
International Mathematical Forum, 4, 2009, no. 30, 1465 - 1473

Where is the Higgs Boson?
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Abstract

In this contribution we will study the Witting Polytope in the Excep-
tional Lie Algebra E8 which has been shown to accommodate the high
energy quarks. There are 40 tetrahedra of which 36 account for the
up,down,strange: top,bottom and charm quarks with spin 1/2. How-
ever because E8 is Z2-graded, 12 more bosons, namely 8 gluons plus
a photon and the W±, Z particles,can be accommodated (3 to each
tetrahedron). However there is no room for possibly 5 Higgs bosons.
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1 Introduction

In a recent paper [7] de Wet showed that the symmetry groups of the Lorentz
invariant equation (5) are the tetrahedral and cubic groups Td, O which are
isomorphic to the exceptional Lie groupsE6, E7 by the MacKay correspondence
[12]. In this way we have progressed from an Irreducible Representation of the
Lorentz group [4] to tetrahedral symmetry and a theory of elementary particles
based on the Lie algebras E6 ⊂ E7 ⊂ E8 that is the core of [7]. In particular
Fig.1 shows the famous 27 lines on a cubic surface that correspond to the
27 fundamental weights of E6 (Hunt[11],Section 4.1.1). These weights have
been associated with members of the Standard Model by Slansky [14] and a
plausible allocation derived from a paper by Coxeter[2] appears in the figure.

The 18 quarks u, d, s : u, d, s lie on 6 tritangent planes that are tangent to
the cubic surface at 3 points and are also faces of 6 tetrahedra with a common
vertex at O shown in Fig.2. Because Figs.1,2 are sections of a 6-dimensional
space all the tetrahedra do not lie in the same plane and Fig.2 illustrates
the tritangent, u,u,d constituting a proton, and the anti-quarks u, u, d with
a shared vertex O lying on a plane between them. This is an asyzygy that
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inverts the vectors meeting at O and will be seen in Section 3 to cause the
isospin or charge operator E05 to change sign. Thus converting quarks into
anti-quarks as assigned.

There is another tritangent in Fig.2 labeled by the leptons e, e+, νe asso-
ciated with a proton. But these do not enjoy tetrahedral symmetry so there
are only 6 tetrahedra in E6. The particles in Fig.2 are all stable, but if we
associate μ, μ+, νμ with the neutron u,d,d in Fig.1 the muon can decay into
electrons and νe according to the decay n = p + e + νe. Finally I have allo-
cated τ, τ+, ντ to the decay of the strange particles s,s,s in accordance with the
decays τ− → d+ u or s+ u.

This completes the description of half the Standard Model without intro-
ducing QCD; only su3 × su3 × su3 symmetry as described in [7]. The other
half consisting of the charm, top and bottom triplet is believed to be simply
the low-energy quarks excited to higher energies and entropy as described by
de Wet[6] where actual mass ratios are found in subalgebras of E8. Thus the
very large masses of the top and bottom quarks can be attributed to entropy
increases and also the higher mass of the strange particles.

The first shell of E8 described by Coxeter([3],Section 12.5) is a very much
larger algebra with 45 tangent planes on a cubic surface whereas the Stan-
dard Model only requires 15. However the fundamental idempotent relation
described in Section 3 has two more equivalent representations obtained by
a cyclic interchange of the indices 1,2,3 to express rotations about x2, x3 and
this accounts for the remaining 30 planes. Of these only 45-9=36 are tetra-
hedra belonging to 40 in the Witting polytope (ibid).Eighteen are needed for
the Standard Model, but as E8 is Z2-graded a further 18 could be allocated
to super-symmetric partners. The remaining 4 tetrahedra can represent 12
bosons, namely 8 gluons plus one photon and the three W±, Z particles(to be
considered in the next Section), leaving no room for a possible 5 Higgs bosons
which have not yet been found.

We will study the structure of the Witting polytope in the next Section
before coming to the key equation (5) in the last Section. This is idempotent
up to a rotation and therefore satisfies the requirement elevated by George
Boole [1] to a law of thought and a fundamental axiom of all philosophy (cf.Ch
III,Prop IV).

2 The Witting Polytope

The configuration of the Witting polytope has been described by Coxeter
([3],Section 12.5). There are N01=12 edges emanating from each point which
imply 12 planes (N02), but there are only 2 vertices (N10) on each line. So
we find 40 tetrahedra in the union of 2 core icosahedra. A projection of the
E8-dimensional lattice in 3 dimensions is provided by [9].
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In Coxeter’s notation this polyhedron is described by p1(q1)p2(q2)p3 where
p1 = p2 = N10, p3 = N12=2=number of planes incident on a line. Furthermore
q1 = q2 = N01=12 and the angle σ between mirrors with periods π/2 is

cos2σ =
cosπ/2cosπ/2 + cosπ/6

sinπ/2sinπ/2
= cosπ/6 (1)

(ibid,Section 12.1)
Thus σ = π/12 is very close to the Cabibbo angle θc carried by a vertex in

E8 (cf.[8],Ch 10).Moreover the product of reflections in 2 planes intersecting in
a line is equivalent to a rotation through 2θc (cf.Hamermesh[9] p37 and Fig.4).
In this way θc, which Coxeter calls a half-turn, is almost half the weak mixing
angle θw rotating the masses of the W±, Z0 bosons by

Mw = Mzcosθw (2)

if θc is the vertex angle between W and Z bosons in the same tritangent. This
also implies an angle of θc for the quark jets shown in Plate 2 of [14]

The Witting polytope has an intimate connection with a cubic surface as
described by Coxeter (ibid). In fact the 27 lines of Fig.1 lie entirely on the
cubic surface. The Clebsch cubic

x3
0 + x3

1 + x3
2 + x3

3 + x3
4 = x0 + x1 + x2 + x3 + x4 = 0. (3)

is a section of such a surface in E6. Hunt[11] p125) expresses this equation in
the 3-dimensional homogeneous form

81(x3 + y3 + z3) − 189(x2y + x2z + y2x+ y2z + z2x+ z2y)

+54xyz + 126(xy + xz + yz) − 9(x2 + y2 + z2)

−9(x+ y + z) + 1 = 0 (4)

by utilizing tetrahedral coordinates for the tritangents. Fig.3 is an approximate
surface near the origin found by neglecting the two terms in the top row and
specifying x,y,z¡1/9. There is an angle of 40 degrees between the down quark
and an up exactly in accord with Fig.1. The fold accommodating u could
correspond to jet measured at CERN and shown in Plate 2 of [15]. A similar
fold is apparant at d and both subtend an angle θc. for clarity the tritangents
u,u,d and u,d,d belonging to a proton and neutron, taken from Fig.1 have been
superimposed on a larger scale . In this way the physics described by equation
(5) and the Witting polytope is supported by experiment, and is proof that
E − 8 is a faithful representation of the MSSM.

A picture of a photon appears in Fig.7 of [5] which is a Cayley cubic utilizing
only 9 of the possible 27 lines.
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3 The Fundamental Idempotent Relation

The equation
1

4
Ψ = (iE4ψ1 + E23ψ2 + E14ψ3 + E05ψ4)e (5)

is a minimal left ideal of the Dirac ring describing spin about x3 and is an
irreducible representation of the Lorentz group [4]. It has been used to model
a nucleon because E23, E05 are rotational operators of spin and isospin through
angles ψ2, ψ4 while E14 is a parity operator completing triality. iE14ψ1 is the
identity operator for rotations mod 2π.

Eddngton’s E-numbers are mapped into the 4 × 4 Dirac matrices by

γν = iE0ν , Eμν = Eρμ = −Eνμ,

E2
μν = −1, EμνEστ = EστEμν = iEλρ, μ < ν = 1, . . . , 5 (6)

where E4 is the unit matrix. Two more equivalent representations may be
obtained by a cyclic interchange of the indices 1,2,3 to express rotations about
x2, x3.

It is proved in [7] that

(Ψ/4)2 = (Ψ/4)iE4ψ1 (7)

which is idempotent if iE4ψ1 = 1.
In [5]de Wet associated the u,u;u,d lines of the principal triangle of Fig.2

with the operators E05 = −E50 with isospin ±1/2 and showed that this recipe
would yield the quark charges 1/6 ± 1/2. The third edge was assigned to
the parity operator E14 so that a change E14 → E41 from a Left to a Right
handed quark is accompanied by charge conjugation. The 3 remaining skew-
lines meeting at O were labeled by E41 and E23, E32 with spin ±1/2.

In particular the asyzygy that inverts vectors meeting at O will cause E05 ⇔
E50 thus changing quarks into anti-quarks.

4 Conclusion

We have shown that E8 and the Witting polytope provide a very good home
for the Minimal Super-symmetric Standard model and 12 extra bosons,namely
8 gluons,1 photon and the W±, Z bosons and also a derivation of the Cabibbo
angle confirmed by quark and anti-quark jets exhibited in Plate 2 of [15].
However there is no room for the Higgs which has yet to be found in the
laboratory. At the time of writing the LHC at CERN has not yet come on
stream and we shall have to wait until April 2009.

Moulin et al [13] suggest that Cold Dark Matter may arise from muons
generated by quark jets, maybe resulting from the self-annihilation of protons
on the orbifold of Figs.1,2.
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Figure 1: The Coxeter Polytope
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Figure 2: Section of Fig.1
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Figure 3: The Clebsch Diagonal Cubic
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Figure 4: The Weak Interaction Angle


