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Abstract

In this paper, we consider a generalized variational inclusion in-
volving H-accretive operator and propose an Ishikawa type iterative
algorithm for computing its approximate solution. The convergence of
approximate solutions obtained by the proposed algorithm to the exact
solutions of generalized variational inclusion is discussed.
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1. INTRODUCTION

In 1994, Hassouni and Moudafi [15] introduced and studied a class of varia-
tional inclusions which contains mixed variational inequalities as special cases.

In this paper, we introduce and study a more general form of variational
inclusion and resolvent equation for set-valued mappings, called generalized
variational inclusion and generalized resolvent equation, respectively, in real
Banach spaces. Our results are new and represent a significant improvement
of previously known results. Some special cases are also discussed.

2. PRELIMINARIES
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Throughout the paper, unless otherwise specified, we assume that X is a
real Banach space with its norm ‖ · ‖, X∗ is the topological dual of X, 〈., .〉
denotes the pairing between X and X∗, 2X (respectively, CB(X)) is the family
of all nonempty (respectively, nonempty closed and bounded) subsets of X,
and H(., .) is the Hausdorff metric on CB(X) defined by

H(P, Q) = max{sup
x∈P

d(x, Q), sup
y∈Q

d(P, y)},

where d(x, Q) = infy∈Q d(x, y), d(P, y) = infx∈P d(x, y) and d(., .) is the metric
on X induced by the norm ‖ · ‖.

The generalized duality mapping Jq : X → 2X∗
is defined by

Jq(x) = {f ∈ X∗ : 〈x, f〉 = ‖x‖q and ‖f‖ = ‖x‖q−1} for all x ∈ X,

where q > 1 is a constant. For q = 2, the generalized duality mapping coin-
cides with the usual normalized duality mapping. It is known that Jq(x) =
‖x‖q−2J2(x) for all x �= 0, and Jq is single-valued if X∗ is strictly convex.

The modulus of smoothness of X [2] is the function ρX : [0,∞) → [0,∞)
defined by

ρX(t) = sup{1

2
‖x + y‖ + ‖x − y‖ − 1 : ‖x‖ ≤ 1, ‖y‖ ≤ t}.

A Banach space X is called uniformly smooth [2] if

lim
t→0

ρX(t)

t
= 0.

X is called q-uniformly smooth [2] if there exists a constant c > 0 such that

ρX(t) ≤ ctq, q > 1.

The following result plays crucial role in establishing the main result of this
paper.

Theorem 2.1. [32] Let X be a uniformly Banach space. Then, X is q-
uniformly smooth if and only if there exists a constant cq > 0 such that for all
x, y ∈ X,

‖x + y‖q ≤ ‖x‖q + q〈y, Jq(x)〉 + cq‖y‖q.

Definition 2.1. [14] Let H : X → X be a single-valued operator. The
operator T : X → X is said to be

(i) accretive if

〈T (x) − T (y), Jq(x − y)〉 ≥ 0, for all x, y ∈ X;
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(ii) strictly accretive if

〈T (x) − T (y), Jq(x − y)〉 > 0, for all x, y ∈ X

and the equality holds if and only x = y;

(iii) strongly accretive if there exists a constant r > 0 such that

〈T (x) − T (y), Jq(x − y)〉 ≥ r‖x − y‖q, for all x, y ∈ X;

(iv) strongly accretive with respect to H if there exists a constant γ > 0 such
that

〈T (x) − T (y), Jq(H(x) − H(y))〉 ≥ γ‖x − y‖q, for all x, y ∈ X;

(v) Lipschitz continuous if there exists a constant s > 0 such that

‖T (x) − T (y)‖ ≤ s‖x − y‖, for all x, y ∈ X.

Definition 2.2. [14] A multivalued map M : X → 2X is said to be

(i) accretive if for all x, y ∈ X,

〈u − v, Jq(x − y)〉 ≥ 0, for all u ∈ M(x) andv ∈ M(y);

(ii) m-accretive if M is accretive and (I + λM)(X) = X for all λ > 0, where
I denotes the identity mapping on X.

Definition 2.3. [14] Let H : X → X be a single-valued operator. A multi-
valued map M : X → 2X is said to be H-accretive if M is H-accretive if M is
accretive and (H + λM)(X) = X for all λ > 0.

Remark 2.1 If H = I, then Definition 2.3 reduces to the usual definition of
m-accretive operator.

Lemma 2.1. [12] Let {an}∞n=1 be a non-negative real sequence satisfying

an+1 ≤ (1 − αn)an + σn

with αn ∈ [0, 1],
∑∞

n=1 αn = ∞, and σn = o(αn). Then limn→∞ an = 0.
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3. GENERALIZED VARIATIONAL INCLUSION

Let H : X → X, N, W : X × X → X be single-valued mappings and
A, B, C, D : X → CB(X) be multivalued mappings. We consider the following
generalized variational inclusion problem:

(GVIP)

{
Find u ∈ X, x ∈ A(u), y ∈ B(u), z ∈ C(u) and w ∈ D(u)
such that 0 ∈ N(x, y) − W (z, w) + M(H(u)). (3.1)

We give some special cases of (GVIP).

Special cases:

(i) If W ≡ 0, then (GVIP) reduces to the problem of finding u ∈ E, x ∈
A(u) and y ∈ B(u) such that

0 ∈ N(x, y) + M(u). (3.2)

A problem similar to (3.2) is considered and studied by Chang et al [10]
in the setting of Banach spaces.

(ii) If W ≡ 0, A and B are single-valued identity mappings and N(x, y) =
N(x) for all x, y ∈ X, then (GVIP) becomes following problem.

(GVIP)

{
Find u ∈ E such that
0 ∈ N(u) + M(u). (3.3)

From the above special cases, it is clear that for a suitable choices of the maps
involved in the formulation of (GVIP) we can derive many known variational
inclusion considered and studied in the literature.

To suggest the iterative algorithm for computing the approximate solutions
of (GVIP), we establish the following equivalence between (GVIP) and a fixed
point problem.

The above fixed point formulation enable us to suggest the following per-
turbed Ishikawa type and Mann type iterative algorithms for computing the
approximate solutions of (GVIP).

Algorithm 3.1. (Ishikawa type Iterative Algorithm) Let {αn}∞n=0

and {βn}∞n=0 be two sequences such that αn, βn ∈ [0, 1] and
∑∞

n=0 αn diverges.
Let {en}∞n=0 and {rn}∞n=0 be two sequences in X introduced to take into account
possible inexact computation. For any given u0 ∈ X, x̄0 ∈ A(u0), ȳ0 ∈ B(u0),
z̄0 ∈ C(u0), v̄0 ∈ D(u0), let

w0 = (1 − β0)u0 + β0[R
H
M,λ[H(u0) − λ{N(x̄0, ȳ0) − W (z̄0, v̄0)}]] + β0e0.
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Take any fixed x0 ∈ A(w0), y0 ∈ B(w0), z0 ∈ C(w0), and v0 ∈ D(w0), and let

u1 = (1 − α0)u0 + α0[R
H
M,λ[H(w0) − λ{N(x0, y0) − W (z0, v0)}]] + α0r0.

Continuing the above process inductively, we can define the following iterative
sequences {wn}, {un}, {xn}, {x̄n}, {yn}, {ȳn}, {zn}, {z̄n}, and {vn}, {v̄n} by

wn = (1 − βn)un + βn[RH
M,λ[H(un) − λ{N(x̄n, ȳn) − W (z̄n, v̄n)}]] + βnen,

un+1 = (1 − αn)un + αn[RH
M,λ[H(wn) − λ{N(xn, yn) − W (zn, vn)}]] + αnrn,

for n = 0, 1, 2, . . ., where x̄n ∈ A(un), ȳn ∈ B(un), z̄n ∈ C(un), v̄n ∈ D(un),
xn ∈ A(un), yn ∈ B(un), zn ∈ C(un), and vn ∈ D(un), and λ > 0 is a
constant.

If βn = rn = 0 for all n ≥ 0, then from above algorithm, we obtain the
following Mann type iterative algorithm for solving (GVIP).

Algorithm 3.2. (Mann type Iterative Algorithm) For any given
u0 ∈ X, x̄0 ∈ A(u0), ȳ0 ∈ B(u0), z̄0 ∈ C(u0), and v̄0 ∈ D(u0), let

un+1 = (1 − αn)un + αn[RH
M,λ[H(un) − λ{N(xn, yn) − W (zn, vn)}]],

for n = 0, 1, 2, . . ., where xn ∈ A(un), yn ∈ B(un), zn ∈ C(un), and vn ∈
D(un), and where {αn}∞n=0 be a sequence such that αn ∈ [0, 1] and

∑∞
n=0 αn

diverges, and λ > 0 is a constant.

Remark 3.1. For suitable choices of the mappings involved in the formulation
of (GVIP) we can easily derive the known iterative algorithms for different
kinds of variational inclusion from Algorithm 3.1.

Now we prove the existence of a solution of (GVIP) and study the convergence
of iterative sequences generated by the Algorithm 3.1.

Proof. From Theorem 3.1, there exist u∗ ∈ X, x∗ ∈ A(u∗), y∗ ∈ B(u∗),
z∗ ∈ C(u∗), and v∗ ∈ D(u∗) such that (u∗, x∗, y∗, z∗, v∗) is a solution of (GVIP).
By Lemma 3.1, we have that for all n ≥ 0

u∗ = (1−βn)u∗+βn[u∗−H(u∗)+RH
M,λ[H(u∗)−λ{N(x∗, y∗)−W (z∗, v∗H(u∗))}]]

= (1−αn)u∗+αn[u
∗−H(u∗)+RH

M,λ[H(u∗)−λ{N(x∗, y∗)−W (z∗, v∗H(u∗))}]]
From Algorithm 3.1, for all n ≥ 0, we have

‖wn − u∗‖ = ‖(1 − βn)un + βn[un − H(un) + RH
M,λ[H(un) − λ{N(xn, yn)

−W (zn, vn)}]] + βnen − [(1 − βn)u∗ + βn[u∗ − H(u∗)
+RH

M,λ{H(u∗) − λ{N(x∗, y∗) − W (z∗, v∗)}}]‖
≤ (1 − βn)‖un − u∗‖ + ‖un − u∗ − (H(un) − H(u∗)‖

+‖RH
M,λ{H(un) − λ{N(xn, yn) − N(xn−1, yn−1)}

+‖RH
M,λ{H(u∗) − λ{N(x∗, y∗) − N(x∗, y∗)} + βn‖en‖ (3.11)
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‖un − u∗ − (H(un) − H(u∗)‖q ≤ ‖un − u∗‖q − q〈H(un) − H(u∗), Jq(un − u∗)〉
+cq‖H(un) − H(u∗)‖q

≤ ‖un − u∗‖q − qr‖un − u∗‖q + τ qcq‖un) − u∗‖q

= (1 − qr + τ qcq)‖un) − u∗‖q (3.12)

By using the same arguments as in the proof of Theorem 3.1, we obtain

‖RH
M,λ{H(un)−λ{N(xn, yn)−W (zn, vn)}−‖RH

M,λ{H(u∗)−λ{N(x∗, y∗)−W (z∗, v∗)}‖

≤ 1

r
q

√
τ q − (qλ − λqcq)[(λN1α + λN2β)q − (q − cq)(λW1γ + λW2μ)q]q‖un)−u∗‖ (3.13)

Therefore,

‖wn−u∗‖ ≤ (1−βn)‖un−u∗‖‖un−u∗‖+θ‖un−u∗‖+βn‖en‖ ≤ ‖un−u∗‖+βn‖en‖,

where θ is the same as in the proof of Theorem 3.1 and by condition (3.6),
θ < 1. By using similar arguments as above, we also have

‖un+1 − u∗‖ = ‖(1 − αn)un + αn[wn − H(wn) + RH
M,λ[H(wn)

−λ{N(xn, yn) − W (zn, vn)}]] + αnrn − [(1 − αn)u∗

+αn[u∗ − H(u∗) + RH
M,λ{H(u∗) − λ{N(x∗, y∗) − W (z∗, v∗)}}]‖

≤ (1 − αn)‖un − u∗‖ + αn‖wn − u∗ − (H(wn) − H(u∗)‖
+‖RH

M,λ{H(wn) − λ{N(xn, yn) − W (zn, vn)}
−RH

M,λ{H(u∗) − λ{N(x∗, y∗) − W (z∗, v∗)}‖ + αn‖rn‖
≤ (1 − αn)‖un − u∗‖ + αnθ‖wn − u∗‖ + αn‖rn‖
≤ (1 − αn)‖un − u∗‖ + αnθ(‖un − u∗‖ + βn‖en‖) + αn‖rn‖
= (1 − (1 − θ)αn)‖un − u∗‖ + αn(θ‖en‖ + ‖rn‖)
= (1 − (1 − θ)αn)‖un − u∗‖ + σn,

where σn = αn(θ‖en‖+‖rn‖). By condition (1), we have (θ‖en‖+‖rn‖) → 0 as
n → ∞. Hence σn = o(αn). It is easy to verify all the conditions of Lemma 2.1.
Therefore by Lemma 2.1, we have un → u∗ as n → ∞. Since A is H-Lipschitz
continuous, we obtain ‖xn − x∗‖ ≤ H(A(un), A(u∗) ≤ α‖un − u∗‖ → 0, and
so xn → x∗. Similarly, by H-Lipschitz continuity of B, C, and D, we obtain
yn → y∗, zn → z∗, and vn → v∗.
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