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Abstract

Semigroups having a decomposition into a band of r-archimedean
semigroups have been studied in many papers. In the present paper, we
give some new results extending these semigroups. We have shown that
a I'-semigroup M is a band of weakly r-archimedean sub-I'-semigroups
of M if and only if it satisfies the condition for all a,z,y € M and
a, 3,7 € T, we have (a,ava), (zxaa, zaavya), (afy, ayafy), (xaafy, raa
vaBy) € n Nnt. Moreover, we have also shown that the following
statements are equivalent:

(a) M is a band of weakly r-archimedean left ideals of M.

(b) M is a band of r-archimedean left ideals of M.

(c) M satisfies the condition for all a,z,y € M and «,(3,v7 € T,
(a,ava), (zaa, zaaya), (aBy, avaBy), (zaaBy, vaayafBy) € n.Nn; .
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1 Introduction and Preliminaries

Semigroups which can be decomposed into a band of r (I or t)-archimedean
semigroups have been studied in many papers. Bogdanovi¢, Ciri¢ and Novikov
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investigated in [1] bands of [-archimedean semigroups, and Putcha investigated
in [4] bands of t-archimedean semigroups.

In this paper, we have to introduce the concept of weakly r-archimedean I'-
semigroups and r-archimedean I'-semigroups and give necessary and sufficient
conditions in order that a I'-semigroup M is a band of weakly r-archimedean
sub-I'-semigroups of M. Similar results hold if we replace the symbol “r” by
14 l 7 .

To present the main results we first recall the definition of a I'-semigroup
which is important here.

Let M and T" be any two nonempty sets. M is called a I'-semigroup [6] if for
all a,b,c € M and o, f € I', we have (i) aab € M and (ii) (aab)Bc = aa(bfc).
A nonempty subset K of M is called a sub-I"-semigroup of M if ayb € K for
all a,b € K and v € I'. A nonempty subset L of M is called a left ideal of M
if MI'L C L. Then every left ideal of a I'-semigroup M is a sub-I"-semigroup
of M.

Examples of I'-semigroups can be seen in [3, 5, 7, 9] and [10], respectively.

From now on we always assume that M stands for a I'-semigroup. For
nonempty subsets A and B of M and a nonempty subset [V of I", let AI"B :=
{avb | a € A;b € B and v € I'"}. If A = {a}, then we also write {a}I"B as
al’B, and similarly if B = {b} or I" = {v}. If p is a relation on M, then the
inverse of p, denote p~!, is the set {(b,a) € M x M | apb}. An equivalence
relation p on M is called a left (right) congruence [8] if for any a,b,c € M
and v € I', (a,b) € p implies (cvya,cyb) € p ((aye,byc) € p). p is called a
congruence on M if it is a both a left congruence and a right congruence on
M. 1If p is a congruence on M, then M/p = {(z), | v € M} is a I-semigroup
with (z),7(y), = (zyy), for all z,y € M and v € I'. A congruence p on M is
called a band congruence if for all a € M and v € ', (aya, a) € p.

Examples of congruences can be seen in [8] and [10], respectively.

The following definitions are introduced analogously to some definitions in
[1].

M is called r-archimedean (l-archimedean) if for any a,b € M,b € al'M
(b € MTa) or there exists an integer m > 2 such that by;byb... by, 1b €
al'M (by1byeb ... byp—1b € MTDa) for some v1,79, ... ,Ym-1 € . A sub-I'-
semigroup (left ideal) T" of M is called an r-archimedean sub-I'-semigroup (left
ideal) if T is r-archimedean. M is called a band of r-archimedean sub-T'-
semigroups (left ideals) of M if there exists a band congruence p on M such
that the p-class (x), of M containing « is an r-archimedean sub-I'-semigroup
(left ideal) of M for all z € M. A sub-I'-semigroup (left ideal) T" of M is called a
weakly r-archimedean sub-I'-semigroup (left ideal) if for any a,b € T,b € al'M
or there exists an integer m > 2 such that by;byb...by,,_1b € al'M for
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some vy1,%va, - - s Ym—1 € I'. M is called a band of weakly r-archimedean sub-I'-
semigroups (left ideals) of M if there exists a band congruence p on M such that
the p-class (z), of M containing x is a weakly r-archimedean sub-I'-semigroup
(left ideal) of M for all x € M.

It is easy to verify that every r-archimedean sub-I'-semigroup (left ideal)
of a I-semigroup M is a weakly r-archimedean sub-I'-semigroup (left ideal) of
M.

In the sequel, the following relations on M are used frequently:

n. = {(a,b) | b€ aUal'M or there exists an integer m > 2 such that
babagb . .. by, 1b € a U al' M for some oy, ag, ... a1 € T}

m = {(a,b) | b€ aU MTa or there exists an integer m > 2 such that
babagh . .. bay,—1b € a U MTa for some oy, ag, ...,y € '}

The following two lemmas are also necessary for the main results.

Lemma 1.1 If oy and oy are left congruences on M, then so are (o1)" and
(01 009)" for any n € N.

Proof. Similar to the proof of Lemma 5.8 [2], we obtain it. O

Similar result holds if we replace the word “left” by “right”. Then we get
the following.

Corollary 1.2 If 0y and o9 are congruences on M, then so are (o1)" and
(01 009)" for any n € N.

Lemma 1.3 If E is an equivalence relation on M, then

E’ = {(a,b) | (a,b), (zaa,zab), (aBy, b3y), (xaaly, zabfy) € E for all
x,y € M and a, 3 € T'}.

18 the largest congruence on M contained in E.

Proof. Similar to the proof of Proposition 5.13 [2], we obtain it. O

2 Main Results

In this section, we give some characterizations of weakly r-archimedean I'-
semigroups that are given by the relation 1, N7 ! on M and some characteri-
zations of bands of weakly r-archimedean sub-I"-semigroups.
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Lemma 2.1 A sub-I'-semigroup T of M is weakly r-archimedean if and
only if (a,b) € n, Nyt for all a,b € T.

Proof. Assume that a sub-I'-semigroup 7' is weakly r-archimedean and let
a,b € T. Then b € al'M or there exists an integer m > 2 such that
baibash . . .bay,_1b € al'M for some aq,as,... 0,1 € I', and a € bI'M or
there exists an integer n > 2 such that afiafsa...aB3,_1a € bI'M for some
B1, 02, ... ,0p1 € . Thus b € a Ual'M or bajbash. ..ba,_1b € aUal'M,
and a € bUbI'M or aBiafsa...af,—1a € bUbBI'M. Hence (a,b) € n, and
(b,a) € n,, so (a,b) € n, Ny L.

Conversely, assume that (a,b) € n, Ny, ! for all a,b € T. Now let a,b € T.
Then (a,b) € n,Nn,t, so (a,b) € .. Thus b € aUal' M or there exists an integer
m > 2 such that bagbash . .. ba,,_1b € aUal'M for some aq, g, ...,y €T
Hence, let v € I'. If b € a U al'M, then byb € al'M Ual'MT'M C al'M. If
babash . . . bay,_1b € aUal' M, then baibash . . . bay,_1byb € al’' MUal’' MT'M C
al'M. Therefore T is weakly r-archimedean. 0

As a consequence of this result, we obtain Theorem 2.2.

Theorem 2.2 A I'-semigroup M is a band of weakly r-archimedean sub-I"-
semigroups of M if and only if it satisfies the condition for all a,x,y € M and

a?ﬁ?ver‘?

(a, ava), (vaa, vaaya), (aBy, avafy), (vaaBy, vaayaBy) € 0. On b (%)

Proof. Assume that M is a band of weakly r-archimedean sub-I"-semigroups
of M. Then there exists a band congruence p on M such that the p-class (z),
of M containing z is a weakly r-archimedean sub-I'-semigroup of M for all
x € M. Now let a,z,y € M and o, 3,7 € I'. Since p is a band congruence
on M, we have (a,ava), (zaa, raaya), (afBy, ayafy), (zaaly, zaayafy) € p.
Then there exist by, bs, b3, by € M such that a,ava € (b1),, vaa, zaaya €
(b2),, aBy, ayafy € (bs),, raafy, raayaly € (by),. Since (by),, (b2),, (bs), and
(by), are weakly r-archimedean, it follows from Lemma 2.1 that

(a,ava), (zaa, zaaya), (aBy, ayaBy), (zaafy, vaayaBy) € n. Nn; .

Conversely, assume that M satisfies the condition (*).

(i) Clearly, for any a € M, (a,a) € n,.

(ii) Let a,b,c € M be such that (a,b) € 1, and (b,¢) € n,. Then b € a U
al'M or there exists an integer m > 2 such that babasb . .. bay,,_1b € aUal'M
for some oy, 9, ... ,a,—1 € I', and ¢ € b U BI'M or there exists an integer
n > 2 such that cficfzc. .. cf,_1c € (bUbI' M| for some By, Ba, ..., Bn—1 € L.
Thus b = a or b = aasy for some s1 € M and a € I" or baybagh . . . boy,,—1b = a
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or bayibash. .. ba,,_1b = aas, for some s € M and aq, g, ... ,q,,—1 € I', and
¢ =borc=0bfsy for some s, € M and § € I" or ¢ficfsc...c0,_1¢ = b or
cBiclsc. .. cB,_1c = bBsy for some sy € M and 3y, B2, ... ,0,-1 €T

Now suppose that baibash...bay,_1b = aas; and cBiclac...cl,_1c =
bBsy. Put p = cficfac...cB,_1¢c = bBsy. By hypothesis, (p,baibfsy) =
(bBsa, baibfBsy) € m. Nyt Then (baybBsa,p) € n.. Thus p € babBsy U
ba1bBsI' M or there exists an integer my > 2 such that pyipyep. .. pYm,—1p €
ba1bfBss U baybBssI' M for some vy, v2, ... s Ymy—1 € I'. Thus p = ba1bB3ss or
p = baybBs20153 for some s3 € M and 61 € I' or py1pyap - . . PYimy—10 = baybBssy
Or PY1DYaD - - - DYmy—1P = bagbBs201 53 for some s3 € M and 6; € I'. Hence there
exists an integer £ > n such that cA\ichqc...chp_1c € baybBss U ba1bBsI' M
for some A, Ao, ..., \p_q €1

Case 1: py1pyap ... DYm,—1P = ba1bBs261s3. Similar to the case as above,
since
(b&1b6825183, bOélbOéQbOélTl) = (balbﬁSQ(Sng, bOélbOéQbOélbﬁSQ(5183) cn N 7];1
where 1 = b(3s90153, there exists an integer ky > nmy > n and A\, Ao, ...,
Ak —1 € I such that cAjchqac. .. chg,—1¢ € bagbasbary U bagbagbayr I'M.

Case 2: py1pyap ... DVmy—1P = baybBss. Similar to the case as above, since
(ba1bBsy, barbasbayry) = (b bBss, bagbasbarbBss) € n, Nt
where 1 = bf3sy, there exists an integer k; > nmy > n and A\, Ay, ..., A\g,—1 €

I' such that cAichac. .. g, —1¢ € basbasbayry U baybasbayr I'M.

Case 3: p = ba;b3s201s3. Similar to the case as above, since
(60616682(5183, bOéleKQbOé17"1> = (ba1668251$3, balbdgbalbﬁSQ51$3) € Ny N 77;1

where 1 = 03520153, there exists an integer k1 > n and Ay, Ao, ... , A\gy—1 €T
such that cA\jchac. .. cAg,—1¢c € baybagbayry U baybagboyrI'M.

Case 4: p = ba;bfsy. Similar to the case as above, since
(b&lbﬁSQ, bOélbOéQbOélT’l) = (balbﬁSQ, bOélbOéQbOélbﬁSQ) cn N 7];1

where 71 = bf3s,, there exists an integer ky > n and Ay, Ao, ... , A\t —1 € ' such
that cA\ichac. .. cAg, —1¢ € bagbasbagry U barybagbagriI'M.

If we continue in this way, there exist r,,_o € M, an integer k,,_o > n and
A1y Aoy ooy Ak, _,—1 € I'such that ch\jchqe. .. cAg, _,—1¢ € bagbash. .. bay,—1bay
Tm—2Ubabasb . . . bov,—1boyry, o' M. Therefore cAichqoc. .. ey, ,—1¢ € barbay
b...bay,—1bayr—a U bagbash . .. bay,—1bayr,—o'M = aasiaqr,—s U aasiay
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Tm_ol'M C aI'M C aUal'M. Hence (a,c¢) € n,. In another case, we can
show that (a,c) € n,. By (i) and (ii), 7, Ny ! is an equivalence relation on M.
(iif) Let

p = {(a,b)| (a,b), (xaa,xzabd), (afy,bBy), (xaaly, zably) € n,. N 77771
for all z,y € M and o, 5 € T'}.

Since 7, N7 ! is an equivalence relation on M, it follows from Lemma 1.3 that
p is the largest congruence on M contained in 7, N7, !. By condition (%), p is
a band congruence on M.

(iv) For any = € M, let a,b € (z),. Then (a,b) € p, so (a,b) € n, Nyt
Since p is a band congruence on M, (z), is a sub-I'-semigroup of M. It follows
from Lemma 2.1 that (z), is a weakly r-archimedean sub-I'-semigroup of M.
Therefore M is a band of weakly r-archimedean sub-I'-semigroups of M.

Hence the proof is completed. 0

We briefly recall here the definition of ordered I'-semigroup. A partially
ordered T'-semigroup M is called an ordered I'-semigroup [3] if for any a,b, ¢ €
M and v € I';a < b implies aye < byc and cya < evb.

Theorem 2.3 Let

p = {(a,b) ] (a,b), (zaa, zab), (afy, bBy), (xaafy, xabfy) € . Ny,
forallx,y € M and o, 5 € T'}.

be a congruence on M. Then M/p is an ordered I'-semigroup.

Proof. Let < be a relation on M/p defined as following:

<:={((@),, (y),) | (z1,y1) € p™ for some z1 € (z),,y1 € (y), and m € ZT}.

We shall show that (M/p, -, <) is an ordered I'-semigroup.

(i) For any (x), € M/p. Since (z,z) € p, (z), < (x),. Thus = is reflexive.

(ii) Let (z),,(y), € M/p be such that (z), = (y), and (y), < (z),. Then
there exist z1, 22 € (2),,y1,y2 € (y), and m,n € Z* such that (z,y1) € p™
and (ya,22) € p". Thus there exist wy,wy, ... , W1, Wy, Wy, ... ,w, , € M
such that

(z1,w1), (w1, w2), ... (Wm—1,21) € p, (1)

and
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/

(y%w,l))(w/lvw,Q)v"v(wn—DIQ) € p. (2>

Since (z1,w;) € p, we have (zq,w), (zaxy, raw,), (x18y, w1 0y), (rax By, ra
w1 By) € n, N7t for all z,y € M and o, B € T.
Let x,y € M and o, § € T', and p = xax By. Suppose that (zax; By, raw,
y) € n. Ny Y. Then (zaw,fy,zarBy) € .. Thus zax By € raw Sy U
xaw, fyI'M or there exists an integer k; > 2 such that (xax;By)a; (zax; By)as
(xax1By) ... (zax,fy)ag, -1 (zax,By) € xaw, fyUzaw, Syl M for some ay, ag,
.y a1 € I'. Then zax By = xaw By or zax,fy = xaw;fydis; for some
s1 € M and 0, € T or (zax,8y)o (vaz By)as(zazBy) . . . (xax, fy) oy, -1 (xa

x1By) = xaw By or (zax,fy)oy(vox By)as(varBy) . . . (vox By)ak, -1 (o
By) = xaw, [Sydis; for some s; € M and §; € I.

Case 1: zaxfy = raw,[y. Then p = xaw,Pr; where r; = y. Next, since
(w1, we) € p, (xaw,fry, zawsf r1) € n,Nn L. Thus (zawsSry, xaw, Bry) € ;.
Then xaw,fr; € rawsfry U xawsBril’ M or there exists an integer ko > 2
such that (xaw, )6 (xaw Bry) Ba(xaw fry) . .. (xaw 5r1) Bry—1 (xaw, Bry) €
rawsfry U xawyfril'M for some [y, Fs,...,0k,-1 € I'. Then zaw,fr; =
Taws Sy or xaw fry = xawsridass for some sy € M and §; € T or (zaw, 5ry)
B1(zaws Bry) Be(zaw Bry) . . . (xaw fr1) B, —1 (zaw Bry) = xawsfry or (zaw: B
r1) B (xaw fry) Ba(xaw  fry) . . . (xaw, B11) Bry—1 (xaw, 1) = zawyBridesy for
some So € M and 05 € T,

Case 1.1: zaw,0r; = xawyfry. Then p = xawsBry where ro = 7.

Case 1.2: zaw0r1 = rzaws3r10282. Then p = rawsBry where ry = 171025s.

Case 1.3: (zaw, )01 (xaw, 1) Ba(xaw fry) . .. (zaw 1) By, —1 (zaw,
r1) = xawsfry. Then pBipfap ... plr,—1p = Tawyfry where ry = 1.

Case 1.4: (zaw, )01 (xaw, fry)Ba(xaw fry) . .. (zaw 1) Bry—1 (zaw,
r1) = xawer1028e. Then pBipfap . .. pPr,—1p = xawsfre where ro = r10s8s.

Case 2: zaxfy = xawPyd1s1. Then p = xaw,PBry where r1 = ydis;.
Next, since (wy, ws) € p, (xawBry, rawsBry) € n,Mn L. Thus (zawsfr, raw,
Br1) € n.. Then zaw,fry € xawyfry Uxaw,SriI"M or there exists an integer
ks > 2 such that (xaw,fry) G (xaw, fry) Ba(xawi fry) . . . (xaw 5r1) Bry—1 (zawy
Br1) € rawsfBriUzawyfriT' M for some (31, B, .. . , Bk,—1 € I'. Then xaw,fry =
Tawsy Sy or xaw fry = rawsefridass for some sy € M and §; € I or (zaw, 1)
B1(zaw, Bry) Bo(zaw, Bry) . . . (xaw, fry) Br,—1 (zaw; Bry) = xawsfBry or (zaw, B
1) 51 (xaw fry) Ba(xaw  fry) . .. (xaw, 511) ry—1 (xaw, fr1) = zawsBridysy for
some sy € M and 09 € T,

Case 2.1: zaw0ry = zawsBry. Then p = xawyfry where ro = 1.

Case 2.2: xaw;0r1 = zaws3r10282. Then p = raws,Bry where ry = 1r1025s.
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Case 2.3: (zaw, )01 (xaw, fry)Ba(xaw fry) . .. (zaw 1) Bry—1 (zaw,
r1) = xawsfry. Then pBipfap ... plk,—1p = xawyfry where ry = 14.

Case 2.4: (xaw, )01 (xaw fry) Ba(xaw fry) . .. (xaw 1) By, -1 (zaw 3
r1) = xawsr1028e. Then pBipfap . .. pPr,—1P = xawsfre where ro = r1ds8s.

Case 3: (zaxify)oi(zaxfy)as(zaxfy) ... (vax By) oy, 1 (zax By) =
rawBy. Then paypasp...pag,—1p = xawfr; where r;1 = y. Next, since
(w1, ws) € p, (waw, Bry, zawyPBry) € n, Ny t. Thus (zawsBry, xaw,Bry) € n,.
Then xaw,fBry € rawsBr; U xawsBriI'M or there exists an integer ky > 2
such that (xaw, )51 (xaw, fry) Ba(xaw fry) . . . (xaw 5r1) Br,—1 (xaw, Bry) €
rawsfry U xawyfril'M for some [y, Fs,...,0k,-1 € I'. Then zaw,fr; =
Tawyfry or xaw fry = xaweridass for some sy € M and §; € I or (zaw, 5ry)
B1(zaws 1) Bo(zaw Bry) . . . (xaw fr1) B, —1 (zaw Bry) = xawsfry or (zaw: 3
r1) B (xoaw fry) Ba(xaw  fry) . . . (xaw, B11) Bry—1 (xaw, 1) = zawyBridesy for
some Sy € M and 09 € T,

Case 3.1: zaw f0ry = xawsfry. Then paipasp...pag,_1p = xawsfry
where ry = 7q.

Case 3.2: zaw;fr; = rawyfridess. Then papasp . .. pag, —1p = raws[ry
where 79 = 7105 59.

Case 3.3: (zaw, )01 (xaw, fry)Ba(xaw fry) . . . (xaw 1) Bry—1 (zaw,
r1) = wawyfry. Then (paipagp...pak, 1p)Bi(paapasp . .. pag, —1p)Ba(paip
Qap ... Py 1P) - - - (Paapanp . . . Pag, 1P) By —1 (PP - . . POk, —1P) = TOW3
ro wWhere ry = 7q.

Case 3.4: (zaw, )01 (xaw, fry)Ba(xaw fry) . .. (zaw 1) Bry—1 (zaw,
1) = vQwsri1d2s2. Then (paipasp . .. pag,—1p)Bi(paapasp . . . pag, _1p) B2 (pas
PP ... PQgy 1) - . . (1P . . . POk, —1D) Pro—1 (PP . . . PO, _1D) = LW
r9 where ry = 110955.

Case 4: (zaxify)ai(raxify)as(rarify) ... (raw By)oy, 1 (zar By) =
rawPydi1s1. Then paypasp . ..pag, —1p = xawiPry where r1 = yd;s;. Next,
since (wy, ws) € p, (waw, Bry, rawsfry) € n, Nyt Thus (xawsBry, zaw, Bry)
€ 0. Then xaw,Pr; € xawsfriUxawsBriI"M or there exists an integer ko > 2
such that (xaw,fry) 51 (xaw, Bry) Ba(xaw fry) . . . (xaw 5r1) By, —1 (xaw, Bry) €
rawsfBry U xawyfriI'M for some (1, 5s,...,0k,-1 € ' Then zaw,fr; =
Tawy Sy or xaw fry = xawsfridass for some sy € M and §; € I or (zaw, 5ry)
B1(zaw, Bry) Bo(zaw, Bry) . . . (xaw, fry) Br,—1 (zaw; Bry) = xawsfBry or (zaw, B
1) 51 (xaw fry) Ba(xaw  fry) . .. (xaw, B11) Bry—1 (xaw, fr1) = zaweBridysy for
some sy € M and 09 € .

Case 4.1: zawfry = xawyfri. Then paipasp...pag,1p = xawyfry
where ry = 7q.

Case 4.2: zaw,/r; = rawsfBr1dsse. Then paypasp ... pag, —1p = xaws[Bry
where 79 = 710959.
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Case 4.3: (zaw, )01 (xaw, fry) o (xaw fry) . .. (zaw 1) Bry—1 (zaw,
r1) = zawsfr;. Then (paypasp...pag,—1p)01(paipasp . . . poay, —1p)Pa(paip
QP ... Py 1D) - - - (Paapaap . . . Qg 1P) By -1 (PO1PA2D - . . POk, —1P) = TOW
r9 Where ry = 7q.

Case 4.4: (zaw, )01 (xaw, fry)Ba(xaw fry) . .. (xaw 1) Bry—1 (zaw,
r1) = xQwyr1dese. Then (ponpasp ... pag,—1p)01(paspasp . . . pag, —1p) P (pay
PP ... PO, 1P) - . . (Prpap . . . POk, —1D) Bry—1(POLPQP . . . POk, —1D) = TOW[3
r9 where ry = 110955.

If we continue in this way, we have p = xay,0r,, or there exists an integer
k > 2 such that pyipyep...pVe—1p = oy, Pr,, for some A, Ao, ... Mg € 1.
Since (y1,y2) € p, (xay1 Brm, aysfry,) € n,0n L. Thus (zaysBr,, vay, fr,) €
ny. Then zay, Bry, € xoysfrm UzaysBr,T M or there exists an integer k' > 2
such that (zoayy Brm )Y, (xayy Brm) Ve (o Bry) . .. (xaylﬁrm)’yl;,_l(xaylﬁrm) €
Ty frm U zoysfr, M for some v, s, . . . ,7];/71 el

Put ¢ = zay,Br,,.

Case I: p = q and q € zaysfr, U xayfr,,I'M. Then p € zaysfr, U
xaysfr, IM C xaysBy U xay, Syl M. Hence (xays Sy, rax5y) € ;.

Case II: p = ¢ and ¢7,¢74 - - .qvl;,_lq € xaysfr, U xays fr,,I'M. Then

pvipvép. ) .pvl;/ilp € xaysfry, U zaysBr,,I'M C xay,fy U xaysSyl' M. Hence
(zayzBy, vazBy) € n;.

Case III: pyipyop...pYk_1p = q and q € xaysOr, U xaysBr,I'M. Then
PYPY2D - - - PVk—1P € QY2 U zayafrim ' M C zaysfy U zay,fyI'M. Hence
(zayzBy, vazBy) € n;.

Case IV: pyipyop...pyk—1p = ¢ and ¢7,q7sq - qVy_,q € Taysfry, U

zayafrmUM. Then (py1pyap - .. pYe—1P) % (PVPY2D - - - PYk—1P) Vo (PP V2P - - - P
VeaD) - - (PHPY2P - - PYe-1D) Yy (PVPY2D - PYe—1P) € BB U 2y B
I'M C zaysfy U xzay,Byl' M. Hence (xaysfy, rax, fy) € 0.

Similar to the proof as above, by (2), we can prove that (vax, By, raysBy) €
n-. Therefore (zax, By, ray,fy) € n, Ny L.

In another case, we have the following:

(1) If (21,w1) € m Nyt then (21, y2) € - Nt

(2) If (xazy, raw) € n, Ny L, then (zaxy, zays) € n, Nyt

(3) If (z18y, w1 By) € - Ny, L, then (218y, y20y) € n. Nyt

Therefore (z1,y1) € p, so (z), = (z1), = (y2), = (y),. Hence < is anti-
symmetric.

(iii) Let (), (y)p: (2), € M/p be such that (z), = (y), and (y), = (2),.
Then there exist x1 € (2),,y1,Y2 € (Y)p, 22 € (2), and m,n € Z* such that
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(1,11) € p™ and (Yo, 22) € p". Thus x1p"y1py2p" 22, 50 (T1,22) € pm L
Hence (z), < (2),. Therefore < is transitive.

(iv) Let (x),, (y), € M/p be such that (z), < (y),, (2), € M/p and v € T..
Then there exist 1 € (2),,y1 € (y), and m € Z* such that (z1,31) € p™. It
follows from Corollary 1.2 that (zvyxy, z7yy1), (z172,1172) € p™. Since zyx; €
(272)ps 172 € (272)p, 2791 € (27Y), and y1vz € (y72),, we have (27x), =
(z79), and (272), = (y72),. Thus (2),7(2), = (272), 2 (279), = (2)7(y),
and (z),7(2), = (2v2), = (yv2), = (v),7(2),. Hence < is compatible, so
(M/p,-, =) is an ordered I'-semigroup.

This completes the proof. O

Immediately from Theorem 2.2 and 2.3, we have Corollary 2.4.

Corollary 2.4 If a I'-semigroup M is a band of weakly r-archimedean sub-
[-semigroups of M, then there exists a congruence p on M such that M/p is
an ordered I'-semigroup.

Lemma 2.5 Let T be a left ideal of M. Then the following statements are
equivalent:

(a) T is a weakly r-archimedean sub-I"-semigroup of M.
(b) T is an r-archimedean sub-I"-semigroup of M.

(¢c) For any a,b € T,(a,b) €n.Nnt.

Proof. By Lemma 2.1, (b) implies (¢) and (¢) implies (a). Now, we shall
prove that (a) implies (b). Suppose that T is a weakly r-archimedean sub-
[-semigroup of M and let a,b € T. It follows from Lemma 2.1 that (a,b) €
n- N0t so (a,b) € . Thus b € aUal'M or there exists an integer m >
2 such that bajbash...ba,—1b € a Ual'M for some aq,an,... 0,1 € T
For any v € I'. If b = a or b = aax for some x € M and a € I', then
byb = ayb € al'T or byb = aaxyb € al'T since T is a left ideal of M. If
boybash . . . bay,—1b = a or bajbash...boa,,—1b = aax for some z € M and
a € I', then bajbasgh. .. bay,_1bvb = avyb € al'T" or bajbash. . .boy, 1bvb =
aaxyb € al'T since T is a left ideal of M. Therefore 7" is an r-archimedean sub-
[-semigroup of M. 0

Combining Theorem 2.2 and Lemma 2.5, we obtain Corollary 2.6.

Corollary 2.6 The following statements are equivalent:

(a) M is a band of weakly r-archimedean left ideals of M.
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(b) M is a band of r-archimedean left ideals of M.

(¢) M satisfies the condition for all a,x,y € M and o, 3,7 € T,

(a, ava), (zaa, zaaya), (aBy, ayaBy), (vaaBy, zaayafy) € n, On; ' (%)
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