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On Buffon’s Needle Experiment
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Abstract

In this paper we compute the probability pS,R that a random seg-
ment S whose length l is a bounded random variable Δ, and known
moments E(Δ), E(Δ2), E(Δ3), intersects a lattice R of parallelepipeds
of dimensions (a, b, α), (b, c, β), (a, c, γ).
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1 Introduction

In the classical problem of Buffon type, we have always referred to a test body
T, uniformly distributed in the Euclidean space. Obviously all the results
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are essentially tied to our particular definition of random positioning of a
body in the space and to the choice of the elementary Kinematic measure
which provides invariance of probability statements under a special group of
transformations. Other definitions are possible and these lead to different
results. For example we might need to anisotropically distributed test bodies
(see e.g. [1], [3]), or we can find that invariance under rotation and translation
is too demanding, and we can relax this condition (see [2]). In this order of
idea in the paper we compute the probability pS,R that a random segment S
whose length l is a bounded random variable Δ, and known moments E(Δ),
E(Δ2), E(Δ3), intersects a lattice R of parallelepipeds of dimensions (a, b, α),
(b, c, β), (a, c, γ).

2 The Lattice R
Let us denote by E3 be the Euclidean plane. By a lattice R in E3 we under-
stand a sequence of closed and connected sets {Cn}n∈N such that

1.
⋃

n∈N Cn = E3,

2. Int(Ci) ∩ Int(Cj) = ∅, ∀i, j ∈ N and i �= j,

3. Cn = γn(C0), ∀n ∈ N , where γn are the elements of a discrete subgroup of
the group of motions in E3 that leaves invariant the lattice.

The domain C0 is usually called the fundamental tile (or cell) of R. Let
us denote by K be a convex body (which means here a compact convex set)
which we shall call test body. A general problem of Buffon type can be stated
as follows:

“Which is the probability pK,R that the random convex body K, or more
precisely, the random congruent copy of K, meets some of the boundary points
of at least one of the domains Cn? ”

In the following part of the paper we shall deal with a lattice R obtaining
E3 with a family of oblique parallelepipeds congruent to the elementary tile:

R :=

{
(x, y, z) ∈ E3 : 0 ≤ x ≤ cot ξz − a sinα,

x cotα +
cot ξ

sin α
z ≤ y ≤ b + x cot α +

cot ξ

sinα
z, 0 ≤ z ≤ c sin γ sin ξ

}
,

where ξ, γ, α ∈ (0, π/2) and a, b, c ∈ R∗
+. (i.e. a lattice of parallelepipeds of

dimensions (a, b, α), (b, c, β), (a, c, γ))
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Once again we have the following decomposition

R := R1 ∪R2 ∪R3,

where the elementary lattices Ri are defined as follows

R1 :=
{
x − z cot ξ − na sin α = 0, n ∈ Z},

R2 :=
{
x cot α − y + z

cot ξ

sin α
+ nb = 0, n ∈ Z},

R3 :=
{
z = nc sin γ sin ξ, n ∈ Z},

Easy geometrical considerations prove that the acute angles α, β and γ are
determined by the conditions

cosβ = cosα = cos γ =
cos ξ + cos2 ξ

sin2 ξ
.

We put

d1 := a sinα sin ξ,

d2 := b sinβ sin ξ,

d3 := c sin γ sin ξ.

3 Main Result

With the notations of before we obtain the following result

Theorem 3.1 The probability pS,R that a random segment S whose length
l is a bounded random variable Δ, with upper boundary l < min(d1, d2, d3), and
known moments E(Δ), E(Δ2), E(Δ3), intersects the lattice R is the following:

pS,R =
d1d2 + d1d3 + d2d3

2d1d2d3
E(Δ) − 2Ψ1(ξ, d1, d2, d3)E(Δ2)+

+Ψ2(ξ, d1, d2, d3)E(Δ3),

where we put

Ψ1(ξ, d1, d2, d3) :=
[sin ξ +

(
π
2
− ξ

)
cos ξ](d1 + d2 + d3)

3πd1d2d3

,
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and

Ψ2(ξ, d1, d2, d3) :=
[(π

2
− arccos

cos ξ

1 − cos ξ

) 3 cos ξ

1 + cos ξ
+

√
1 − 2 cos ξ

1 − cos ξ

] sin2 ξ

4πd1d2d3

.

Proof. The upper boundary of Δ assures that S is always small when
compared to the elementary tile of R. Let f(δ) be the density of Δ and
p(R|δ) the probability that S intersects a cell of R given the condition Δ = δ.
Then the probability pS,R that S intersects at least one of the planes of the
lattice can be computed as

pS,R =
∫ D

0
p(R|δ)f(δ)dδ.

Hence, a long computation ensures that

pS,R =
d1d2 + d1d3 + d2d3

2d1d2d3

∫ D

0
δf(δ)dδ − 2Ψ1(ξ, d1, d2, d3)

∫ D

0
δ2f(δ)dδ+

+Ψ2(ξ, d1, d2, d3)
∫ D

0
δ3f(δ)dδ,

which is the stated formula.
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