → N is an extension of α and hence N is essentially
pseudo-injective. This shows that M is EP-module.

Examples and Remarks 3.3

(a) It is clear that EP-modules are essentially pseudo-injective, but the con-
verse may not be true, infact, the injective envelop of nonessentially
pseudo-injective module is essentially pseudo-injective which is not EP-
module. Also, this shows that essential submodules are not inherited by
the property of essential pseudo-injectivity.

(b) Let M = A ⊕ B be R-module where A and B are submodules of M . If
N is a stable submodule of M , then N = (N ∩ A) ⊕ (N ∩ B) [1].

(c) The injective envelope of each fully pseudo-stable module over commuta-
tive noetherian ring is EP-module. In particular, the injective envelope
of fully pseudo-stable groups are EP-modules.

proof: Let M be a fully pseudo-stable module over a commutative noethe-
rian ring R, It is shown in [1] that E(M) is fully pseudo-stable and hence
essentially fully pseudo-stable. Theorem(3.2) implies that E(M) is EP-
module.

(d) Recall that a ring R is hypercyclic if the injective envelope of each cyclic
R-module is cyclic [6]. We claim that every cyclic module over a commu-
tative Von Neumman regular hypercyclic ring is EP-module. For, let M
be a cyclic module over a commutative regular hypercylic ring R. Then
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E(M) is cyclic R-module. It is proved [3] that cyclic modules over regular
rings are fully pseudo-stable. So E(M) is EP-module, theorem(3.2).

(e) An R-module M is multiplication if each submodule is of the form MA
for some right ideal A of R [5]. We claim that every multiplication essen-
tially pseudo-injective R-module M is EP-module;by theorem (3.2) it is
enough to show that each essential submodule N of M is pseudo-stable.
Let α : N → M be an R-monomorphism. There exists an extension
β : M → M of α. Now N = MA for some right ideal A of R, hence
α(N) = β(N) = β(MA) = β(M)A ⊆ MA = N .

Let R be a commutative ring. As every cyclic R-module is multiplication
[8], thus every cyclic essentially pseudo-injective module over commutative ring
is EP-module (as above). In particular a commutative ring R is essentially
pseudo-injective if and only if R is EP-ring.

Osofsky proved in her Rutgers thesis in 1964 that a ring R must be semisim-
ple if all cyclic R-modules are injective.

proposition 3.4 If every R-module generated by four elements is essen-
tially pseudo-injective, then R is semisimple.

proof . Let N be a cyclic R-module. Then (N ⊕R)2 � (N ⊕R) ⊕ (N ⊕R) is
an R-module generated by four elements, Thus (N ⊕R)2 is essentially pseudo-
injective. Hence (N ⊕ R)2 is essentially pseudo-(N ⊕ R)-injective. So by [4,
corollary (3)], (N ⊕ R) is quasi-injective and hence (N ⊕ R) is R-injective.
Therefore N is injective and hence by Osofky result R is semisimple.

It is trivial that the converse of proposition (3.4) is true. Thus we have the
following.

Corollary 3.5 For any ring R, the following are equivalent

1. R semisimple,

2. Every R-module is EP-module.

3. Every finitely generated R-module is EP-module.

4. Every R-module generated by four elements is EP-modules.
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Theorem 3.6 Let M be a uniform R-module. Then M is EP-module if and
only if M is essentially pseudo-injective and each submodule of M is of the form
α(K) where K is a stable submodule of M and α is an idempotent in End(M).

The proof of the theorem follows from the following.

proposition 3.7 If M is essentially pseudo-injective R-module in which
each submodule is of the form α(K) where α is an idempotent in End(M)
and K is essential stable submodule of M, then M is EP-module.

proof . Let N be a submodule of M , K be an essential submodule of M and
α be an idempotent in End(M), such that N = α(K). By remark (2.7), K is
essentially pseudo-injective. Since α is idempotent, then M = α(M) ⊕ (1 −
α)(M). Stability of K and examples and remarks (3.3)(b) implies that

K = (K ∩ α(M)) ⊕ (K ∩ (1 − α)(M)) ⊆ α(K) ⊕ (1 − α)(K) = K.

Thus K = N ⊕ (1−α)(K). As direct summand of essentially pseudo-injective
module is essentially pseudo-injective, then N is essentially pseudo-injective
and hence M is EP-module.

Remark 3.8 Let M be a uniform R-module and N be pseudo-stable submod-
ule of M. Then N is stable in M. For, let α : N → M be an R-homomorphism.
Since ker(α)∩ker(IN −α) = 0, if ker(α) �= 0 thenIN −α is R-monomorphism,
hence (IN − α)(N) ⊆ N , so α(N) ⊆ N .

proposition 3.9 Let an R-module M be uniform EP-module. Then each
submodule of M is of the form α(W ) where W is a stable submodule of M and
α is an idempotent in End(M).

proof . Let N be a submodule of M . Then W = N ⊕ N c is essential in
M , where N c is the complement submodule of N in M , and hence W is es-
sentially pseudo-injective. By theorem (2.8), W is pseudo-stable.Remark(3.8)
implies that W is essential stable submodule of M , so E(M) = E(W ) = E(N)⊕
E(N c). Let ρ : E(M) → E(N) be the projective of E(M) onto E(N). As M
is essentially pseudo-injective, then corollary (2.9) implies that M is essential
pseudo-stable of E(M). Since M is uniform,then E(M) is uniform and hence
M is stable submodule of E(M). Again remark(3.8) implies that M = (E(N)
∩M)⊕ (E(N c) ⊕ M). ρ1 = ρ|M : M → M is an idempotent in End(M), thus
ρ2 = ρ1|W : W → N and N = ρ2(W ).

An R-module M is said to have the (finite) exchange property if for any
(finite) index set I, whenever M ⊕N = ⊕i∈IAi for R-modules N, Ai there exist
submodules Bi of Ai such that M ⊕ N = M ⊕ (⊕i∈IBi) [10].
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An R-module M is cohopfian if each mono-endomorphism is automorphism.
An R-module M is said to have the cancellation property if for every R-
modules H and K, M ⊕H � M ⊕K implies H � K. An R-module M is said
to have the internal cancellation property whenever M = A1 ⊕ B1 = A2 ⊕ B2

with A1 � A2, then B1 � B2.

The following proposition is appeared in [10].

proposition 3.10 Let M be an R-module with the finite exchange prop-
erty. Then M has the cancellation property if and only if it has the internal
cancelation property.

Theorem 3.11 If the R-module M is uniform EP-module, then each sub-
module of M.

(a) has the exchange property.

(b) has the cancellation property.

(c) has the internal cancellation property.

(d) is cohopfian.

proof . Since each submodule of uniform EP-module is again uniform EP-
module, then no loss of generality if we verify the above statements for M
itself. By theorem(3.2) M is essentially fully pseudo-stable and essentially
pseudo-injective. It follows from proposition (2.2) that submodules of M which
isomorphic to complements in M are again complements. Er in [9] studied
modules with this property and showed that it satisfy the internal cancellation
property, so the conclusion of (c) follows. Since M is uniform, then M is
fully stable and hence EndR(M) is local ring [1]. This implies that M has
the exchange property [1] and this checks (a). Proposition(3.10) implies (b).
Finally, suppose that there is a monomorphism α in EndR(M) with α(M) �=
M . Again proposition(2.2) implies that α(M) is not isomorphic to M which
is a contradiction.

proposition 3.12 Every fully pseudo-stable module over a commutative
noetherian ring is essentially pseudo-injective.
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proof . Let M be a fully pseudo-stable module over a commutative noethe-
rian ring R, N be an essential submodule of M and α : N → M be an
R-monomorphism. Injectivity of E(M) extends i ◦ α to β : E(M)→E(M)
where i is the inclusion map of M into E(M). But E(M) is fully pseudo-stable
[1], then β́ = β|M : M → M is an extension of α and hence M is essentially
pseudo-injective.

Corollary 3.13 Every fully pseudo-stable module over a commutative noethe-
rian ring is EP-module.
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