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Abstract. In the paper basic notions of an affine space over a linear space, usually
called an affine space over a field, have been made generalizations in an affine
space over a module. Some properties of the affine mapping in an affine space
over a module are also investigated. Isomorphism of affine spaces associated with
a module is considered as well.
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1. Introduction

By taking more general point of view, one can generalize the theory of
affine spaces over a field and consider an affine space over a module. Note at first
that after Bourbaki [2] by a ring we understand an associative unitary ring and in
the paper is always assumed that 3 is an invertible element. To establish notation
recall now the concept of a module.

Definition. Let P be a ring, and let (M, +) be an abelian group. Then M is called a
left P-module if there exists a scalar multiplication P x M — M, such that for all
a, B, 1€P and all u, ve M, the following axioms are fulfilled:



1458 T. Ostrowski and K. Dunajewski

MI1. a(u+v)=ou-+av,
M2. (o + B)u=oau+ Pu,
M3. a(Bu) = (@B,

M4. lu=u.

The following corollary, due to Artin [1], states an interesting and not commonly
known fact, namely the assumption that (M, +) is an abelian group is too strong.
In fact the abelianity condition can be omitted.

Corollary (Artin). Axioms M1-M4 imply that the group (M, +) is abelian.

P ro o f. From one hand, we have
1+Du+v)=@u+v)+@u+v)=u+(v+tu)+v.
On the other side, we obtain
1+Du+v)y=1+Hu+(I+1)v=u+@u+v)+v.
Therefore
utv=v=u [ |

2. An affine space over a module

The concept of an affine space over a module (or an affine space
associated with a module) was introduced by Bourbaki in [2].

Definition 1. An affine space over a module is called an algebraic structure of the
form (A, My, ®), where A is a nonempty set (elements of which are called the
points of the affine space), M, stands for a module associated to the set A, and
o:A X A — M, is a mapping that for any points a, b, ce A the following axioms
hold:
A;. Every triple of points a, b, ce A satisfies the relation
o(a, b) + o(b, ¢) + w(c, a) =0, (1)
A,. The mapping ya(x) = (X , a) is a bijection; Xx€A. (2)
The relation (1) is called Chasle’s equality. The dimension of M, is taken
for dimention of the affine space. If dimMu = n, then (A, My, o) is called an n-
dimentional affine space over a module My, and n-tuples of the module M, are
called vectors. It is said that the module My, is tangent to the given affine space.
The mapping y, is called the mapping fixed at the point a€ A, and the set of
all mappings, i.e. {y.: acA}, is called the atlas of the given affine space. The
following theorem finds some properties of the mappings @ and .

Theorem 1. If a, be A and ue M4, then

() o(a, a) = 0, 3)
(ii) ©(a, b) = — w(b, a), (4)
(i) (5 ° %a )(u) = u + x(a, b). ()

Proof. (i): If we seta=b=cin (1), then we obtain
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3w(a, a) =0.
Since 3 is invertible by assumption, therefore (i) holds true.
(i1): Setting ¢ =ain (1) we have
o(a, b) + o(b, a) + w(a, a) = 0.
From (i), we conclude that (ii).
(iii): Note that (2) implies y.(c) = u, then y, '(u) = ¢. Moreover, o(x, ' (u), a) = u.
By (1) and (4), for points a, b and y, ' (u), we have step by step as follows
(b * %a (W) = %(a (W) = O (W), b) = 0(xa (), b) + 0=
= 0t (@), b) + b, % (W) + 00" (u), a) + (a, b) =
=0+ 0 (), a)+ o, b) =
=u-+ o(a,b). ]

Definition 2. The affine addition and subtraction of points acA and vectors
ueMa, is defined in the following way:
atu=y, (u)eA, (6)
a—u=7y, (-u)eA. (7)

Corollary 1. Since by axiom A, any affine mapping y, is a bijection, therefore
both addition and subtraction are bijections for all fixed points a€ A, i.e.
fa %= ida X a | = idin (8)

In the following theorem is said about some basic properties of affine
addition and subtraction.

Theorem 2. If a, be A and u, veM,, then

(1) a+ w(b,a)=Db, 9)
(i) (atuw+tv=a+(utv), (10)
(ii1)) o(a+u,b)=u+ m(a, b) =w(a, b—u). (11)

Proof (i): By (1), (2), and from (8), we have

a+o(b, )=y (o(b,a) =y (1a (b)) =idr(b) =b.
(i1): Let set u = w(b, a), v = o(c, b), where a, b, ce A. Therefore by (i) of the given
theorem we have

(atu)+v=[a+w(,a)]+owulcb)=b+wn(,b)=c.

On the other hand

at(ut+tv)=a+[wb,a)+onl,b)]=a+wn(,a)=c,
and that ends the proof of (ii).
(i11): To prove the property (iii) it is enough to show that both w(a + u, b) and
o(a, b—u) are equal to u + o(a, b). Really,

o(a+u, b)=yy(a+u)= (e x)(u) =u+o(a,b),
and

o@b-u)=—nb-u,a)=—y°x (-u)=

=—- —u+ w,a)]=u-+ w(a,b). |

Corollary 2. In an affine space over a module the following properties hold:
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atu=b <= u=ow(b,a), (12)
o(a+u,b+u)=on(a,b), (13)
o@atuatv)=u-v, (14)
o(a,b)=0w(c,d) <=> o(a, c)=w(b,d), (15)
atu=b+u = a=bh, (16)
atu=atv = u=v. (17)

Proof (12): From (6), and since Y, is a bijection, we obtain
=ratu=b => yx (W=b => (% N =xb) => u=ob,a).
<=u=ob,a) = u=pb) = u W=0 °xwb = a+tu=b.
(13): Let u = yp(c) for some ceA. Therefore from (11) and Chasle’s equality we
have
o(@a+u,b+u)=u+n@b+u)=yc)+ oy )=
= (¢, b) + o(a, (' 1)()) = (c, b) + (a, ¢) = w(a, b),
(14) By (3), and (11) we obtain
o(atu,atv)=uto(@,at+tv)=u-on(atv,a)=
=u-v-om(a,a)=u-v.
(15)=>: o(a, b) = w(c,d) <=>w(a,b) +w(d,c)=0 <=>
<=>m(a, b) + o(b, c) + (c,b) +w(d,c)=0 <=>
<=>—-0w(c,a)—w(b,d) =0 <=> o(a, c) = w(b, d).
<=: The proof runs in the same way.
It easy can be seen that since y, is a bijective mapping, then the properties
(16) and (17) hold true as well. ]

Example 1. An affine space over a linear space is the affine space over the
module.

Example 2. Let M be a unitary module, where the function ®: M x M — M is
defined as follows:
o(u, v)=u-v;u, veM.
The algebraic structure (M, M, o) is an affine space over a module. In
particular case, if M = R", where R is a set of real numbers, then the affine space
(R", R", ) is said to be the standard affine space ([4], Chapter 1).

3. Affine Mapping and Isomorphism

Let start from the following definition of an affine mapping of two affine
spaces, not necessarily associated with the same module. It is only assumed here
that modules are over the same ring.

Definition 3. Let (A, M4, o) and (B, Mg, B) be affine spaces over a module. A
mapping 6: A — B is called affine if there exists a linear mapping ¢: My — Mp
satisfying the following condition

B(o(a), o(b)) = ¢(a(a, b)); a, be A (18)
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or equivalently

(Xotb) ° 0)(3) = (9 ° 1p)(2), (19)
which can be presented as the following diagram

A Xo Ma

C ¢

Xo(b) ’ B

Corollary 3. Since y; is a bijection, therefore if there is an affine mapping given
by (18), it is unique.

Remark. A generalization of an affine mapping was introduced by Vijayaraju and
Marusadai in [5], and next a fixed-point theorem for generalized affine mapping
was obtained by Nashine in [3].

Definition 4. For fixed ue M a mapping 1,: A— A defined as an affine sum
w(@d)=a+u (20)
is called translation by u of an affine space.

Lemma 1. Let (A, M, ®) be an affine space associated with a module. An affine
mapping 6: A — A is translation iff a linear mapping ¢: My — Ma is identity.
P r o o f. =>: By assumption and (18), for any a, be A we have

w(o(a), o(b)) = p(w(a, b)). 21
Since o is translation, therefore by Definition 4 there exists a fixed ueMjy
that for any a€ A the equality o(a) = a + u is true, and (21) can be rewritten as
o(a+u, b+u)=g(o(a, b)), (22)
and by (13) we obtain
o(a, b) = p(w(a, b)).
That means the mapping ¢ is identity on M.
<=: By (19), since ¢ = id, we have
Xo(b) © G = @ ° Xp = Xb-
From above, setting ¢ = 6(b), we obtain
C=% " °

Therefore, from (2) and (6), for any element de A is
o(d) = (1 ° w)(d) = % (&(d, b)) =c¢ + w(d, b). .

Lemma 2. Let (A, My, o) and (B, Mg, B) be affine spaces over a module. If 6: A
— B is an affine mapping, and a linear mapping ¢: My — M, satisfies (18), then
for any element a€ A the following relation is true

C=T 'o@° P Ya (23)
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P ro o f Let be given a fixed acA. Then for any beA, from (18) and (8), we
obtain
6(b) = (T 'o(a © @ ° Xa)(b) = (T 'o(e) © 9)( a(a, b)) =
= (T_lc(a))(B(G(a)a o(b)) = (T_lc(a) ° To(@)(0(b) =
= idg(o(b)) = o(b). [

Definition 5. Let (A, Ma, a) and (B, Mg, B) be affine spaces over a module. An
affine mapping o: A — B is said to be an isomorphism of the given affine spaces
if the corresponding mapping ¢ Hom(Ma, M) is an isomorphism.

As it is known that very general concept of structure preserving map
appears in large variety areas of mathematics. Recall that two affine spaces are
called isomorphic if there exists an isomorphism between them. Fundamental is
the following

Theorem 3. There exists unique (up to isomorphism) n-dimensional affine space
over a module.

Proof Let (A, Ma, ®) be n-dimensional affine space associated with a module
M. To show that the space (A, My, o) is isomorphic to (M", M", ), where M is
a module, we fix a point ac A and a base {u; , uy, ..., un}< Ma. The base implies
an isomorphism I: My — M" such that

;\'1
u=>ry = Iw=|..[eM" (24)

i=1 7\{”

Define the mapping 6: A — M" as
c=1°7%. (25)

By (25) and linearity of the mapping I defined in (24), we have

o(b) —o(c) = (I° xa)(b) — (I ° xa)(c) = I(xa(b) — xa(€)); b, c€A,
and on the other side

Ya(b) — 1a(c) = ®(b, a) — w(c, a) = (b, c).

Therefore
o(b) —o(c) = I(w(b, ©)),
and it means that (18) is satisfied. ]

Corollary 4. Finite dimensional affine spaces over the same module are
1somorphic iff they have the same dimension (see also [6]).
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