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Abstract

Let A be an F -central simple algebra of degree n (i.e. dimF A = n2).
A criterion is given for A to be a crossed product simple algebra in terms
of splitting fields of A. More precisely, it is shown that A is a crossed
product if and only if there exists a Galois extension L/F such that
[A] ∈ Br(L/F ) and dimF L = mn with (m,n) = 1 and Gal(L/F )
contains a normal subgroup of order m. Also, we prove that A1 ⊗F A2

is a nilpotent crossed product simple algebra if and only if A1 and A2

are nilpotent crossed product, where A1 and A2 are F -central simple
algebras of relatively prime degrees m1 and m2.
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1 Introduction

Let A be an F -central simple algebra of degree n (i.e. dimF A = n2). We
say that a subfield K of A is strictly maximal if [K : F ] = n. A is a crossed
product simple algebra if A has a strictly maximal subfield K such that K/F
is a Galois extension. In this case, if Gal(K/F ) be a nilpotent(abelian) group,
then A is called nilpotent(abelian) crossed product and if Gal(K/F ) be a
cyclic group, then A is called cyclic algebra. Suppose that L/F be a field
extension. We say that L is a splitting field of A and write [A] ∈ Br(L/F ), if
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A ⊗F L = Mn(L). A subgroup G of A∗, the group of units of A, is said to be
irreducible if F [G] = A, where F [G] is the F -algebra generated by elements of
G over F . Also, Cn denote the cyclic group of order n. Given two groups H
and K, H � K means the semidirect product of H and K (cf. [6]).

Recently we studied about crossed product conditions for a division alge-
bras (cf. [2–4]). In this paper, a criterion is given for A to be a crossed product
simple algebra in terms of splitting fields of A. More precisely, it is shown that
A is a crossed product if and only if there exists a Galois extension L/F such
that [A] ∈ Br(L/F ) and dimF L = mn, with (m, n) = 1, and Gal(L/F ) con-
tains a normal subgroup of order m. Also, suppose that A1 and A2 be two
F -central simple algebras of relatively prime degrees m1 and m2. It is known
that A1 ⊗F A2 is a cyclic algebra if and only if A1 and A2 are cyclic algebras.
We extend this fact to the nilpotent case. Now, let D be an F -central divi-
sion algebra of degree n=pα1

1 pα2
2 . . . pαr

r , and D = D1 ⊗F D2 ⊗F · · · ⊗F Dr be
its primary decomposition, where dimF Di = p2αi

i . Our result says that D is
nilpotent (abelian) crossed product if and only if every of Di’s are nilpotent
(abelian) crossed product.

2 Main Results

We begin with one of our main theorem.

Theorem 2.1 Let A be an F -central simple algebra of degree m1. Then, A
is a crossed product if and only if there exists a Galois extension L/F such that
[A] ∈ Br(L/F ) and dimF L = m1m2, with (m1, m2) = 1, and G = Gal(L/F )
contains a normal subgroup N of order m2.

Proof. (“only if”) Suppose that A be a crossed product. Then [A] ∈ Br(L/F )
where L is a Galois strictly maximal subfield of A and dimF L = m1 = m1 ×1,
by Corollary 13.3 of [5].

(“if”) Let K be the fixed field of N . By Galois theory, Gal(L/K) = N and
Gal(K/F ) = G/N for Galois extensions K/F and L/K. Now, it is enough to
show that K is isomorphic to a subfield of A. Since A ⊗F K is a K-central
simple algebra, there exists a natural number s and a K-central division algebra
E such that A ⊗F K � Ms(E). On the other hand, L/K splits A ⊗F K, so
we have Ms(E ⊗K L) � Ms(E) ⊗K L � Mm1(L). Since the degree of E, say
r1, divides m1, r1 and m2 are relatively prime. So, E ⊗K L is a division ring.
Thus by Wedderburn’s Theorem, E ⊗K L = L and so E = K. Therefore K
splits A. Now, by Corollary 13.3 of [5], K is isomorphic to a strictly maximal
subfield of A. We are done. �

Corollary 2.2 Let A be an F -central simple algebra of degree m1 and L
splits A, where L/F is a Galois field extension of dimension m1m2, with
(m1, m2) = 1. If Gal(L/F ) � Cm1 � Cm2, then A is cyclic.
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Now, we state a useful lemma which has a main role to prove of the next
theorem.

Lemma 2.3 Let A = A1 ⊗F A2 be an F -central simple algebra of degree
m1m2, with (m1, m2) = 1, and suppose that K = K1 ⊗F K2 be a strictly
maximal subfield of A such that Ai are F -central simple algebras of degrees mi

and Ki/F are fields extensions of dimension mi. Then Ki is isomorphic to a
strictly maximal subfield of Ai for i = 1, 2.

Proof. Consider A⊗F K1 = (A1⊗F K1)⊗K1 (A2⊗F K1) and write A1⊗F K1 =
Mr1(E1) and A2 ⊗F K1 = Mr2(E2), where Ei are K1-central division algebras
of degrees say di, for i = 1, 2. So, we have A⊗F K1 = Mr1r2(E1 ⊗K1 E2). Since
diri = mi for i = 1, 2, we have (d1, d2) = 1 and so E = E1 ⊗K1 E2 is a division
ring of degree d1d2. On the other hand, K splits A. So, A ⊗F K1 and hence
E is split by K/K1. Therefore d1d2 divides m2 by Corollary 4 of [1, p. 65],
and so d1 divides m2. But d1 and m2 are relatively prime. Hence that d1 = 1
and E1 = K1. Thus [A1] ∈ Br(K1/F ) and hence by Corollary 13.3 of [5], K1

is isomorphic to a strictly maximal subfield of A1. By similar arguments K2 is
isomorphic to a strictly maximal subfield of A2. We are done. �

Now, we can prove the following theorem which is a generalization of Propo-
sition 15.3 of [5].

Theorem 2.4 Let A1 and A2 be two F -central simple algebras of relatively
prime degrees m1 and m2. Then A = A1 ⊗F A2 is nilpotent crossed product if
and only if A1 and A2 are nilpotent crossed product.

Proof. (“if”) If Ki are strictly maximal subfields of Ai such that Ki/F are
Galois, then (K1⊗F K2)/F is a Galois extension of A and Gal((K1⊗F K2)/F ) �
Gal(K1/F )×Gal(K2/F ), by the Lemma of [5, p. 282]. Now, an easy checking
the degrees shows that K1 ⊗F K2 is a strictly maximal subfield of A.

(“only if”) Suppose that A be a nilpotent crossed product and K be a
strictly maximal subfield of A such that be Galois over F of dimension m1m2,
where (m1, m2) = 1. Since G = Gal(K/F ) is a nilpotent group of order m1m2,
we can write G = G1 ×G2, where Gi are nilpotent normal subgroups of order
mi for i = 1, 2. Let K1 be the fixed field of G2 and K2 be the fixed field of
G1. Then by the Lemma of [5, p. 282] we have K = K1 ⊗F K2 and Ki/F
are Galois and Gal(Ki/F ) � Gi are nilpotent. Now, by Lemma 2.3 we can
consider Ki as a strictly maximal subfield in Ai. This proves the theorem. �

Corollary 2.5 A central division algebra is nilpotent (abelian) crossed prod-
uct if and only if every its primary components are nilpotent (abelian) crossed
product.
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Corollary 2.6 Let D be an F -central division algebra of degree pn1
1 . . . pnt

t ,
where pi is prime number for 1 ≤ i ≤ t. If D∗ contains an irreducible locally
nilpotent subgroup, then there exists t abelian-by-nilpotent subgroups of D∗, say
Gi, such that F [Gi] are nilpotent crossed product of degrees pni

i for 1 ≤ i ≤ t,
and we have D � F [G1] ⊗F · · · ⊗F F [Gt].

Proof. Since D∗ contains an irreducible locally nilpotent subgroup, by Corol-
lary 3.5 of [3] D is nilpotent crossed product and so by Theorem 2.4, Di

are nilpotent crossed product of degrees pni
i for 1 ≤ i ≤ t ( where D �

D1⊗F · · ·⊗F Dt). But by Theorem 3.4 of [3], there exists t abelian-by-nilpotent
subgroups of D∗, say Gi , such that Di � F [Gi] for 1 ≤ i ≤ t. �
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