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Abstract

In this paper we present one generalization of S. Park’s [5] matching
theorem and its application in the fixed point theory.
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1 Introduction and Preliminary Notes

Let X, Y be nonempty sets and 2Y a family of all nonempty subsets of Y .
A multifunction G from X into Y is a map G : X → 2Y . A multifunction
F : X → X has a fixed point if there exists x0 ∈ X such that x0 ∈ F (x0).
If X and Y are topological space, a multifunction F : X → Y is upper semi-
continuous if for each point x0 ∈ X and an for an arbitrary open neighborhood
V of F (x0) there exists an open neighborhood U of x0 in X, such that F (x) ⊆ V
for all x ∈ U . If g : X → Y is a single-valued continuous function then
this function belongs to a class of upper semi-continuous multifunctions, if we
consider their values as singleton subsets of Y .

Let E be a topological vector space, U be a fundamental family of open
neighborhoods of zero in E and K ⊆ E. We say that the set K is of Zima’s type
if and only if for every V ∈ U there exists U ∈ U so that co(U

⋂
(K −K)) ⊆ V.

In [5] S. Park proved the following theorem:
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Theorem 1.1 Let X be a convex subset of topological vector space E. Let
F : X :→ 2X be an upper semi-continuous multifunction with convex values
such that F (X) = ∪x∈XF (x) is the set of Zima’s type.

If F (X) is totally bounded then for any open neighborhood U of zero in E
there exists xU ∈ X such that

F (xU)
⋂

(xU + U) �= ∅.

V. Klee [2, 3] introduced the notion of an admissible subset of topological
vector space. Let X, Y be topological spaces and f : X → Y . f is compact if it
is continuous and f(X) is a compact set. Let E be a topological vector space.
A function f : X → E is finite if it is compact and f(X) is a subset of some
finite dimensional subspace of E. A subset K ⊆ E is said to be admissible if
for every compact subset A ⊆ K and every open neighborhood U of zero in E
there exists a finite function h : A → K such that x−h(x) ∈ U for each x ∈ A.
If E is locally convex space or an ultrabareld topological vector space which
admits a Schauder basis then any compact convex subset of E is admissible.

Each compact, convex set of Zima’s type can be affinely embedded in the
Hausdorff locally convex topological vector space and so it is admissible. An
example of a convex compact admissible subset of Lp (0 < p < 1) space, which
is not of Zima’s type, is given in [8].

In [6] (see also [7]) S. Park prove the following general result.

Theorem 1.2 A compact convex subset of metrizable Hausdorff topological
vector space is admissible.

A topological space is acyclic if all of its reduced Čech homology groups
over rationales vanish. In particular, any contractible space is acyclic, and
hence any convex or star-shaped set in a topological vector space is acyclic.

The following result is a generalization of famous theorems of Kakutani
and Eilenberg - Montgomery.

Theorem 1.3 (N. Shioji [9]) Let C be a compact, convex and nonempty
subset of Rn and let K be a compact topological space. Let g : K → C
be a (single-valued) continuous map and let F : C → K be an upper semi-
continuous multifunction, such that for every x ∈ C F (x) is a nonempty com-
pact acyclic subset of K. Then there exists x0 ∈ C such that x0 ∈ g(F (x0)).

In this paper we present one generalization of Theorem 1.1 in the case when
values of F are acyclic and X is admissible.
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2 Results

Our main result is the following generalization of Theorem 1.1:

Theorem 2.1 Let X be a convex nonempty admissible subset of topological
vector space E. Let F : X :→ 2X be an upper semi-continuous multifunction
with acyclic values such that F (X) = ∪x∈XF (x) is the admissible set. If F (X)
is totally bounded then for any open neighborhoods U of zero in E there exists
xU ∈ X such that

F (xU)
⋂

(xU + U) �= ∅.

Proof: Let U be an open neighborhood of zero in E. Since X is a nonempty
admissible subset and X and F (X) is compact there exists a finite function
h : F (X) → X such that x − h(x) ∈ U for each x ∈ F (X). Now we have that
multifunction G : conv(h(F (X)) → F (X) defined by G(x) = F (x) is upper
semi continuous and h : F (X) → conv(h(F (X)) is continuous. From Theorem
1.3 follows that there is x0 ∈ conv(h(F (X)) such that x0 ∈ h(G(x0)), which
implies that there exists x1 ∈ G(x0) such that x0 = h(x1). So x1 − x0 ∈ U
which implies (x0 + U) ∩ F (x0) �= ∅. ♦

From Theorem 1.2 follows:

Corollary 2.2 Let X be a arbitrary convex nonempty subset of metrizable
topological vector space E. Let F : X :→ 2X be an upper semi-continuous
multifunction with acyclic values. If F (X) = ∪x∈XF (x) is totally bounded then
for any open neighborhood U of zero in E there exists xU ∈ X such that

F (xU)
⋂

(xU + U) �= ∅.

The following fixed point result was obtained in general form by S. Park
[4]. In paper [1] we gave one similar result which is include in Park’s theorem
[4].

Corollary 2.3 Let X be a Hausdorff topological vector space and K ⊆ X
a convex nonempty admissible subset. Let F : K → 2K be an upper semi-
continuous multifunction with closed acyclic values, such that F (X) is totally
bounded. Then F has at least one fixed point.

Proof: According to the Theorem 2.1, for each neighborhood U of zero in
X there exist xU , yU ∈ X such that yU ∈ F (xU) and yU ∈ xU + U . Since
F (x) is relatively compact, we may assume that net {yU} converges to some
x0 ∈ X. Since X is Hausdorff, the corresponding net {xU} also converges to
x0. Because F is upper semi-continuous with closed values, the graph of F is
closed in X × F (X) and hence we have x0 ∈ F (x0).♦

From Theorem 1.2 follows:
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Corollary 2.4 Let X be a metrizable topological vector space and K ⊆ X
a convex nonempty subset. Let F : K → 2K be an upper semi-continuous
multifunction with closed acyclic values, such that F (X) is totally bounded.
Then F has at least one fixed point.
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