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Abstract

The present communication considers a dynamic measure of inaccu-
racy between two residual lifetime distributions. Under the assumption
that the true distribution F and reference distribution G satisfy the
proportional hazard model, it has been shown that the proposed mea-
sure determines the lifetime distribution uniquely. A few properties of
this newly defined measure have also been studied.
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1. Introduction

Let X and Y be two non-negative random variables representing time to failure

of two systems with p.d.f. respectively f(x) and g(x). Let F (x) = P (X ≤ x)

and G(Y ) = P (Y ≤ y) be failure distributions, λF (x) = f(x)

F (x)
and λG(x) = g(x)

G(x)

be hazard rates, and F̄ (x) = 1−F (x) and Ḡ(x) = 1−G(x) be survival functions

of X and Y respectively .

Shannon measure of uncertainty [2] associated with the random variable

X and Kullback’s measure of discrimination [10] of X about Y are given by

respectively
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H(f) = −
∫ ∞

0

f(x)logf(x)dx (1)

and

H(f/g) =

∫ ∞

0

f(x)log
f(x)

g(x)
dx (2)

In survival analysis and in life testing, since the current age of the system under

consideration is also taken into account, thus for calculating the uncertainty

of a system or discrimination between two systems, the measures (1) and

(2) are not suitable. Given that the system has survived upto time t, the

corresponding dynamic measure of uncertainty, refer [5], and of discrimination,

refer [8, 9] are given by

H(f ; t) = −
∫ ∞

t

f(x)

F̄ (t)
log

f(x)

F̄ (t)
dx (3)

H(f/g; t) =

∫ ∞

t

f(x)

F̄ (t)
log

f(x)/F̄ (t)

g(x)/Ḡ(t)
dx (4)

respectively.

When t = 0, then (3) reduces to (1), and (4) reduces to (2).

Adding (3) and (4) , we obtain

H(f ; t) + H(f/g; t) = −
∫ ∞

t

f(x)

F̄ (t)
log

f(x)

F̄ (t)
dx +

∫ ∞

t

f(x)

F̄ (t)
log

f(x)/F̄ (t)

g(x)/Ḡ(t)
dx

= −
∫ ∞

t

f(x)

F̄ (t)
log

g(x)

Ḡ(t)
dx = H(f, g; t), (say) (5)

In case we have a system with true survival function F̄ and the reference sur-

vival function G, then the measure H(f, g; t) can be interpreted as a measure

of inaccuracy associated with the density functions ft and gt, where ft = f(x)

F (t)

and gt = g(x)

G(t)
.

We define the measure

H(f, g; t) = −
∫ ∞

t

f(x)

F̄ (t)
log

g(x)

Ḡ(t)
dx (6)
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as a dynamic measure of inaccuracy associated with two residual lifetime dis-

tributions F and G corresponding to the Kerridge [3] measure of inaccuracy

given by

H(f ; g) = −
∫ ∞

0

f(x)log g(x)dx (7)

Obviously, at t = 0, (6) reduces to (7).

When g(x) = f(x) , then (6) becomes (3), the dynamic measure of uncertainty

given by Ebrahimi [5].

In Section 2, we prove that when F and G follow the proportional hazard

rate then H(f, g; t) uniquely determines the survival function F . In Section 3,

we study some properties of H(f, g; t), the dynamic measure of inaccuracy.

2. The Characterization Problem

The general characterization problem is to determine when the dynamic mea-

sure determines the distribution function uniquely. In this section, we study

characterization problem for the dynamic inaccuracy measure under the as-

sumption that the distribution functions of X and Y satisfy the proportional

hazard model. Under this model, refer [4] and [1], the survival functions of

two random lifetime variables are related by

Ḡ(x) = [F̄ (x)]β , β > 0 (8)

We note that based on the proportional hazard model (8), the hazard rate

functions λF (x) and λG(x) satisfy the relation λG(x) = βλF (x).

Consider

H(f, g; t) = −
∫ ∞

t

f(x)

F̄ (t)
log

g(x)

Ḡ(t)
dx (9)

= logḠ(t) −
∫ ∞

t

f(x)

F̄ (t)
log g(x)dx (10)

Using the relation λG(x) = βλF (x), (10) becomes

H(f, g; t) = β − logβ −
∫ ∞

t

f(x)

F̄ (t)
logλF (x)dx (11)
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When β =1, that is, Ḡ(x) = F̄ (x), then (11) becomes the dynamic measure of

uncertainty given by Ebrahimi [5].

Next we prove the uniqueness result.

Theorem 1 Let X and Y be two non negative random variables satisfying

the proportional hazard model, and H(f, g; t) < ∞, ∀ t ≥ 0, then H(f, g; t)

uniquely determines the survival function F̄ (x) of the variable X.

Proof. Let f1, g1 and f2, g2 be two sets of the probability density func-

tions satisfing the proportional hazard model, that is, λG1(x) = βλF1(x) and

λG2(x) = βλF2(x) and

H(f1, g1; t) = H(f2, g2; t) ∀ t ≥ 0 (12)

Differentiating (10) w.r.t. t and using λG(x) = βλF (x), we obtain

H
′
(f, g, t) = −λG(t) + λF (t)log g(t) − λF (t)

∫ ∞

t

f(x)

F̄ (t)
log g(x)dx (13)

= λF (t)[−β + log g(t) −
∫ ∞

t

f(x)

F̄ (t)
log g(x)dx]

= λF (t)[−β + log g(t) − logḠ(t) −
∫ ∞

t

f(x)

F̄ (t)
log

g(x)

Ḡ(t)
dx]

= λF (t)[−β + log g(t) − logḠ(t) + H(f, g; t)]

H ′(f, g; t) = λF (t)[−β + logβ + logλF (t) + H(f, g; t)] (14)

From (12) we obtain

λF1(t)[−β + logβ + logλF1(t) + H(f1, g1; t)]

= λF2(t)[−β + logβ + logλF2(t) + H(f2, g2; t)] (15)

Now to prove that (12), under the assumption of proportional hazard model

(8), implies F 1(t) = F 2(t) it is sufficient to prove that

λF1(t) = λF2(t), ∀ t ≥ 0. (16)
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Define a set

A = {t : t ≥ 0, and λF1(t) �= λF2(t)} (17)

and assume the set A to be non empty . Thus for some t0 ∈ A, λF1(t0) �=
λF2(t0). Without loss of generality suppose that λF1(t0) > λF2(t0) and hence

(15) holds, when either

−β + logβ + logλF1(t0) + H(f1, g1; t0) < −β + logβ + logλF2(t0) + H(f2, g2; t0),

(18)

or

−β + logβ + logλF1(t0) + H(f1, g1; t0) = −β + logβ + logλF2(t0) + H(f2, g2; t0) = 0

(19)

Suppose (18) holds, then using (12) the inequality (18) reduces to λF1(t0) <

λF2(t0). If (19) holds, then using (12), it reduces to λF1(t0) = λF2(t0) . Com-

bining these two we get λF1(t0) ≤ λF2(t0). This contradicts our assumption

and therefore the set A is empty and this concludes the proof.

3. Properties of H(f, g; t)

We study the following properties of H(f, g; t) .

I For a common increasing transformation φ of X and Y

H(X, Y ; φ−1(t)) = H(φ(X), φ(Y ); t)

Proof.

H(φ(X), φ(Y ), t) = −
∫ ∞

t

f(φ−1(x))

φ′(φ−1(x))F̄ (φ−1(t))
log

g(φ−1(x))

Ḡ(φ−1(t))
dx (20)

= −
∫ ∞

φ−1(t)

f(y)

F̄ (φ−1(t))
log

g(y)

Ḡ(φ−1(t))
dy

= H(X, Y, φ−1(t)).
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II If F̄ and Ḡ satisfy the proportional hazard model, and δF (t) is finite,

then

H(f, g, t) ≤ β − logβ + logδF (t) (21)

where δF (t) is the mean residual lifetime function.

Proof. The dynamic measure of inaccuracy is

H(f, g; t) = −
∫ ∞

t

f(x)

F̄ (t)
log

g(x)

Ḡ(t)
dx

Under proportional hazard model, using (11). we have

H(f, g; t) = β − logβ −
∫ ∞

t

f(x)

F̄ (t)
logλF (x)dx,

= (β − logβ − 1) + 1 −
∫ ∞

t

f(x)

F̄ (t)
logλF (x)dx (22)

Further,

H(f ; t) = −
∫ ∞

t

f(x)

F̄ (t)
log

f(x)

F̄ (t)
dx = 1 −

∫ ∞

t

f(x)

F (t)
logλF (x)dx

and H(f ; t) ≤ 1 + logδF (t) , refer [5].

Using these in (22), we get (21).

III The maxima of dynamic inaccuracy measure under proportional hazard

model exist when F is exponential .

Proof. From (22), under proportional hazard model,

H(f, g; t) = (β − logβ − 1) + H(f ; t) (23)

The maxima of H(f ; t) exists, when f(x) = θexp(−θx) and max H(f ; t) =

1 − logθ, refer [6] .

Thus from (23) the maxima of H(f, g; t) under proportional hazard model also

exists only when f(x) = θexp(−θx), and

max.H(f, g; t) = (β − logβ − 1) + (1 − logθ)
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= β − logβ − logθ
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