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Abstract

The paper must have abstract not exceeding 200 words. In this
paper, we introduce free simplicial algebra, CW-basis of free simplicial
algebras and use ‘step by step’ construction. Attention is concentrated
on the case of resolution, thus free simplicial resolutions built with given
CW-basis of free simplicial algebras.
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1 Introduction

Simplicial methods used to investigate homological properties of commutative
algebras and introduced a ‘step by step’ construction of a resolution of commu-
tative algebra. In many ways this is an algebra version of the construction of a
CW complex, or more exactly of an Eilenberg-Mac Lane space corresponding
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to algebra. The resolution is built up so that at each stage the next step is
formed by adding in new simplicies to kill homotopy modules of the previous
step.

Simplicial resolutions were used by Illusie, [3], to construct the cotangent
complex of algebra. In earlier treatments of this Lichtenbaum and Schlessinger,
[4], used an idea of Gerstenhaber to construct a special type of a complex.
Comparing this with results on crossed resolutions, in group cohomology theory
(see Mutlu-Porter [6]), Arvasi-Porter [1] investigated the relationship between
simplicial and crossed resolutions of commutative algebras. Also Porter showed
how this corresponds to a crossed resolution of commutative algebras, cf. [7].
Further Arvasi-Porter did not describe CW-bases of free simplicial algebras
and did not use it. Even though this study will be appearing as amalgamating
with Arvasi and Porter’s [6] we use different constructions from using of their
structures. Therefore we apply step-by-step construction to CW-bases of free
simplicial algebras in [1].

In this article we describe free simplicial algebra, CW-basis of free simplicial
algebras and relation of André’s construction to an obvious construction of a
crossed resolution of a free simplicial algebra. The main results are that this
construction does give a ‘step by step’ construction of a crossed resolution
given one of a simplicial resolution and gives explicit description of this in low
dimensions with given CW-basis.

2 Simplicial Algebras

The category of algebras will be denoted by Alg. A simplicial algebra A is a
simplicial object in the category of algebras. We will denote the category of
simplicial algebras by SimpAlg.

For any simplicial module A, there is an associated chain complex of k-
modules. The module of n-chains is An, itself. The differentials ∂n : An →
An−1 are defined by ∂n =

n∑

i=0

(−1)idn
i . We will speak of the nth homology

module Hn(A) of the simplicial k-module A. This is, of course, defined by
Hn(A) = Ker∂n

Im∂n+1
. A simplicial algebra A is augmented by specifying an alge-

bra A or equivalently a constant simplicial algebra K(A, 0), and a surjective
k-algebra homomorphism, f = d0

0 : A0 → A with fd1
0 = fd1

1 : A1 → A. An
augmentation of the simplicial algebra A is the resulting map A −→ K(A, 0).
An augmented simplicial algebra is acyclic if the corresponding complex is
acyclic, i.e. Hn(A) ∼= 0 for n > 0 and H0(A) ∼= A with this latter isomorphism
induced by f .

Let B be an k-algebra. A free simplicial resolution of B consists of
a simplicial algebra A together with an augmentation f : A0 → B
such that (A, f) is acyclic and each An is free. The Moore complex of
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a simplicial algebra that given a simplicial algebra A, the Moore complex

(A, ∂) of A is the chain complex defined by (NA)n =
n−1⋂

i=0

Kerdn
i with

∂n : An → An−1 induced from dn
n by restriction. The nth homotopy

module πn(A) of A is the nth homology of the Moore complex of A, i.e.,

πn(A) ∼= Hn(A, ∂) =
n⋂

i=0

Kerdn
i /dn+1

n+1(
n⋂

i=0

Kerdn+1
i ).

3 Free simplicial algebra

Definition 3.1 A simplicial algebra A will be called free if
(i) An is a free algebra with a given basis, for every integer n ≥ 0,
(ii) The bases are stable under all degeneracy operators, i.e., for every pair
of integers (i, n) with 0 ≤ i ≤ n and every given generator x ∈ An the element
si(x) is a given generator of An+1.

Definition 3.2 Let A be a free simplicial algebra (as above). A subset
A ⊂ A will be called a CW − basis for A if
(a) A� = A ∩An freely generates An for all n ≥ 0,
(b) A is closed under degeneracies, i.e., x ∈ A� implies si(x) ∈ An+1 for
all 0 ≤ i ≤ n,
(c) if x ∈ An is non-degenerate, then di(x) = en−1, (en−1, is the identity
element of An−1) for all 0 ≤ i < n.

Let A be a free simplicial algebra with given CW -basis A, then X0 = A0 freely
generates A0, that is, A0 = A[X0]. If we continue, then A1 freely generates A1

and s0(X0) ⊆ A1 besides if Y1 = A1 \ s0(X0), then di(y) = 0 for 0 ≤ i < 1
where y ∈ Y1, therefore A1 = A[s0(X0) ∪ Y1] ∼= A[s0(X0)] ∗ A[Y1], the free
product of A[s0(X0)] and A[Y1]. For A2, s0(A1)∪ s1(A1) ⊆ A2 and if y ∈ Y2 =

A2 \
1⋃

i=0

si(Ai), then d0(y) = d1(y) = 1, and y is in NA2. Note that in general

if Yn = An \
n−1⋃

i=0

si(Ai) then Yn ⊆ NAn and Yn normally generates NAn.

4 Step by step construction of a free simplicial

algebra with given CW-basis

In this section we introduce the special case of the ‘step by step’ construction
of a free simplicial resolution and its skeleton up to dimensions one and two
will interpret this construction with given CW-basis and see how that relates
to other constructions such as that of a free crossed module. Many of the
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observations that we will make, do apply more general or arbitrary free simpli-
cial algebras with special CW-basis, but our aim here is limited to examining
resolutions in some details. We first examine the relationship of a CW-basis
with ‘step by step’ construction given earlier.

The 1-skeleton A
(1) of the free simplicial resolution of B can be built by

adding new indeterminate, for instance, in one to one correspondence with a set
generator Ω1 for π(A(0)), A(1)

1 = A(0)
1 [X0] = A[s0(X0)∪Y1] ∼= A[s0(X0)]∗A[Y1],

where ∗ is free product, with the face maps and degeneracy map

A[s0(X0) ∪ Y1]
��

d0,d1 �� A[X0]
s0

��
d0
0 �� A

where A[X0]
d0
0−→ A is augmentation map and s0, d1

0 and d1
1 are given by

d1
1(yi) = xi ∈ Kerd0

0, d1
0(yi) = 0 and s0(x) = s0(x), x ∈ X0.

Thus the augmented 1-skeleton A
(1) looks like:

A
(1) : ... A[s1s0(X) ∪ s0(Y1) ∪ s1(Y1)]

����
d0,d1,d2 ��

A[s0(X0) ∪ Y1]��
s1,s0
��

��
d1,d0 �� A[X0].

s0

��

Note that for the case of A
(2), if xi, xj are NA(2)

1 , then generators of the
ideal NA2

2 ∩D2 are of the form s1(xi)(s0(xj)− s1(xj)). We now will recall the
next step of the construction of a free simplicial algebra. We take a set of
generators Ω1 = {Si} ⊂ π1(A

(1)) and killed off the elements in the homotopy

module π1(A
(1)) by adding new indeterminate Y2 = {yi} into A

(1)
2 where Y2 is

1-1 correspondence with Ω1 to establish A(2)
2 = A(1)

2 [Y2] = A[s1s0(X0)∪s0(Y1)∪
s1(Y1)∪Y2] together with d2

0(yi ) = 0, d2
1(yi ) = 0, d2

2(yi) = yi, mod∂3NA(2)
3 .

Hence, the 2-skeleton A
(2) looks like

A
(2) : ... A[s1s0(X) ∪ s0(Y1) ∪ s1(Y1) ∪ Y2],

����
d0,d1,d2 ��

A[s0(X) ∪ Y1]��
s1,s0
��

��
d1,d0 �� A[X0]

s0
��

and, of course, A
(2), higher levels than dimension 2 are generated by degenerate

elements that is A2 = A[s1s0(X)∪s0(Y1)∪s1(Y1)∪Y2] ∼= A[s1s0(X)]∗A[s0(Y1)]∗
A[s1(Y1)] ∗ A[Y2].

5 Free crossed resolution

As the analysis is applicable in greater generality, we start by looking at an
arbitrary free simplicial algebra with chosen CW -basis. A ‘step-by-step’ con-
struction of a free simplicial algebra is constructed from simplicial algebra
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inclusions A
(0) ⊆ A

(1) ⊆ A
(2) ⊆ · · · . To see what Cn(A(k)) looks like, where

A
(k) is the k-skeleton of that construction, concentrating our attention in low

dimensions. For k = 0, we have the 0-skeleton A
(0) of the construction

A
(0) : . . . A[X0]

���� A[X0] → A[X0]/N.

Here A
(0) is the trivial simplicial algebra in which in every degree n, A(0)

n =
A[X0] and dn

i = id = sn
j . It is easy to see that C0(A

(0)) = A[X0] as NA1 ∩ D1

is trivial. The 1-skeleton, for k = 1, A
(1) is

A
(1) : ... A[s1s0(X0) ∪ s0(Y1) ∪ s1(Y1)]

����
d0,d1,d2 ��

A[s0(X0) ∪ Y1]��
s1,s0
��

��
d1,d0 �� A[X0],

s0
��

and since A(1)
2 is generated by degenerate elements, A(1)

2 = D2, so the crossed
complex term C1(A

(1)) is the following

C1(A
(1)) =

NA(1)
1

(NA(1)
1 ∩ D1) + ∂2(NA(1)

2 ∩ D2)

=
NA(1)

1

∂2(NA(1)
2 ∩ D2)

=
NA(1)

1

∂2(NA(1)
2 )

since NA1 ∩ D1 = 1 as A(1)
2 = D2. So we have NA(1)

1 = [Y1] and ∂2(NA(1)
2 ) is

generated by the Peiffer elements, respectively. It then follows that C1(A
(1)) =

[Y1]/P1. Here P1 is the first dimensional Peiffer ideal. ∂1 : [Y1]/P1 −→ A[X0]
is the free crossed module.

Looking at the case 2, the 2-skeleton of the construction is

A(2) : ... A[s1s0(X0) ∪ s0(Y1) ∪ s1(Y1) ∪ Y2]
����

d0,d1,d2 ��
A[s0(X0) ∪ Y1]��

s1,s0

��
��

d1,d0 �� A[X0].
s0

��

As before A(2)
3 = D3 as A(2)

3 is generated by the degeneracy elements, thus the
second term of crossed complex is

C2(A
(2)) =

NA(2)
2

(NA(2)
2 ∩ D2) + ∂3(NA(2)

3 ∩ D3)

=
NA(2)

2

(NA(2)
2 ∩ D2) + ∂3(NA(2)

3 )

as A(2)
3 = D3.
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If x, y ∈ NA1, then NA2∩D2 is generated by the elements of the form (s1(x)−
s0(x))s1(y) and in general, if x, y ∈ NAn−1, then (sn−1(x)−sn−2(x))sn−1(y) ∈
NAn ∩ Dn. Now look at ∂3(NA(2)

3 ) in terms of the skeleton A
(2). In a similar

way to d2
0(yi) = d2

1(yi) = 0 y ∈ Y2, one can readily obtain the following:

NA(2)
2 = [s1(Y1) ∪ Y2] ∩ [Z ∪ Y2], where Z = {s1(y) − s0(y) : y ∈ Y1}.
Writing Q2 = NA(2)

2 ∩ D2, we get the second term of the crossed complex
as follows

C2(A
(2)) =

[s1(Y1) ∪ Y2] ∩ [Z ∪ Y2]

Q2 · P2

.

Proposition 5.1 Let A
(2) be the 2-skeleton of a free simplicial algebra re-

solving A = A(X0)/N. Then C(2) : NA(2)
2 /(Q2 · P2)

∂2→ [Y1]/P1
∂1→ A(X0)

g→
A(X0)/N

f→ 0 is the 2-skeleton of a free crossed resolution of A where ∂2

and ∂1 are given respectively, by: for y1 ∈ [s1(Y1) ∪ Y2] ∩ [Z ∪ Y2] and

xi ∈ [Y1], ∂2(y1(Q2 · P2)) = d2(y1)P1 and ∂1(xiP1) = d1(xi) where NA(2)
2 is

[s1(Y1) ∪ Y2] ∩ [Z ∪ Y2].

Proof: This follows immediately from the description of the ‘step-by-step’
construction of the free simplicial algebra. �

This result gives a combinatorial description of the C2(A
(2)) term and if

we manipulate the elements of [s1(Y1) ∪ Y2] and [Z ∪ Y2], remembering that
Z = {s1(y) − s0(y) : y ∈ Y1}, we can identify the generators as elements in
the module of identities of the ideal. The elements of Y2 map via d2 to a set
of generators of this module since, of course, that is how they were chosen.

To complete our analysis of the role of a CW-basis in a free simplicial
resolution A = (A, g) of a algebra A, we need to check that (C(A), C(g)) is a
free crossed resolution of A and to see what happens to the CW-basis in the
‘conversion’.

First a proposition showing how homotopies behave under the functor, C.

Proposition 5.2 Suppose f0, f1 : A → B are morphisms of simplicial
groups and h : f0 � f1 is a homotopy between them. Then h induces a ho-
motopy C(h) : π(1) ⊗ C(A) → C(B) between C(f0) and C(f1).

Proof: The homotopy h can be realized as a morphism h : Δ[1]⊗̄A → B
where Δ[1]⊗̄ is the simplicial tensor within the simplicially enriched category
of simplicial algebras (see Quillen, [8], or the discussion in [5].) This is given
as a colimit of copies of A by the construction outlined in [8].

From either description it is clear that C will preserve colimits and ten-
sors with simplicial algebras, thus C(Δ[1]⊗̄A) ∼= Δ[1]⊗̄C(A) ∼= π(1) ⊗ C(A).
Composing C(h) with these isomorphisms gives the result. �

Corollary 5.3 If g : A → K(A, 0) is a free simplicial resolution of A, then
C(g) : C(A) → C(K(A, 0)) = A is a free crossed resolution of A.
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Proof: The data on g can be specified by giving a homotopy between
the identity on A and the map that ‘squashes NA down to A’ and then uses
a section of the augmentation map, g0, to yield a map back to NA0. (This
works, of course, only because A is free, so defining the map on the chosen
generators of A−) determines the morphism.) The corollary now follows from
the previous result applied to this simplicial homotopy. �
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