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Abstract
In this paper, we study the properties of solutions of systems of

differential equations having singularities and turning points. First, by
a replacement, we transform the system to the Sturm-Liouville equation
with singularities. Using of the asymptotic estimates provided in [2] for
a special fundamental system of solutions of Sturm-Liouville equation,
we study the asymptotic behavior of solutions of it. Then, we transform
the Sturm-Liouville equation with singularities to the equation with
turning points, then we obtain the infinite product representation of
its solutions and using of this representation, we obtain the canonical
solution of equation with singularities.
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1 Introduction

We consider the following system of differential equations

dy1

dx
= iρR(x)y2,

dy2

dx
= iρ

1

R(x)
y1, x ∈ [0, T ], (1)
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with the initial conditions y1(0, ρ) = 0, y2(0, ρ) = −i
ρ

, where T =
∫ b
a |1− x2|dx,

−∞ < a < −1, 1 < b < ∞. Here ρ = σ + iτ is the spectral parameter , and

R is a real function.

System (1) is a canonical form for many problems in natural sciences. For

example, for a wide class of problems describing the propagation of electro-

magnetic waves in a stratified medium, Maxwell’s equations can be reduced to

the canonical form (1), where x is the variable in the direction of stratification,

y1 and y2 are the components of the electromagnetic field, R is the wave resis-

tance which describes the refractive properties of the medium and ρ is the wave

number in a vacuum [11, 12]. Some aspects of synthesis problems for system

(1) with R > 0 (i.e. N=0) were studied in [6, 12] and other works. Inverse

problem for system (1) with the initial conditions y1(0, ρ) = −1, y2(0, ρ) = 1

and with R ≥ 0 were studied in [1, 2]. In [8], the authors studied the eigenval-

ues and derived a formula for the asymptotic distribution of the eigenvalues

in the case when the system (1) has arbitrary order Singularities and turning

points inside the interval [0,T], also the asymptotic behavior of solutions for

system (1) with singularity and turning point of second order were studied in

[9].

The inverse problem for Sturm-Liouville equation with turning points were

studied by Freiling and Yurko in [3]. The results of Kheiri, Jodayree and

Mingarelli in [4] and Neamaty [7] bring important innovations to the asymp-

totic approximation of solution of Sturm-Liouville equations with two turning

points.

The main goal of this paper is to study the asymptotic behavior solutions by

special fundamental system of (1), also find the infinite product representation

of it in the case when the system has arbitrary order singularities and turning

points inside the interval. More precisely, we will suppose that

R(x) =
2∏

j=1

|x − γj|pj−1R0(x), (2)

where γ1 =
∫ −1
a |1 − x2|dx, γ2 =

∫ 1
a |1 − x2|dx , pj are real numbers, R0(x) ∈

W 1
2 [0, T ], R0(x) >0, R(0) = 1 and R′(0) = 0.

2 properties of spectral characteristics

We transform (1) by means of the replacement

y1(x, ρ) =
√

R(x)u(x, ρ), y2(x, ρ) =
1√

R(x)
υ(x, ρ) (3)
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to the system

u′ + h(x)u = iρυ, υ′ − h(x)υ = iρu, xε[0, T ], (4)

with the conditions u(0, ρ) = 1, υ(0, ρ) = −i
ρ

, where

h(x) = (2R(x))−1R′(x). (5)

System (4) after elimination of ν reduces to the equation we

−u′′ + q(x)u = λu, λ = ρ2, (6)

and the conditions

u(0, ρ) = 0, u′(0, ρ) = 1, (7)

where

q(x) = h2(x) − h′(x). (8)

It follows from (2), (5) and (8) that q(x) has the form

q(x) =
2∑

j=1

aj

(x − γj)2
+ q0(x),

where aj := (
pj

2
)2− 1

4 . For definiteness, we shall assume that
pj

2
�= 2k, k ∈ Z.

We also assume that

q0(x).
2∏

j=1

|x − γj|1−|pj | ∈ L(0, T ).

Definition 2.1. we denote

vj =
|pj|
2

, μkj = (−1)kvj +
1

2
, ωj = (γj, γj+1), γ0 := 0, γ3 := T.

Remark 1. In [2], fundamental system of solutions {Skj(x, λ)}, k, j = 1, 2,

of equation (6) were constructed with the following properties:

i) The functions S
(ν)
kj (x, λ), ν = 0, 1, are entire in λ of order 1

2
.

ii) For |ρ(x − γj)| ≤ 1,

Skj(x, λ) ≤ C|ρ(x − γj)
μkj |,
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where C is a positive constant in estimate not depending on x and ρ.

iii) The following relation holds

< S1j(x, λ), S2j(x, λ) >≡ 1,

where < y(x), y ˜(x) >:= y(x)ỹ′(x) − y′(x)ỹ(x) is the wronskian of y and ỹ.

Denote Ω := {(ρ, x) : |ρ(x − γj)| ≥ 1, j = 1, 2}.

Lemma 1. For x ∈ ωs, (ρ, x) ∈ Ω, k, m = 0, 1:

s
(m)
kj (x, λ) = βkjρ

−μkj ((−iρ)m exp(−iρ(x− γj))[1]γ

+ (iρ)m exp(−iπμkj) exp(iρ(x − γj))[1]γ

− 2i(iρ)m
s∑

p=j+1

cosπvp exp(iρ(x + γj − 2γp))[1]γ), s ≥ j,

s
(m)
kj (x, λ) = βkjρ

−μkj ((−iρ)m exp(−iρ(x− γj))[1]γ

+ (iρ)m exp(iπμkj) exp(iρ(x − γj))[1]γ

+ 2i(iρ)m
j−1∑

p=s+1

cosπvp exp(iρ(x + γj − 2γp))[1]γ), s < j,

where [1]γ = 1 +
2∑

j=1
O((ρ(x − γj))

−1), β1jβ2j = (−4i sinπvj)
−1.

proof. See [2].

In view of (7) and using Lemma 1, we obtain the asymptotic solution of equa-

tion (6) in the following theorem :

Theorem 1. For x ∈ ωs,, (ρ, x) ∈ Ω, |ρ| → ∞, Imρ ≥ 0, m = 0, 1:

u(m)(x, ρ) =
1

2
(iρ)m−1{ exp(iρx)[1]γ + (−1)m−1 exp(−iρx)[1]γ

+2i
s∑

j=1

cos πυj exp(iρ(x − 2γj))[1]γ }. (9)

Now, we consider the boundary value problem L1 = L1(q(x), s), s ∈ (γ2, T ),

for equation (6) with boundary conditions

u(0, λ) = 0, u′(0, λ) = 1, u(s, λ) = 0. (10)
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3 Solutions of differential equation with turn-

ing points

In this section, first, we transform (6) by a replacement to the differential

equation with turning points, then we study the asymptotic behavior of the

solutions.

We transform (7) by means of the replacement∫ t

a
|1 − ζ2| 12 dζ = x , |1 − t2| 14 y(t) = u(x), t ∈ (a, b), (11)

to the differential equation

−y′′ + χ(t)y = λ(1 − t2)y, (12)

with initial conditions

y(a, λ) = 0, y′(a, λ) = 1, (13)

where χ(t) is a real continuous function on (a, b). So, Eq.(12) has two zeros

t = ±1 in (a, b), so called turning points. From [10], the asymptotic solution

y(t, λ) is of the form

y(t, λ) =
1√

λ{(a2 − 1)(t2 − 1)} 1
4

{(cos(
1

2

√
λπ) + O(

1√
λ

)) exp
2

3

√
λ(η

3/2
−a + η

3/2
t )

+(sin(
1

2

√
λπ) + O(

1√
λ

)) sinh
2

3

√
λ(η

3/2
t − η

3/2
−a ) },

where

ηt =
3

2

∫ t

1
(ς2 − 1)

1
2 dς, t ∈ (1, b).

4 Distribution of the eigenvalues

According to (11), the boundary value problem L1 = L1(q(x), s) defined by

equation (6) with boundary conditions (10) transform to the boundary value

problem L2 = L2(1 − t2, z) with Dirichlet boundary conditions

y(a, λ) = y(z, λ) = 0, z ∈ (1, b). (14)

From [7] for z ∈ (1, b), the Problem L2 with Dirichlet boundary conditions

(14) has an infinite number of positive and negative eigenvalues: {λn(z)} =

{λ−
n (s)} ∪ {λ+

n (z)}, n ∈ N, such that

λ+
n (z) =

n2π2

f 2(1)
− nπ2

f 2(1)
+ O(1), λ−

n (z) = − n2π2

p2(z)
+

nπ2

p2(z)
+ O(1), (15)



1056 A. Neamaty and S. Mosazadeh

where

f(1) =
∫ 1

−1
(1 − ς2)

1
2 dς =

π

2
, p(z) =

∫ z

a
|1 − ς2| 12 dς.

5 Canonical product representation of solu-

tions

Since the solution y(t, λ) of Sturm-Liouville equation defined by a fixed set of

initial conditions is an entire function of λ for each fixed t ∈ (a, b), thus it

follows from the classical Hadamard’s factorization theorem ( see [5, p.24] )

that such solution is expressible as an infinite product. From [7] for z ∈ (1, b),

the infinite product representation of y(z, λ) is of the form

y(z, λ) =

4π

{Γ(1
2
)}2 {(a2 − 1)(z2 − 1)} 1

4

∞∏
n=1

(λ − λ−
n (z))p2(z)

j̃2
n

∞∏
n=1

(λ+
n (z) − λ)f 2(1)

j̃2
n

, (16)

where j̃n, n ≥ 1 are the positive zeros of the Bessel function J−1/2(τ) and

λ−
n (z), λ+

n (z) are negative and positive eigenvalues of Eq.(12) respectively.

Similarly, for s = x, γ2 < z < T, the boundary value problem L1 on [0, x]

has an infinite number of positive and negative eigenvalues which are denoted

by {rn(x)} = {r−n (x)} ∪ {r+
n (x)}, respectively. By Hadamard’s theorem, the

solution u(x, λ) on [0, z] for γ2 < z < T is expressible as an infinite product.

To complete the investigation of last sections, we want to write the infinite

product representation of u(x, λ).

According to (11), (15)-(16) we have the following theorem:

Theorem 5. Let u(x, λ) be the solution of (6) satisfying the initial conditions

u(0, λ) = 0 , u′(0, λ) = 1. Then for x ∈ (γ2, T ),

u(x, λ) =
4π

{Γ(1
2
)}2 (a2 − 1)

1
4

∞∏
n=1

(λ − r−n (x))x2

j̃2
n

∞∏
n=1

(r+
n (z) − λ)π2

4

j̃2
n

, (17)

where

r−n (x) = −n2π2

π2/4
+

nπ2

π2/4
+ O(1), r+

n (x) =
n2π2

x2
− nπ2

x2
+ O(1).
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are represents the sequences of negative and positive eigenvalues of the bound-

ary value problem L1 on [0, x], respectively.

This completes the representation of the solution of (6) with initial conditions

(7) as an infinite product.
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