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Abstract. Fix Integers n > 0,k > 0. Here we prove the existence on an
integer d(n, k) with the following property. Fix any integer d > d(n, k). Let
Okna C PV, N = (":d) — 1, be the order k osculating variety of the order
d Veronese embedding of P". Then all the secant varieties of Oy, 4 have the
expected dimension.
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1. INTRODUCTION

We work over an algebraically closed field K with char(K) = 0. Fix integers
n>0andd >k > 0. Let V4o C PN N := (”:d) — 1, be the order d
Veronese embedding of P and Oy, 4 C PV the order k osculating variety of
Vi,a in PV ie. the closure in PV of the union of the general k-osculating
linear spaces of V,, 4. dim(Ojpq) = min{N, ("Zk) +n — 1}, ie. Oppq has
the expected dimension ([2], Lemma 3.3). For any integral m-dimensional
projective subvariety X C PY and any integer s > 1 let S*~1(X) denote the
closure in P¥ of all (s — 1)-dimensional linear subspaces of P spanned by s
points of X. S*7!(X) is an integral variety and dim(S*~1(X)) < min{N, s(m+
1)—1}. If dim(S* (X)) = min{ N, s(m~+1)—1}, then we will say that S*~1(X)
has the expected dimension. X is said to be ordinary if all its secant varieties
have the expected dimension. A. Bernardi, M. V. Catalisano, A.V. Geramita
and A. Gimigliano studied in [2] the dimension of the secant varieties of O, 4.
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To prove their results they introduced the following zero-dimensional schemes.
Fix P € P" and a line D C P" such that P € D. For any integer m > 0 let
mP denote the infinitesimal neighborhood of order m — 1 of P in P", i.e. the
closed subscheme of P™ with (Zp)™ has its ideal sheaf. Hence (mP),.q = {P}
and length(mP) = ("*"~'). mP will be called an m-point of P". Fix a
homogeneous coordinate system xg,...,z, such that P = (1;0;...;0) and
D= {xy=---=ux, =0} Write z; :== z;/x9, 1 <1 < n, and use z1,..., 2z,
as affine coordinates around P. Let Z(n,k; P, D) be the closed subscheme
defined by the equations given by all monomials in the variables zq,..., 2z,
of degree at least £ + 2 and by all monomials of degree k + 1, except the n
monomials 2f2;, 1 < ¢ < n. Hence (k+ 1)P C Z(n,k; P,D) C (k + 2)P,
length(Z(n, k; P, D)) = ("™*) +n and Z(n,k; P, D) = (k + 2)P if and only if
n = 1. We will say that Z(n, k; P, D) is a (k+1,k+2)-point of P"™. Notice that
Z(n, k; P, D) only depends from n, k, P and the tangent vector at P determined
by D, but not from the coordinate system, because if instead of z; we write
z1+ M with M a power series in zy, ..., 2, with no term of degree < 1, then all
terms (2, +M)*2;— 272, 1 < i < n, are zero modulo the ideal sheaf of (k+2)P.
We will say that Z(n, k; P, D) is a (k+1, k+2)-point of P". Let Z(n, k; P, D)’
be the closed subscheme defined by the equations given by all monomial in the
variables z1, ..., z, of degree at least k42 and by all monomials of degree k41,
except the monomial z’f“. The scheme Z(n, k; P, D)" depends only from n, k, P
and the tangent dircetion ot P determined by D, length(Z(n,k; P, D)") =
(") + 1, and (k + 1)P C Z(n,k; P, D) C Z(n,k; P, D). We will say that
Z(n,k; P,D)" is a (k+1;1)-point of P". Now we list our main results.

Theorem 1. For all positive integers n, k there is a positive integer a(n, k)
with the following properties. Fix non-negative integers s,d, b, a,,, 2 < m <
k+ 1, such that d > a(n,k). Let Z C P™ be a general union of s (k+1,k+2)-
points, b (k;1)-points, and a,, m-points of P for all2 < m < k+ 1. Then
cither K (P", I(d)) =0 (case length(Z) < ("t%)) or h°(P™,I5(d)) = 0 (case
length(Z) > (”:d))

Corollary 1. For all positive integers n, k there is a positive integer d(n, k)
with the following properties. Fix integers s >0 and d > d(n, k). Let Z C P™
be a general union of s (k+1,k+2)-points of P?. Then either h*(P?,Z5(d)) =0
(case s("T*) + sn < ("F)) or KO(P2,Z5(d)) = 0 (case s("7*) +sn > ("*7)),
i.e. Ogna is ordinary. We may take d(2,k) = (k + 2)*.

The “i.e. ” part (i.e. that h%(P",Zz(d)) = 0if and only if dim(S*(Og n.4)) =
("*%) — 1 and that h'(P",Zz(d)) = 0 if and only if dim(S* ™ (Okna)) =
S((”:k) +n) — 1) is proved in [2], §3. The case n = 2 of Corollary 1 is not

covered by Theorem 1. We will directly prove it. However, to prove Corollary
1 for an integer n > 3 we will use Theorem 1 for the integer n' :=n — 1.
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The case n = 2 of the following result seems to be rather strong (see sec-
tion 3 for its proof and for a less interesting result with an upper bound for
(P, Z(d))).

Proposition 1. Fiz positive integers n,k,d,s. Let Z C P™ (resp. W C
P") be a general union of s (k+ 1,k + 2)-points (resp. (k + 1)-points). If
WO (P, Iy (d)) < s, then h°(P™,Z5(d)) = 0, i.e. dim(S*"(Oppa)) = ("19)—1.

Question 1. Fix an integer k£ > 2. Is there an integer d(k) not depending
from n such that either h'(P" Zz(d)) = 0 (case s(k + 2)(k +1)/2 + 2s <
(d+2)(d+1)/2) or h%(P",Z5(d)) = 0 for all integers n > 2, k > 0 and
d > d(k), where Z is a general union of s (k+1,k+2)-points of P"? Is it
possible to take d(k) = 3(k + 1)7

It should be easy to disprove or get numerical evidence for the very optimistic
bound d(k) = 3(k + 1). The huge difference between 3(k + 1) and (k + 2)*
explains why we did not tried to get a little better bound for d(2, k).

2. PRELIMINARY RESULTS

For any smooth and connected variety A, any P € A and any integer m > 0
let {mP, A} denote the closed subscheme of A with (Zp4)™ as its ideal sheaf.
Fix an effective Cartier divisor D of A. For any closed subscheme Z of A let
Resp(Z) denote the residual of Z with respect to D, i.e. the closed subscheme
of A with Z, : Z4 as its ideal sheaf. For any L € Pic(A) we have an exact
sequence

0= TRes 24 @ L(=D) = Tya @ L — Tynpp @ (LID) =0 (1)

Notation 1. Fix a hyperplane H C P", P € H and a zero-dimensional
scheme A C P™ such that A,.; = {P}. Set Ay := A. Define inductively the
schemes A; and B;, ¢ > 1, by the formulas A; := Resy(A;_1) and B; := A;NH.
For evey integer i > 1, set ¢; := length(B;_1). We will say that A has type

(¢1,co, ... with respect to H. Since A is zero-dimensional and A,.q C H, we
have ¢; = 0 for ¢ > 0, ¢;41 < ¢; for all ¢, and length(A) = >, ¢;. Instead of a
sequence (cy, Cg, ... we will usually write a finite string (cy, ..., ¢s) if ¢s41 =0,

ie. if ¢; =0 for all 1 > s.

Remark 1. Fix a hyperplane H C P", n > 2, an integer £ > 0, P € H and
a line D C P" such that P € D. Set Zy :== Z(n,k; P,D) and W, := Zy N H.
Define inductively the schemes Z; and W;, ¢ > 1, by the formulas Z; :=
Resy(Z;—1) and W, := Z; N H. First assume D C H. We have Wy = Z(n —
1,k;P, D), Zy =Z(n,k—1;P,D)!, Wy =Z(n—1,k—1;P,D)', Z; = (k—1i)P
and W; = {(k+2—49)P,H} for 2 <i < k+1,and Z;, = W; = 0 for all
i > k+2. Now assume D € H. We have W; = {(k+1—)P,H} for 0 < i < k,
Wi ={2P,H}, Wyyo ={P}, W, =0foralli > k+3, Z;, = Z(n,k—1; P, D)
for 1 <k, Zyy1 = 2P, Zjyo = {P}and Z; = forall i > k+3. Ifn =2
and D # H, then Z(2,k; P, D) has type (c1,... with respect to H, where
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¢i=k+2—iforl1 <i<k, cpp1 =2, cpyo=1and ¢; =0 for all j >k + 3.
Z(2,k; P,H) has type (cq,... with respect to H, where ¢; = k + 3 — i, for
t=,2,¢;=k+2—ifor3<i<k+landc;=0forall j >k+2 If DCH,
then we will say that Z(n, k; P, D) is strongly supported by H. We will say
that a (k+1;1)-point Z(n, k; Q, R)" is strongly supported by H if Q) € H and
D C H. Now we fix an integer m > 0. Notice that mP|H = {mP, H} and
Resy(mP) = (m — 1) P, with the convention 0P = ().

Remark 2. Here we will explain three easy cases of the Differential Horace
Lemma ([1]). Take the set-up of Remark 1. Assume P € D C H. Let
A C P? be any zero-dimensional subscheme such that P ¢ Ayeq. To prove
hl(PQ,IAUz(mk;p’D)(d)) =0 (resp. hO(Pn,IAUz(mk;p’D)(d)) = 0), it is suffi-
cient to prove h'(H,Zanuugpy(d)) = 0 and h'(P", Zaup(d — 1)) = 0 (resp.
h(H, Zannupy(d)) = 0 and h°(P", Zyup(d — 1)) = 0), where B is a virtual
scheme of type (c1,... with ¢y = 1, ¢o = (Zflf) +n—1, ¢ = (”:ﬁ;l) +1,

¢ = (") for 4 < i < k+2and ¢ = 0 for all j > k+ 3. Notice

Chto = 7’7 ;nd cx+3 = 0. Roughly speaking, we insert in H first P, then
Z(n —1,k; P,D), then Z(n — 1,k — 1; P, D) and then {(k+1—14)P, H} for
1 <i < k—1. In this case we will say that we applied the Differential Ho-
race Lemma with respect to the sequence (1, (Zfll“) +n—1,...,n). Now we
consider Z(n,k — 1; P, D)'. We assume D C H. In this case we insert in H
first P, then Z(n — 1,k —1; P, D) and then {(k —4)P,H} for 1 <i <k — 2.
In this case we will say that we applied the Differential Horace Lemma with
respect to the sequence (1, (”:ﬁ;l) +1,...,n). Now we fix an integer m > 2.
Instead of mP we first insert in H the point P and then {(m + 1 — )P, H}
for 1 < i < m+ 2. In this case we will say that we applied the Differential
Horace Lemma with respect to the sequence (1, ("Z’f; 1), ..., n).We may apply
the Differential Horace Lemma simultaneously with respect to several distinct
points of H.

Lemma 1. Fix integers d > 0, a > 0, b > 0, ¢ > 0, a zero-dimensional
scheme E C P"™ and a hyperplane H C P"™. Let G be the union of E and c
general points of H. Then:
(i) h°(P™, Z5(d)) < aif and only if R°(P™, Zp(d)) < a+c and hO(anIResH(E) (d—
1)) <a.
(i) h'(P™, Zg(d)) < b if and only if h*(P™, Ip(d)) < b and hO(P”,IResH(E)(d—
1)) < ("Id) — length(F) — ¢+ b.

Proof. We will first check part (i). The “only if ” part follows from the residual
exact sequence (1), because Resy(E) = Resy(G). Assume h°(P",Ip(d)) <
a+c and hO(P",IReSH(E)(d—l)) < a Let S C P™ be a general union of a points
of P". In particular we have SN H = 0, SN E,.q = 0, h°(P", Zpus(d)) < ¢
and hO(P",IReSH(E)US(d — 1)) = 0. To check part (i) it is sufficient to prove
WP, Teus(d) = 0). Let p : HO(P", Tpos(d)) — HO(H,Zpnm(d)) be the
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restriction map. Since hO(P",IReSH(E)US(d — 1)) = 0, p is injective. Hence
dim(Im(p)) < ¢. The generality of G\ for fixed £ U S gives that no non-zero
element of Im(p) vanishes at all points of F', concluding the proof of part (i).
Since h°(P", Zg(d)) — h' (P, Zg(d)) = length(E) 4+ c+ ("*?), parts (i) and (i)
are equivalent (for suitable integers a, b). O

3. THE PROOFS

Proof of Proposition 1. Order the connected components of Z and of
W. Let Z;, 0 < i < s, be the union of the first ¢ connected components
of Z and the last s — ¢ connected components of W. It is sufficient to prove
hY(P",Zz.(d)) < s—i for all i. By assumption this inequality is satisfied for ¢ =
0. Hence it is sufficient to prove h°(P" 7 (d)) < max{0, h°(P",Z4,_,(d)) —1}
for all 1 < i < s. Fix an integer ¢ such that 1 < ¢ < s. To prove the last
inequality we may assume h°(P™,Z; _,(d)) > 0. Let P denote the support of
the (s —i — 1)-th connected component of W. Let E denote the union of the
first ¢+ — 1 connected components of 7, the last s — i connected components of
W and a general scheme contained between (k + 1)P and (k + 2)P and with
length ("Zk) +1, i.e. the minimal length among the schemes strictly containing
(k+1)P. h°(P™,Z_,(d)) > h°(P",Zg(d)) ([4], Proposition 2.2). For general
P we may also assume that E and Z; have the same support. We cannot
claim E C Z; if k > 2 and n > 2, because, even moving the line through P
giving the corresponding connected component of Z;, Z; does not contain a
general enlargment of (k+ 1)P by a length one scheme. Take again the set up
of the definition of Z(n, k; P, D) with the affine coordinates z1, ..., z,. Since
we are in characteristic zero, the (k 4 1)-powers L*™! of all linear forms in
Z1,..., 2, spans the set of all homogeneous degree k + 1 polynomials in the
variables zy,...,2,. Since h®(P",Z;._,(d)) > h°(P",Zg(d)), there is at least
one index j such that 1 < j < n and h°(P", Zg(d)) = h°(P",Zr(d)), where F
is the scheme obtained from Z,;_; taking instead of (k + 1)P the zero-set of all
monomials of degree > k + 2 and the ones of degree k + 1 except zf“. Take
D = {z, = 0 for all a # j}. With this choice of the line D we have F' C Z;
and hence h®(P™, Tz (d) < h°(P™, I, ,(d)). O

The same proof gives the following result.

Proposition 2. Fiz positive integers n,k,d,s. Let Z C P™ (resp. W C
P™) be a general union of s (k + 1,k + 2)-point (resp. (k + 1)-points). If
hO(P™, Iy (d)) > s, then h'(P™, I5(d)) < hY(P", Iy (d)) + (n — 1)s.

Lemma 2. Fix integersd >k >0, s>0,b>0,a; >0,1<i<kande
such that 0 < e <k+1,d> (k+2)® and

k
(k+2)s+ (k+1)b+ > dai+e<d+1 (2)

i=1
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Then
(k+1)s+ (k—1b+> (i—Da;+e(k+2)<d (3)

i=2
Proof. Increasing if necessary a; we may assume

(k+2)s+ (k+1)b+> da;+e=d+1 (4)

i=1

By (4) and (3) it is sufficient to prove that

k
s+20+ > a; > 1+ (k+2)(k+1) (5)

i=1

The last inequality is true because d > (k +2)%*(k+ 1) + 1 and we assumed the
equality (4). O

We won'’t try to make explicit and small the integers a(n, k) and d(n, k) in
the statements of Theorem 1 and Corollary 1, because for fixed k& we didn’t
get as d(n, k) a polynomial function of n. Hence we will not give an explicit
bound for the integer b(n, k) in the next lemma.

Lemma 3. For all integers n > 2 and k > 0 there is an integer b(n, k) > 0
with the following property. Fiz non-negative integers x,d, a, a,,e, 2 < m <
k+ 1, such that e < (Zflf) +n—2,d>b(n, k) and

n+k n+k—1
-1 1
:I:((n_l)—i-n )+a(( S )+ )+ (6)
k-1
n+m-—1 n+d-—1
<
+mz_2am( . )+ _( " )
Then
n+k—1 n+k—2
1
x(( 01 )—I—)—i—a( n—1 )—1— (7)
k+1
n+m—2 n+k n+d—2
—-1) <
+ngam( " 1 )—l—e((n_l)—l—n )_( 01 )
Proof. Increasing if necessary as we may assume
n—+k n+k—1
x((n_1>+n—1)+a(( "1 )—i—l)—i— (8)

k+1
n+m-—1 n+d-—1
m > - 2
+Za(n_1 )+e_(n_1) n -+
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Under this additional assumption it is sufficient prove the following inequality

x((”ﬁ;)m—mm((”;k ) +k§am(n+m_2) ()
2((n+k>+n—2)2+n+(n+d_2)+n—2

n—1 n—2
Set o = ((n+k> +n— 1)/((n+k 1) + 1) = ((nJrk 1) + 1)/((n+k12>) and
em = ("I 1)/(”2’:‘1 2) (n+m—1)/(m—1) for all 2 < m < k+ 1. Hence
> (n+k)/k for all i. Since (”ﬁ;l)/(”ﬁf) = (n+d—1)/d, we conclude. O

Proof of Corollary 1 for n = 2. Fix a line H C P2 Set € := (d +
2)(d+1)/2 — s(k + 2)(k + 1)/2 + 2s. Increasing or decreasing the integer
s we see that (for a fixed degree d) it is sufficient to check all cases with
—(k* + 3k)/2 < € < (k* + 3k)/2. From now on we will assume that these
inequalities are satisfied. Until part (e) we will also assume € > 0, i.e. we will
check that h!'(P? Z(d)) = 0.

(a) Write uy := | (d+1)/(k+2)] and vy :=d+1—uy(k+2). If s < ug 4y,
then we will say that we stopped at the degree d. Assume s > u; + v;. We
specialize Z to a general union Z’ of s — uy; — vy (k + 1,k + 2)-points, u;
(k+ 1, k + 2)-points strongly supported by H and vy virtual schemes obtained
applying Differential Horace Lemma with respect to the sequence (1, k+2, k+
1,k —1,---,2), i.e. applying Remark 2 to the scheme Z(2,k; P, H). Since
length(HNZ') = (k+2u; + v, = d+ 1 and H = P!, k' (P? Z(d)) =
h'(P?, TRes,, (2 () by the Differential Horace Lemma. The virtual residue
Zy := Resy(Z') intersects H in u; connected schemes with length £+ 1 and v;
connected schemes with length £+ 2. Lemma 2 and our assumption on d gives
ey := length(Z1NH) < d. Set uy := [(d—ey)/(k+2)]| and vy := d—e;—(k+2)us,.
If ug +v1 < s < uy + v; + us + v9, then we will say that we stopped at
the degree d — 1. Assume s > u; + v; + us + vo. We degenerate Z; to a
general union Z] of s — u; — vy — uy — ve (k+1,k+2)-points, the connected
components of Z; intersecting Z, us (k+1,k+2)-points strongly supported by
H and vy virtual schemes obtained applying Differential Horace Lemma with
respect to the sequence (1,k+2,k+1,k—1,---,2). Set Zy := Resy(Z]) and
ez := length(ZyN H). Since d —1 > (k+2)*(k+1), Lemma 2 gives e; < d — 1.
Set ug :=[(d—1—e2)/(k+2)| and v3:=d—1— e — (k+ 2)us. And so on,
up to the degree d — k — 1 defining each time the integers u;, v;, €;_1, unless we
stopped, say at the degree x, because S0 (u; + v;) < s < SO0 (ug + vy).
Fix an integer ¢ such that Z; is defined. Notice that the supports of the
connected components of Z; N H are general in H in the following very strong
sense: we may fix the support of all except except one prescribed in advance
and then take as the support of the choosen component a general point of
H. Since we are in characteristic zero, a general lemma say that Z; N H (for
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general supports) imposes the maximal possible number of components of a
prescribed linear system A on H ([5]).

(b) Assume that we never stopped until the degree d — k — 1. Z;4
contains u; reduced connected components, all of them contained in H. Let
E}.11 be the union of the unreduced components of Z; ;. By Remark 1 to prove
h'(P%, Ty, (d—k—1)) = 0 and hence to prove h'(P? Z(d)) = 0, it is sufficient
to prove h'(P?, I, ., (d —k — 1)) = 0 and hO(P271ResH(Ek+1)(d —k—-2))<e
Here we will check the h'-vanishing leaving the h%-inequality (and all the other
h%-inequalities which will soon appear) to part (d). Set ey, := length(Ey 1 N
H), upyo = |(d—k—ery1)/(k+2)] and vpyo :=d —k —epr1 — (k4 2)upyo. If
5 < ¥ 2(u; 4 v;), then we will say that we stopped at the degree d — k — 1.

Now assume s > Zi”f (u; + v;). We degenerate Ej.; to a general union

E;. , of s — Ziﬁf(uz +v;) (k+1,k+2)-points, all the connected components of
Eyy 1 intersecting H, uyyo (k+1,k+2)-points strongly supported by H and vy
virtual schemes obtained applying Differential Horace Lemma with respect to
the sequence (1,k +2,k+ 1,k —1,---,2). Hence length(E;,, N H) =d — k.
Resy(E), ) contains uy reduced connected components, all of them contained
in H. Let Ej o denote the union of the unreduced connected components of
Resp(E},,). By Remark 1 to prove h'(P?,Zg, ,, (d—k—1)) = 01t is sufficient to
prove h'(P* Zp, ,(d—k—2)) =0 and hO(P2>IResH(Ek+2)(d_ k—3)) < e+u.
And so on, defining each time the integers u;,v;,e;_; and the schemes F;,
E!, unless we stopped, say at the degree x, because Zd T +y) < s <
Zf —(u; +v;). We need to check h'(P? Zg,(d —i)) = 0 for at least one index
i, but we need to prove A°(P*, IRqg pi(d —i—1)) < e+ Z;}i u; for all
integers ¢ for which E; is defined. Since at each step we applied Lemma 2,
E; is defined only for i < d — 1 — (k + 2)®. Here we want to check that we
stopped before arriving at the degree d—1—(k+2)3, i.e. we want to check that
s < Yo ~(R(EH (4, 4 0;). For each i > k=1 (resp. 1 <4 < k+1) we have
(d+2—z)(d+1—z)/2—e = length(E )—I—z:Z "l (resp. (d+2—1)(d+1—1)/2—
¢ = length(Z;)). Notice that s > ijl(uj—i—v]) 1f E; or Z; are defined, v; < k+1
for all 7, and s((k+2)(k+1)/2+2) = (d+2)(d+1)/2—e. Hence if E; or Z; are
defined, then 2321 uj > (k+1)i+((d+2)(d+1)/2—€)/(k+2)(k+1)/2+2).
Thus if Ey_1_ (4403 is defined, then length(Ey_1_(449)5_5—1 < (d—k—1)(k+1)—
(d+2)(d+1)/2—¢€)/((k+2)(k+1)/2+2) < 0 (just use that |e] < (k?+3k)/2
and the assumption d > (k + 2)*), contradiction.

(c) Now assume that we stopped at the degree x. Hence we defined
either Zy .11 (case x > d — k) or Eq_, 1 (case ¢ < d—k —1). Call Fy_, 4
the scheme we defined. We defined the integers e;_,_1, uq_, and v4_, and
S ) < s < S (wibv;). Write a := min{ug_y, s— Y0 (ui+v;) }
and b:=s—a— Z?:f 1(uZ + v;). We degenerate F;_, 1 to a general union
G of the connected components of Fy;_,_; intersecting H, a (k+1,k+2)-points
strongly supported by H and virtual schemes obtained applying Differential
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Horace Lemma with respect to the sequence (1,k+2,k+1,k—1,---,2). We
apply k + 1 times the Horace Differential Lemma and reduce to the statement
that the empty set have good coomology. We may apply Lemma 2 at the first
step because x > (k + 2)3. We do not need to apply it in the next k steps,
because neither in the first step nor in the following ones we insert any new
virtual scheme of type (1,k+2,k+1,k—1,---,2) (it is taking the residual of
one of them which compels us to use Lemma 2 with e # 0). Call 8 the number
of steps we used in part (c) to arrive to Egl). If i > 3, then F; = Resy(F;) =0
and the hP-inequalities are satisfied (see part (c)). If i < ﬁ after at most ﬁ — 1
steps every h’-inequality coming from h%(P? IRy (d—i—1)) < e—l—z u,
(or a similar one for F}) is proved as in part (c).

(d) At each step in part (b) we got a new h% inequality. We need to show
that we may control simultaneously all these inequalities. All these inequalities
are of the form hO(P2vIResH(Ei)(d_ k—1i)) <e+> 5 uj. Let F; be the union
of all unreduced components of Resy(E;). Resy(E;)\F; is a general union
of z; > 0 points of H. Hencg h(P?, IRes,, i) (d — Kk — 1)) < e+ 3205wy if
hO (P2, Ip(d—k—1i)) < e+ uj+x; and hO(PQvIResH(Fi)(d_ k—i—1)) <
€+ Z;Zl uj. We iterate the same game for each of these inequalities. We
specialize F; to F! (using also the Differential Horace Lemma) in such a way
that length(F) N H) =d — k — i+ 1 and applyz; is the number of 2-points of
E; with support on H. At the next step using F; the new z;; is the number
of 3-points of E; with support on H.

(e) Here we assume —(k* +3k)/2 < e < 0. We take u;, v;.€;_1, Z;, Z| as in
part (a) and Ei4q as in part (b). Now we need to check h°(P? Zp,  (d —k —
1)) =0 and hO(P27IResH(Ek+1)(d —k —1)) = 0. Then we continue as in part
(d), except that there is no h'-vanishing and in all h%-inequalities listed to be
checked the term “ € 7 does not appear. The other ho—inequahties appearing
for € < 0 are of the form h°(P? Zg.(d — k —1i)) < Z;;ll u; and are handled in
the same way. 0

Proof of Theorem 1. Set € := e(n,k,d,s,b,ay,...,ap11) = s( (
n) + b((”HC D+ 1)+ ZkH (") — (”+d). Hence e = length(Z) —
Fix a hyperplane H C P". Since Theorem 1 is trivially true when n = 1
taking a(1,k) = 1, we may assume that the result is true for n’ := n — 1
and in particular there is a finite integer a(n — 1,k). Fix an integer d >
max{a(k —1,n)+ 2k +2,b(n, k) + 2k + 2}, where b(n, k) is any positive integer
satisfying the thesis of Lemma 3. Later, we will impose d > 0 we no explict
allowable integer d. Take Z as in the statement of Theorem 1. In parts (a),
(b), (c), (d) and (e) we will assume € > 0, i.e. we these parts we will check
that h'(P",Z5(d)) = 0.
(a) Let s; be the maximal non-negative integer such that 51((”+k) +n—

g

Y +
2.

1) < (”ﬁll). Let b; be the maximal non-negative integer < b such that
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bl((n+k) +1) < (n+d_1) —81((”+k) +n—1). We define the integers a,, 1, 1 <m <

n—1
k + 1, by decreasing induction on m. Let a1, be the maximal non-negative

imteger < s ueh that acn, (1) < (47) =1 (() 1= )= ((24) +
1). Assume defined the integers a;; for K +2 > j > m for some integer

m > 3. Let a,—_11 be the maximal non-negative integer < a,,_; such ﬁhat
1.1 (nt;il;2) S (n;d;l) Sl((n+k)+n 1) b ((n+k)+1) ZkJrl agl(n:izl)‘

Set vy = (n-l—d—l) 81((n+k) +n— 1) _ bl((n-l—k) 4+ 1) Zf:zl aj1 (n-l—j—l), If

n—1 n—1
v < 8—58 +b—10b + fo(a] aj1), then we will say that we stopped

at the degree d — 1. Assume v; > s — s; +b — by + ZHZ( aj — a;1). Set
y1 = min{vy, s — s1}, fi = min{b — by,v; —y1} and ggi11 = min{ag —
ap+1,1,v1 — €1 — fi}. Define by decreasing induction the integers g;; for all
k > 7 > 2in a similar way. Hence vy > y1 + f1 +Zf;1 g;1 and if some g;; > 0,
then s =s1+y1,b=0b1+ fiand aj = a1 + g1 forallm+1<j<k+1. 1If
vy >y + fi+ ng gj1, then we will say that we stopped at the degree (d, 1).
Notice that in this case we have s =51+, b=">0+ f1 and a; = a;1 + g;, for
all j. Assume vy = ey + f1 + Z i gj, We degenerate Z’ to a general union of
s—s1—y1 (k+1,k+2)-points, b—b; — f1 (k,1)-points, @, — @m1 — gm,1 Mm-points
for all 2 < m < k + 1, and vy virtual schemes, y; of them obtained applying
the Differential Horace Lemma (i.e. Remark 2) with respect to the sequence
(1, ("+k) +n—1,...,n), fi of them with respect to the sequence (1, (Zflf) +
1,...,n) and gpm1, 2 < m < k + 2, of them with respect to the sequence
(L, (""", ... n). Hence length(Z' N H) = ("/*"). Since d > a(n — 1,k)

we may apply the inductive assumption and get hl(H Zyam(d) =0,1=0,1.
Hence h'(P",Z;(d)) < h' (P”,IReSH m(d—1)),i=0,1. Let E; be the union
of the unreduced components of Res H(Z’ ). Resy(Z')\H is a general union of
ay; points of H. In this case we will write x; := as;. By Lemma 1 to prove
W (P, IReg,, (zn(d—1)) = 0t is sufficient to prove h'(P", Zp, (d—1)) = 0 and
W (P, IReg,, (g (d—1)) < €. Here we will only check the h'-vanishing, leaving

this h%inequality and all the h°-inequalities which will soon arrive to steps (d)
and (e). Set e; := length(E;NH). Lemma 3 and the assumption d > b(n, k)++
gives e; + x1 < (":ﬁ 2) Let s9 be the maximal non-negative integer < s — s

such that 52(("%) +n—1) < ("ZZQ) —e1. Let by be the maximal non-negative

integer < b — by such that by (("+k) +1) < ("+d72) — 52(("%) +n—1)—e.

n—1
We define the integers a2, 1 < m < k + 1, by decreasing induction on
m. Let ay412 be the maximal non-negative integer < apy; — ag41,1 such that
Apg1 g(an) < (”ﬁf) 82((”+k) +n—1)— bg((”J’k) +1) —ey. Assume defined
the integers a;o for k +2 > j > m for some integer m > 3 let a,,—12 be

the maximal non-negative integer < a,,—1 — @y,—1,1 such that a,,_1 (”Z’f; 2) <

() = sal() + = 1) = 0a((278) + 1) — S (")) — en. et

n—1 j=m "1 n—1

vp = (T — e = sa((F) F 0= 1) = ba((7) + D) = S a (). U

n—1 n—1
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Vg < (s—81—82)+ (b—by—by) +Z§i§(aj —a;1—ajs), then we will say that we
stopped at the degree d—2. Assume vy > (s—s;—$2)+(b—b; —b2)+2f:22(aj -
aj1— aja). Set yo == min{vy, s — $1 — So}, fo := min{b — by — bg, v2 — Yo} and
Gk+12 = min{ag41 — agr11,v2 — Y2 — fo}. Define by decreasing induction the
integers g;o forall k > j > 2in a similar way. Hence vy > yo+ fﬁ—zz‘?;l gj2 and
if some g, 2 > 0, then s = s;+y1 +y2, b = b1 + f1+ fo and a; = a1+ g1+ gj2
foralm+1< 7 < k41 Ifv >y + fo+ Zf;l gj2, then we will say
that we stopped at the degree (d — 1,1). Notice that in this case we have
s=81+vy1+y, b=b+ fi+ fo and a; = a;1 + gj1 + gj2 for all j. Assume
vy = Yo + fo + Zf;l gj2. We degenerate F; to a general union £ of all
connected components of E; intersecting H, s — s; — y; — 8o — y2 (k+1,k+2)-
points, b—by — f1 —bs — fo (k,1)-points, @, — am1 — Gm1 — Gm,2 — Gm,2 M-points
for all 2 < m < k + 1, and vy virtual schemes, vy, of them obtained applying
the Differential Horace Lemma with respect to the sequence (1, (:’:’f) +n—

1,...,n), fo of them with respect to the sequence (1, ("%) +1,...,n) and

n—1
Gm2, 2 <m < k+ 2 of them with respect to the sequence (1, ("fﬁ;l), Sy m).

Hence length(Z' N H) = ("ﬁ;l) Since d — 1 > a(n — 1,k) we may apply
the inductive assumption and get h'(H,Zgnu(d — 1)) = 0, @ = 0,1. Hence
R{(P™, Iz(d)) < hi(Pn’IResH(E;)(d —2)),i = 0,1. Let Ey be the union of
the unreduced components of Resy(E7]). Resy(Eq)\FE> is a general union of
xo general points of H, where x5 is described in the following way. If £ > 3,
then zo = agy + age. If kK = 2, then 29 = ag1 + ago +b;. If & = 1, then
Ty = ag2+¥y;. By Lemma 1 to check that h'(P",Zg, (d—1)) = 0 it is sufficient
to prove that h'(P", Zp,(d — 2)) = 0 and h°(P", IR, (s, (d — 3)) < e+ 1.
And so on defining each time integers s;, b;, @ i, Yi, fi, Gm.i, © > 1, and then the
integers e;, x; until either we stopped at the degree d — i + 1 or at the degree
(d —1,1) or we cannot apply Lemma 3 because d —i — 1 = b(n, k).

(b) Here we assume that we stopped at the degree (d — i+ 1,1). We
assume d — i > max{b(n,k),a(n — 1,k) + k + 2}. Even in this case we have
defined the scheme E!, but now the inductive assumption and the inequality
d —1i > b(n,k) only give h'(H,Zynp/(d —i)) = 0. This is enough to prove
W (P I (d — i) < W (P" IRegy(d — i — 1)). Set Gy = Res(E]) and
define inductively G;, j > 2, by the formula G, = Resy(G;_1). Since each
connected component of E! intersects H, we have Gii2 = 0. The inequality
d—1i>a(n—1,k)+k+ 2 gives h'(H, Zg,nu(d — i — j)) = 0, for all j > 0.
Hence h'(P", Zg/(d — 1)).

(c) Here we assume that we stopped at the degree d — ¢ + 1. We assume
d—1i>a(n—1,k)+ k+ 2. Here we are in the situation of part (b), but E!
has no virtual scheme and hence we do not need to use Lemma 2.

(d) Here we assume d > 0 and we prove that we must stop either at the
degree d — i + 1 or at the degree (d — i+ 1,1) for some 4 such that d —i >
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max{b(n,k),a(n — 1,k) + k + 2}. We also assume d —i > k + 3. If E; is
defined, then (diriﬂ) — length(E;) = € + 22:1 x;. Hence € + 23‘01 < (d7£+1).

Between the degree d and the degree d — i + k + 3 we inserted in H at least
[(("F) — (")) /(") 4+ n)] connected components (virtual or not)

n n n
and each non-virtual component contributes to the integer Z;lej. Since

v; < (n-i—k) +n—2for all j, we get 2321 x; > R(n:d) . (n+d—i+k+3))/((n+k) +

- n n n

n)] —(d—i+k+2)(("t*) +n—2). Fori > 0 we get 22:1 z; > (777 more
hd—i+)

precisely, there is an integer ¢, , such that if i > ¢, , then Z;=1 x> ( .

contradiction.
(e) Here we will check all the h%inequalities. In the case € > 0 we got
inequalities of the form hO(P”,IReS(E,)(d —y—1)) <e+ Z?fl z;. In part (f)

(case € < 0) we also need inequalities of type h°(P", Zg, (d —y)) < Z;’;i ;.

To check all of them we degenerate several times Res(E, ) or E,, until we arrive
at a stopping degree, either of type (z,1) or just a stopping degree z. At each
time we apply Lemma 1 and hence we get two new h’-inequalities intead of the

old one. We conclude as in part (d), because we only need 37, x; > (")

and this is true for d > 0 and depending only from d, not from y: we may
choose the same x for all y coming from a fixed d.

(f) Here we assume € < 0. We just get the same inequalities, except we
omit the term e in these inequalities. O
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