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Abstract

The main purpose of this paper is to study the behavior of the curves
K(p, k, r, n). It will be shown that ρ (θ) is a decreasing function.
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1 Introduction and Preliminaries

Let us consider the trinomial equation

zn = αzk + (1 − α), (1)

where z = ρeiθ is a complex number, n is an integer larger than one, k = 1,
2, ..., n − 1 and α is a real number greater than 1. In [3], Fell established a
large description of the trajectories of roots of the trinomial equation, called
trinomial curves, which are continuous arcs, corresponding to a number α
which is whether between zero and one, or between one and +∞ , or also
between −∞ and zero. These curves can be expressed in polar coordinates
(ρ, θ) by a function ρ (θ). Fell studied also the monotonicity of the function
α (θ), but, she could not establish the monotonicity of ρ as a function of θ. The
descriptive results of Fell [3] gave us the information about the form and the
location of the trinomial curves. However, these curves are not well-defined.
Our aim in this work is to study one family of these trinomial curves, denoted
by K(p, k, r, n), solutions of equation (1) with α > 1, inside the unit disk. To
start, we will formulate and define this family of curves. Next, in order to
solve the problem of monotonicity of ρ (θ) for the curves K(p, k, r, n), we will
prove some results yielding that ρ (θ) is a decreasing function.

For z = ρeiθ in the equation (1), we have ρneinθ = αρkeikθ + (1 − α).
Separating real and imaginary parts, we obtain the following α-free equation:
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ρn−k sinnθ − ρn sin(n − k)θ = sin kθ. (2)

On the other side, divide (1) by zn and consider the imaginary part. When
θ �= lπ/(n − k), l ∈ N , we find

ρk = (1 − 1/α) sin nθ / sin(n − k)θ. (3)

As 1 < α < +∞ and ρ > 0, we are interested in those angles θ for which :

sign(sinnθ) = sign(sin kθ) = sign(sin(n − k)θ). (4)

Definition 1.1 An angle θ which fulfills (4) will be called (n, k)-feasible
angle for the trinomial equation (1) with α > 1.

Remark 1.2 Because the upper and lower half-planes are symmetrical, the
present study will be restricted to the upper half-plane.

2 Auxiliary Result

The equation (1) has n roots when α = 1, which are the (n − k)th simple
roots of unity and the root zero of multiplicity k. When α moves from 1 to
+∞, Fell [3] asserts that the n trajectories of the n roots are continuous arcs.
Inside the unit disk, there exist k trajectories of these arcs, those of the kth

roots of unity. In [3], Fell describes all these k trajectories. She considers
the sets : A = {kth roots of unity}, B = {(n − k)th roots of −1} and C =
{nth roots of unity}. Let γ ∈ C and β be the unique nearest neighbor of γ
in A ∪ B. Restrict our attention to the case β ∈ A, β /∈ B and α > 1. Fell
shows in [3] that in this case, the feasible angles θ belong to separate intervals
of length less than or equal to π/n and bounded on one side by the argument
of a kth root of unity and on the other side by the argument of an nth root of
-1. The trajectories of roots of (1) corresponding to this case move into these
intervals inside the unit disk. Let us consider in this work these trinomial
curves, denoted by K(p, k, r, n), for which the feasible angles θ belong to an
interval of the form [2πp/k, (2r + 1)π/n], where p and r are nonzero integers
satisfying some conditions. In fact, 2πp/k is the argument of a kth root of unity
and (2r+1)π/n is the argument of an nth root of −1. Because the trajectories
solutions of (1) with α > 1, for the two cases n = 2 and n = 3 are linear, these
cases are considered particular. Therefore, we define the family of trinomial
curves K(p, k, r, n) as follows :

Let n be an integer larger than or equal to 4. The trinomial curve K(p, k, r, n)
is the set of roots of (1) such that α > 1 and the feasible angles belong to the
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interval [2πp/k, (2r + 1)π/n], where p and r are nonzero integers verifying
r ≥ p and k is an integer such that 2pn/(2r + 1) < k < pn/r.

Proposition 2.1 Assume that n is an integer larger than or equal to 4,
k is an integer such that k = 1, 2, ..., n − 1 and α > 1. In the trinomial
equation (1) with 2pn/(2r+1) < k < pn/r, where p and r are nonzero integers
satisfying r ≥ p, any angle of the interval [2πp/k, (2r + 1)π/n] is feasible.

Proof. Suppose that the integer k verify 2pn/(2r+1) < k < pn/r. The fact
that 0 < k < n yields that the nonzero integers p and r verify the condition
p/r ≤ 1, i. e. r ≥ p. Let us consider an angle θ such that 2πp/k < θ <
(2r + 1)π/n. One gets 2πpn/k < nθ < (2r + 1)π. Since k < pn/r, we
have 2πr < 2πpn/k, then sinnθ > 0. Moreover, we can have 2πp < kθ <
(2r + 1)πk/n. Because r ≥ p, we get k < pn/r < (2p + 1)n/(2r + 1). It yields
that (2r + 1)πk/n < (2p + 1)π and that sin kθ > 0. Also, we can find that
2πp(n/k − 1) < (n − k)θ < (2r + 1)π(1 − k/n). As 2pn/(2r + 1) < k < pn/r,
one has 2(r − p)π < 2πp(n/k − 1) and (2r + 1)π(1 − k/n) < [2(r − p) + 1]π.
It follows that sin(n − k)θ > 0. Therefore, in view of Definition 1.1, θ is a
feasible angle.

In what follows, we need the next remark.

Remark 2.2 For the feasible angles θ, the sign of cos nθ is as follows:
Case 1): 2pn/(2r + 1) < k ≤ 4pn/(4r + 1). One has (2r + 1/2) π ≤

2πpn/k, so cos nθ < 0 for any θ in the interval ]2πp/k, (2r + 1)π/n[.
Case 2): 4pn/(4r + 1) < k < pn/r. In this situation, cos nθ = 0 on the

interval ]2πp/k, (2r + 1)π/n[ if and only if θ = (4r + 1)π/2n. Moreover, we
have cos nθ > 0 for θ < (4r + 1)π/2n and cos nθ < 0 for θ > (4r + 1)π/2n.

3 Main Results

The main goal of the present section is to prove that the function ρ(θ) is
monotonic for each trinomial curve K(p, k, r, n). In other words, the question
is to show that dρ/dθ is never zero. In the beginning, let us prove that the
derivative dρ/dθ exists and it is well-defined.

Proposition 3.1 The function ρ(θ) is differentiable for each trinomial curve
K(p, k, r, n).

Proof. Consider a trinomial curve K(p, k, r, n). By equation (3), we have
ρk(θ) = (1 − 1/α) sinnθ/ sin(n − k)θ. Proposition 2.1 yields that the feasible
angles θ verify sinnθ > 0 and sin(n − k)θ > 0. Let us consider the func-
tion j(θ) = (1 − 1/α) sinnθ/ sin(n − k)θ. The denominator of j (θ) is never
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0 since α > 1. Then, the function j is well-defined. In addition, j is dif-
ferentiable and positive. This implies that the function ρ(θ) = [j (θ)]1/k =

[(1 − 1/α) sinnθ/ sin(n − k)θ]1/k is differentiable and that dρ/dθ exists and is
well-defined. Thus, we achieve the proof.

Now, consider the equation (2) of the trajectories of the trinomial roots.
Differentiating both sides with respect to θ, we find that[

(n − k) ρn−k−1 sinnθ − n ρn−1 sin(n − k)θ
]

dρ/dθ
= k cos kθ + (n − k) ρn cos(n − k)θ − n ρn−k cos nθ.

Let us suppose that dρ/dθ = 0. Then, ρn−k and ρn are considered as
solutions of the following system{

k cos kθ + (n − k) ρn cos(n − k)θ − n ρn−k cos nθ = 0
ρn−k sinnθ − ρn sin(n − k)θ − sin kθ = 0

.

This system is equivalent to the following

{
R (θ) · ρn−k = N1 (θ)

R (θ) · ρn = N2 (θ)
(5)

with
R(θ) = (n − k) sin kθ − k cos nθ sin(n − k)θ
N1(θ) = (n − k) sinnθ − n sin(n − k)θ cos kθ
N2(θ) = (n − k) sinnθ cos kθ − n sin(n − k)θ.

The system (5) yields that

R(θ) [ρn − ρn−k] = L(θ) [1 − cos kθ] (6)

where
L(θ) = −[n sin(n − k)θ + (n − k) sinnθ].

Remark 3.2 By Proposition 2.1, it follows that L(θ) < 0 for the trinomial
curves K(p, k, r, n).

In the rest of this section, we have to prove that ρ(θ) is a monotonic function
for the trinomial curves K(p, k, r, n). Therefore, we have to contradict the
hypothesis dρ/dθ = 0. We need the two following propositions.

Proposition 3.3 For any trinomial curve K(p, k, r, n), the sign of R(θ)
changes according to the two cases:

Case 1): 2pn/(2r + 1) < k ≤ 4pn/(4r + 1). In this case, R(θ) > 0 for all
the feasible angles.

Case 2): 4pn/(4r+1) < k < pn/r. In this situation, there exists a feasible
angle θ0, such that R (θ0) = 0. Moreover, R(θ) < 0 for θ < θ0 and R(θ) > 0
for θ > θ0.
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Proof. Using Remark 2.2, in Case 1, we have R(θ) > 0 for any angle θ in
the interval ]2πp/k, (2r + 1)π/n[. In Case 2, we distinguish the two following
subcases :

Subcase 2.1): θ belongs to ]2πp/k, (4r + 1)π/2n[ . Let us remark that
R (θ) can be expressed as R(θ) = (n − k) sinnθ cos (n − k) θ − n sin(n −
k)θ cos nθ. We consider the function S (θ) = R(θ)/ cos nθ cos(n − k)θ = (n −
k) tannθ−n tan(n−k)θ. We have cosnθ > 0 for any θ ∈ ]2πp/k, (4r + 1)π/2n[.
We have also 2πp(n/k − 1) < (n − k)θ < (2r + 1/2)π(1 − k/n). Because
k < pn/r, so 2(r−p)π < 2πp(n/k−1) and because 4pn/(4r+1) < k, so (2r+
1/2)π(1−k/n) < [2(r−p)+1/2]π. It yields that 2(r−p)π < (n−k)θ < [2(r−
p) + 1/2]π and that cos(n − k)θ > 0. We deduce that R(θ) has the same sign
as S (θ), which is differentiable with S ′(θ) = n(n−k) [tan2 nθ − tan2(n − k)θ].
The zeros of this derivative are such that tan2 nθ = tan2(n− k)θ. Since tan nθ
and tan(n − k)θ have the same sign, the situation tannθ = − tan(n − k)θ
is impossible. The unique solution of the equation tan nθ = tan(n − k)θ is
of the form θ = lπ/k where l ∈ N. But, lπ/k ∈ ]2πp/k, (4r + 1)π/2n[ is
equivalent to 2p < l < (2r + 1/2)k/n. As k < pn/r and r ≥ p, one gets
(2r + 1/2)k/n < (2p + 1/2). This implies that 2p < l < (2p + 1/2), which
is not possible because l is an integer. We obtain that S ′(θ) �= 0. Moreover,
S(2πp/k) < 0 and S(θ) tends to +∞ as θ tends on the left to (4r + 1)π/2n.
Then, there exists θ0 in the interval ]2πp/k, (4r + 1)π/2n[ such that R(θ0) = 0.
In addition, R(θ) < 0 for θ < θ0 and R(θ) > 0 for θ > θ0.

Subcase 2.2): θ belongs to [(4r + 1)π/2n, (2r + 1)π/n[. In this case, we
have cosnθ ≤ 0. It follows that R(θ) > 0.

Therefore, in Case 2, there exists θ0 in ]2πp/k, (2r + 1)π/n[, such that
R(θ0) = 0. Moreover, R(θ) < 0 for θ < θ0 and R(θ) > 0 for θ > θ0.

Proposition 3.4 For any trinomial curve K(p, k, r, n), we have N2(θ) < 0
for all the feasible angles.

Proof. Let us consider a trinomial curve K(p, k, r, n) and let θ be a
feasible angle. There is one basic remark N2(θ) ≤ W (θ), with W (θ) =
(n−k) sinnθ−n sin(n−k)θ. The function W (θ) is differentiable with W ′(θ) =
n(n−k)[cos nθ−cos(n−k)θ]. Hence, its zeros are such that cosnθ = cos(n−k)θ.
The solutions of this equality are of the form θ = 2lπ/k or of the form
θ = 2lπ/(2n − k), where l ∈ N. However, these two solutions are impossi-
ble because the angles 2lπ/k and 2lπ/(2n − k) can not belong to the interval
of feasible angles ]2πp/k, (2r + 1)π/n[, as l is an integer.

Hence, W ′(θ) �= 0 on this interval. In addition, one has W (2πp/k) < 0 and
W ([2r+1]π/n) < 0. It yields that W (θ) < 0 and that N2(θ) < 0 for any angle
θ in ]2πp/k, (2r + 1)π/n[.

Theorem 3.5 For any trinomial curve K(p, k, r, n), the function ρ (θ) is
monotonic on the interval of feasible angles.
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Proof. Assume that K(p, k, r, n) is a trinomial curve. Applying Proposi-
tions 3.3 and 3.4, we distinguish the two cases:

Case 1): 2pn/(2r + 1) < k ≤ 4pn/(4r + 1). In this case, we find that
R(θ) > 0 and N2(θ) < 0 for any angle θ in the interval of feasible angles
]2πp/k, (2r + 1)π/n[. But, from the system (5), we have R(θ) · ρn = N2(θ).
Thus, it is not possible since ρ > 0.

Case 2): 4pn/(4r + 1) < k < pn/r. In this situation, we distinguish the
following two subcases :

Subcase 2.a): θ belongs to ]2πp/k, θ0[. We find in this situation that
R(θ) < 0. On the other side, Remark 3.2 says us that L(θ) < 0. So, equation
(6) leads to the fact that ρn > ρn−k. It is impossible as 0 < ρ < 1.

Subcase 2.b): θ belongs to [θ0, (2r + 1)π/n[. We have that R(θ) ≥ 0 and
N2(θ) < 0. Hence, there is a contradiction with equation R(θ) · ρn = N2(θ) of
(5) and ρ > 0.

Therefore, for all the trinomial curves K(p, k, r, n), we have dρ/dθ is never
zero. In other words, the function ρ(θ) is monotonic on the interval of the
feasible angles.

Theorem 3.6 For any trinomial curve K(p, k, r, n), the function ρ(θ) is
decreasing on the interval of feasible angles.

Proof. Assume that K(p, k, r, n) is a trinomial curve. Let us set θ =
(2r + 1)π/n in equation ρk(θ) = (1 − 1/α) sinnθ/ sin(n − k)θ given by (3).
Because sin [(2r + 1)πk/n] �= 0 as 2πp < (2r + 1)πk/n < (2p + 1)π and
because α > 1, we obtain that ρ [(2r + 1)π/n] = 0. Moreover, for any feasible
angle θ between (2r + 1)π/n and 2πp/k, the function ρ (θ) varies between 0
and 1 . So, using Theorem 3.5, we conclude that ρ(θ) is a decreasing function
on the interval of feasible angles of the trinomial curves K(p, k, r, n).
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