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Abstract

Semigroups having a decomposition into a band of r-archimedean
semigroups have been studied in many papers. In the present paper, we
give some new results extending these semigroups. We have shown that
a Γ-semigroup M is a band of weakly r-archimedean sub-Γ-semigroups
of M if and only if it satisfies the condition for all a, x, y ∈ M and
α, β, γ ∈ Γ, we have (a, aγa), (xαa, xαaγa), (aβy, aγaβy), (xαaβy, xαa
γaβy) ∈ ηr ∩ η−1

r . Moreover, we have also shown that the following
statements are equivalent:

(a) M is a band of weakly r-archimedean left ideals of M .

(b) M is a band of r-archimedean left ideals of M .

(c) M satisfies the condition for all a, x, y ∈ M and α, β, γ ∈ Γ,
(a, aγa), (xαa, xαaγa), (aβy, aγaβy), (xαaβy, xαaγaβy) ∈ ηr∩η−1

r .
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1 Introduction and Preliminaries

Semigroups which can be decomposed into a band of r (l or t)-archimedean
semigroups have been studied in many papers. Bogdanović, Ćirić and Novikov
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investigated in [1] bands of l-archimedean semigroups, and Putcha investigated
in [4] bands of t-archimedean semigroups.

In this paper, we have to introduce the concept of weakly r-archimedean Γ-
semigroups and r-archimedean Γ-semigroups and give necessary and sufficient
conditions in order that a Γ-semigroup M is a band of weakly r-archimedean
sub-Γ-semigroups of M . Similar results hold if we replace the symbol “ r ” by
“ l ”.

To present the main results we first recall the definition of a Γ-semigroup
which is important here.

Let M and Γ be any two nonempty sets. M is called a Γ-semigroup [6] if for
all a, b, c ∈ M and α, β ∈ Γ, we have (i) aαb ∈ M and (ii) (aαb)βc = aα(bβc).
A nonempty subset K of M is called a sub-Γ-semigroup of M if aγb ∈ K for
all a, b ∈ K and γ ∈ Γ. A nonempty subset L of M is called a left ideal of M
if MΓL ⊆ L. Then every left ideal of a Γ-semigroup M is a sub-Γ-semigroup
of M .

Examples of Γ-semigroups can be seen in [3, 5, 7, 9] and [10], respectively.

From now on we always assume that M stands for a Γ-semigroup. For
nonempty subsets A and B of M and a nonempty subset Γ′ of Γ, let AΓ′B :=
{aγb | a ∈ A, b ∈ B and γ ∈ Γ′}. If A = {a}, then we also write {a}Γ′B as
aΓ′B, and similarly if B = {b} or Γ′ = {γ}. If ρ is a relation on M , then the
inverse of ρ, denote ρ−1, is the set {(b, a) ∈ M × M | aρb}. An equivalence
relation ρ on M is called a left (right) congruence [8] if for any a, b, c ∈ M
and γ ∈ Γ, (a, b) ∈ ρ implies (cγa, cγb) ∈ ρ ((aγc, bγc) ∈ ρ). ρ is called a
congruence on M if it is a both a left congruence and a right congruence on
M . If ρ is a congruence on M , then M/ρ := {(x)ρ | x ∈ M} is a Γ-semigroup
with (x)ργ(y)ρ = (xγy)ρ for all x, y ∈ M and γ ∈ Γ. A congruence ρ on M is
called a band congruence if for all a ∈ M and γ ∈ Γ, (aγa, a) ∈ ρ.

Examples of congruences can be seen in [8] and [10], respectively.

The following definitions are introduced analogously to some definitions in
[1].

M is called r-archimedean (l-archimedean) if for any a, b ∈ M, b ∈ aΓM
(b ∈ MΓa) or there exists an integer m ≥ 2 such that bγ1bγ2b . . . bγm−1b ∈
aΓM (bγ1bγ2b . . . bγm−1b ∈ MΓa) for some γ1, γ2, . . . , γm−1 ∈ Γ. A sub-Γ-
semigroup (left ideal) T of M is called an r-archimedean sub-Γ-semigroup (left
ideal) if T is r-archimedean. M is called a band of r-archimedean sub-Γ-
semigroups (left ideals) of M if there exists a band congruence ρ on M such
that the ρ-class (x)ρ of M containing x is an r-archimedean sub-Γ-semigroup
(left ideal) of M for all x ∈ M . A sub-Γ-semigroup (left ideal) T of M is called a
weakly r-archimedean sub-Γ-semigroup (left ideal) if for any a, b ∈ T, b ∈ aΓM
or there exists an integer m ≥ 2 such that bγ1bγ2b . . . bγm−1b ∈ aΓM for



Bands of weakly r-Archimedean Γ-semigroups 387

some γ1, γ2, . . . , γm−1 ∈ Γ. M is called a band of weakly r-archimedean sub-Γ-
semigroups (left ideals) of M if there exists a band congruence ρ on M such that
the ρ-class (x)ρ of M containing x is a weakly r-archimedean sub-Γ-semigroup
(left ideal) of M for all x ∈ M .

It is easy to verify that every r-archimedean sub-Γ-semigroup (left ideal)
of a Γ-semigroup M is a weakly r-archimedean sub-Γ-semigroup (left ideal) of
M .

In the sequel, the following relations on M are used frequently:

ηr := {(a, b) | b ∈ a ∪ aΓM or there exists an integer m ≥ 2 such that

bα1bα2b . . . bαm−1b ∈ a ∪ aΓM for some α1, α2, . . . , αm−1 ∈ Γ},
ηl := {(a, b) | b ∈ a ∪ MΓa or there exists an integer m ≥ 2 such that

bα1bα2b . . . bαm−1b ∈ a ∪ MΓa for some α1, α2, . . . , αm−1 ∈ Γ}.

The following two lemmas are also necessary for the main results.

Lemma 1.1 If σ1 and σ2 are left congruences on M , then so are (σ1)
n and

(σ1 ◦ σ2)
n for any n ∈ N.

Proof. Similar to the proof of Lemma 5.8 [2], we obtain it. �

Similar result holds if we replace the word “ left ” by “ right ”. Then we get
the following.

Corollary 1.2 If σ1 and σ2 are congruences on M , then so are (σ1)
n and

(σ1 ◦ σ2)
n for any n ∈ N.

Lemma 1.3 If E is an equivalence relation on M , then

E� := {(a, b) | (a, b), (xαa, xαb), (aβy, bβy), (xαaβy, xαbβy) ∈ E for all

x, y ∈ M and α, β ∈ Γ}.

is the largest congruence on M contained in E.

Proof. Similar to the proof of Proposition 5.13 [2], we obtain it. �

2 Main Results

In this section, we give some characterizations of weakly r-archimedean Γ-
semigroups that are given by the relation ηr ∩ η−1

r on M and some characteri-
zations of bands of weakly r-archimedean sub-Γ-semigroups.
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Lemma 2.1 A sub-Γ-semigroup T of M is weakly r-archimedean if and
only if (a, b) ∈ ηr ∩ η−1

r for all a, b ∈ T .

Proof. Assume that a sub-Γ-semigroup T is weakly r-archimedean and let
a, b ∈ T . Then b ∈ aΓM or there exists an integer m ≥ 2 such that
bα1bα2b . . . bαm−1b ∈ aΓM for some α1, α2, . . . , αm−1 ∈ Γ, and a ∈ bΓM or
there exists an integer n ≥ 2 such that aβ1aβ2a . . . aβn−1a ∈ bΓM for some
β1, β2, . . . , βn−1 ∈ Γ. Thus b ∈ a ∪ aΓM or bα1bα2b . . . bαm−1b ∈ a ∪ aΓM ,
and a ∈ b ∪ bΓM or aβ1aβ2a . . . aβn−1a ∈ b ∪ bΓM . Hence (a, b) ∈ ηr and
(b, a) ∈ ηr, so (a, b) ∈ ηr ∩ η−1

r .
Conversely, assume that (a, b) ∈ ηr ∩ η−1

r for all a, b ∈ T . Now let a, b ∈ T .
Then (a, b) ∈ ηr∩η−1

r , so (a, b) ∈ ηr. Thus b ∈ a∪aΓM or there exists an integer
m ≥ 2 such that bα1bα2b . . . bαm−1b ∈ a∪aΓM for some α1, α2, . . . , αm−1 ∈ Γ.
Hence, let γ ∈ Γ. If b ∈ a ∪ aΓM , then bγb ∈ aΓM ∪ aΓMΓM ⊆ aΓM . If
bα1bα2b . . . bαm−1b ∈ a∪aΓM , then bα1bα2b . . . bαm−1bγb ∈ aΓM∪aΓMΓM ⊆
aΓM . Therefore T is weakly r-archimedean. �

As a consequence of this result, we obtain Theorem 2.2.

Theorem 2.2 A Γ-semigroup M is a band of weakly r-archimedean sub-Γ-
semigroups of M if and only if it satisfies the condition for all a, x, y ∈ M and
α, β, γ ∈ Γ,

(a, aγa), (xαa, xαaγa), (aβy, aγaβy), (xαaβy, xαaγaβy) ∈ ηr ∩ η−1
r . (�)

Proof. Assume that M is a band of weakly r-archimedean sub-Γ-semigroups
of M . Then there exists a band congruence ρ on M such that the ρ-class (x)ρ

of M containing x is a weakly r-archimedean sub-Γ-semigroup of M for all
x ∈ M . Now let a, x, y ∈ M and α, β, γ ∈ Γ. Since ρ is a band congruence
on M , we have (a, aγa), (xαa, xαaγa), (aβy, aγaβy), (xαaβy, xαaγaβy) ∈ ρ.
Then there exist b1, b2, b3, b4 ∈ M such that a, aγa ∈ (b1)ρ, xαa, xαaγa ∈
(b2)ρ, aβy, aγaβy ∈ (b3)ρ, xαaβy, xαaγaβy ∈ (b4)ρ. Since (b1)ρ, (b2)ρ, (b3)ρ and
(b4)ρ are weakly r-archimedean, it follows from Lemma 2.1 that

(a, aγa), (xαa, xαaγa), (aβy, aγaβy), (xαaβy, xαaγaβy) ∈ ηr ∩ η−1
r .

Conversely, assume that M satisfies the condition (�).
(i) Clearly, for any a ∈ M, (a, a) ∈ ηr.
(ii) Let a, b, c ∈ M be such that (a, b) ∈ ηr and (b, c) ∈ ηr. Then b ∈ a ∪

aΓM or there exists an integer m ≥ 2 such that bα1bα2b . . . bαm−1b ∈ a∪aΓM
for some α1, α2, . . . , αm−1 ∈ Γ, and c ∈ b ∪ bΓM or there exists an integer
n ≥ 2 such that cβ1cβ2c . . . cβn−1c ∈ (b ∪ bΓM ] for some β1, β2, . . . , βn−1 ∈ Γ.
Thus b = a or b = aαs1 for some s1 ∈ M and α ∈ Γ or bα1bα2b . . . bαm−1b = a
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or bα1bα2b . . . bαm−1b = aαs1 for some s1 ∈ M and α1, α2, . . . , αm−1 ∈ Γ, and
c = b or c = bβs2 for some s2 ∈ M and β ∈ Γ or cβ1cβ2c . . . cβn−1c = b or
cβ1cβ2c . . . cβn−1c = bβs2 for some s2 ∈ M and β1, β2, . . . , βn−1 ∈ Γ.

Now suppose that bα1bα2b . . . bαm−1b = aαs1 and cβ1cβ2c . . . cβn−1c =
bβs2. Put p = cβ1cβ2c . . . cβn−1c = bβs2. By hypothesis, (p, bα1bβs2) =
(bβs2, bα1bβs2) ∈ ηr ∩ η−1

r . Then (bα1bβs2, p) ∈ ηr. Thus p ∈ bα1bβs2 ∪
bα1bβs2ΓM or there exists an integer m1 ≥ 2 such that pγ1pγ2p . . . pγm1−1p ∈
bα1bβs2 ∪ bα1bβs2ΓM for some γ1, γ2, . . . , γm1−1 ∈ Γ. Thus p = bα1bβs2 or
p = bα1bβs2δ1s3 for some s3 ∈ M and δ1 ∈ Γ or pγ1pγ2p . . . pγm1−1p = bα1bβs2

or pγ1pγ2p . . . pγm1−1p = bα1bβs2δ1s3 for some s3 ∈ M and δ1 ∈ Γ. Hence there
exists an integer k ≥ n such that cλ1cλ2c . . . cλk−1c ∈ bα1bβs2 ∪ bα1bβs2ΓM
for some λ1, λ2, . . . , λk−1 ∈ Γ.

Case 1: pγ1pγ2p . . . pγm1−1p = bα1bβs2δ1s3. Similar to the case as above,
since

(bα1bβs2δ1s3, bα1bα2bα1r1) = (bα1bβs2δ1s3, bα1bα2bα1bβs2δ1s3) ∈ ηr ∩ η−1
r

where r1 = bβs2δ1s3, there exists an integer k1 ≥ nm1 ≥ n and λ1, λ2, . . . ,
λk1−1 ∈ Γ such that cλ1cλ2c . . . cλk1−1c ∈ bα1bα2bα1r1 ∪ bα1bα2bα1r1ΓM .

Case 2: pγ1pγ2p . . . pγm1−1p = bα1bβs2. Similar to the case as above, since

(bα1bβs2, bα1bα2bα1r1) = (bα1bβs2, bα1bα2bα1bβs2) ∈ ηr ∩ η−1
r

where r1 = bβs2, there exists an integer k1 ≥ nm1 ≥ n and λ1, λ2, . . . , λk1−1 ∈
Γ such that cλ1cλ2c . . . cλk1−1c ∈ bα1bα2bα1r1 ∪ bα1bα2bα1r1ΓM .

Case 3: p = bα1bβs2δ1s3. Similar to the case as above, since

(bα1bβs2δ1s3, bα1bα2bα1r1) = (bα1bβs2δ1s3, bα1bα2bα1bβs2δ1s3) ∈ ηr ∩ η−1
r

where r1 = bβs2δ1s3, there exists an integer k1 ≥ n and λ1, λ2, . . . , λk1−1 ∈ Γ
such that cλ1cλ2c . . . cλk1−1c ∈ bα1bα2bα1r1 ∪ bα1bα2bα1r1ΓM .

Case 4: p = bα1bβs2. Similar to the case as above, since

(bα1bβs2, bα1bα2bα1r1) = (bα1bβs2, bα1bα2bα1bβs2) ∈ ηr ∩ η−1
r

where r1 = bβs2, there exists an integer k1 ≥ n and λ1, λ2, . . . , λk1−1 ∈ Γ such
that cλ1cλ2c . . . cλk1−1c ∈ bα1bα2bα1r1 ∪ bα1bα2bα1r1ΓM .

If we continue in this way, there exist rm−2 ∈ M , an integer km−2 ≥ n and
λ1, λ2, . . . , λkm−2−1 ∈ Γ such that cλ1cλ2c . . . cλkm−2−1c ∈ bα1bα2b . . . bαm−1bα1

rm−2∪bα1bα2b . . . bαm−1bα1rm−2ΓM . Therefore cλ1cλ2c . . . cλkm−2−1c ∈ bα1bα2

b . . . bαm−1bα1rm−2 ∪ bα1bα2b . . . bαm−1bα1rm−2ΓM = aαs1α1rm−2 ∪ aαs1α1



390 M. Siripitukdet and A. Iampan

rm−2ΓM ⊆ aΓM ⊆ a ∪ aΓM . Hence (a, c) ∈ ηr. In another case, we can
show that (a, c) ∈ ηr. By (i) and (ii), ηr ∩η−1

r is an equivalence relation on M .
(iii) Let

ρ := {(a, b) | (a, b), (xαa, xαb), (aβy, bβy), (xαaβy, xαbβy) ∈ ηr ∩ η−1
r

for all x, y ∈ M and α, β ∈ Γ}.

Since ηr ∩ η−1
r is an equivalence relation on M , it follows from Lemma 1.3 that

ρ is the largest congruence on M contained in ηr ∩ η−1
r . By condition (�), ρ is

a band congruence on M .
(iv) For any x ∈ M , let a, b ∈ (x)ρ. Then (a, b) ∈ ρ, so (a, b) ∈ ηr ∩ η−1

r .
Since ρ is a band congruence on M , (x)ρ is a sub-Γ-semigroup of M . It follows
from Lemma 2.1 that (x)ρ is a weakly r-archimedean sub-Γ-semigroup of M .
Therefore M is a band of weakly r-archimedean sub-Γ-semigroups of M .

Hence the proof is completed. �

We briefly recall here the definition of ordered Γ-semigroup. A partially
ordered Γ-semigroup M is called an ordered Γ-semigroup [3] if for any a, b, c ∈
M and γ ∈ Γ, a ≤ b implies aγc ≤ bγc and cγa ≤ cγb.

Theorem 2.3 Let

ρ := {(a, b) | (a, b), (xαa, xαb), (aβy, bβy), (xαaβy, xαbβy) ∈ ηr ∩ η−1
r

for all x, y ∈ M and α, β ∈ Γ}.

be a congruence on M. Then M/ρ is an ordered Γ-semigroup.

Proof. Let 	 be a relation on M/ρ defined as following:

	:= {((x)ρ, (y)ρ) | (x1, y1) ∈ ρm for some x1 ∈ (x)ρ, y1 ∈ (y)ρ and m ∈ Z
+}.

We shall show that (M/ρ, ·,	) is an ordered Γ-semigroup.
(i) For any (x)ρ ∈ M/ρ. Since (x, x) ∈ ρ, (x)ρ 	 (x)ρ. Thus 	 is reflexive.
(ii) Let (x)ρ, (y)ρ ∈ M/ρ be such that (x)ρ 	 (y)ρ and (y)ρ 	 (x)ρ. Then

there exist x1, x2 ∈ (x)ρ, y1, y2 ∈ (y)ρ and m,n ∈ Z
+ such that (x1, y1) ∈ ρm

and (y2, x2) ∈ ρn. Thus there exist w1, w2, . . . , wm−1, w
′
1, w

′
2, . . . , w

′
n−1 ∈ M

such that

(x1, w1), (w1, w2), .., (wm−1, y1) ∈ ρ, (1)

and
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(y2, w
′
1), (w

′
1, w

′
2), .., (w

′
n−1, x2) ∈ ρ. (2)

Since (x1, w1) ∈ ρ, we have (x1, w1), (xαx1, xαw1), (x1βy, w1βy), (xαx1βy, xα
w1βy) ∈ ηr ∩ η−1

r for all x, y ∈ M and α, β ∈ Γ.
Let x, y ∈ M and α, β ∈ Γ, and p = xαx1βy. Suppose that (xαx1βy, xαw1β

y) ∈ ηr ∩ η−1
r . Then (xαw1βy, xαx1βy) ∈ ηr. Thus xαx1βy ∈ xαw1βy ∪

xαw1βyΓM or there exists an integer k1 ≥ 2 such that (xαx1βy)α1(xαx1βy)α2

(xαx1βy) . . . (xαx1βy)αk1−1(xαx1βy) ∈ xαw1βy∪xαw1βyΓM for some α1, α2,
. . . , αk1−1 ∈ Γ. Then xαx1βy = xαw1βy or xαx1βy = xαw1βyδ1s1 for some
s1 ∈ M and δ1 ∈ Γ or (xαx1βy)α1(xαx1βy)α2(xαx1βy) . . . (xαx1βy)αk1−1(xα
x1βy) = xαw1βy or (xαx1βy)α1(xαx1βy)α2(xαx1βy) . . . (xαx1βy)αk1−1(xαx1

βy) = xαw1βyδ1s1 for some s1 ∈ M and δ1 ∈ Γ.

Case 1: xαx1βy = xαw1βy. Then p = xαw1βr1 where r1 = y. Next, since
(w1, w2) ∈ ρ, (xαw1βr1, xαw2β r1) ∈ ηr ∩η−1

r . Thus (xαw2βr1, xαw1βr1) ∈ ηr.
Then xαw1βr1 ∈ xαw2βr1 ∪ xαw2βr1ΓM or there exists an integer k2 ≥ 2
such that (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) ∈
xαw2βr1 ∪ xαw2βr1ΓM for some β1, β2, . . . , βk2−1 ∈ Γ. Then xαw1βr1 =
xαw2βr1 or xαw1βr1 = xαw2βr1δ2s2 for some s2 ∈ M and δ2 ∈ Γ or (xαw1βr1)
β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1 or (xαw1β
r1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1δ2s2 for
some s2 ∈ M and δ2 ∈ Γ.

Case 1.1: xαw1βr1 = xαw2βr1. Then p = xαw2βr2 where r2 = r1.

Case 1.2: xαw1βr1 = xαw2βr1δ2s2. Then p = xαw2βr2 where r2 = r1δ2s2.

Case 1.3: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1. Then pβ1pβ2p . . . pβk2−1p = xαw2βr2 where r2 = r1.

Case 1.4: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1δ2s2. Then pβ1pβ2p . . . pβk2−1p = xαw2βr2 where r2 = r1δ2s2.

Case 2: xαx1βy = xαw1βyδ1s1. Then p = xαw1βr1 where r1 = yδ1s1.
Next, since (w1, w2) ∈ ρ, (xαw1βr1, xαw2βr1) ∈ ηr∩η−1

r . Thus (xαw2βr1, xαw1

βr1) ∈ ηr. Then xαw1βr1 ∈ xαw2βr1 ∪ xαw2βr1ΓM or there exists an integer
k2 ≥ 2 such that (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1

βr1) ∈ xαw2βr1∪xαw2βr1ΓM for some β1, β2, . . . , βk2−1 ∈ Γ. Then xαw1βr1 =
xαw2βr1 or xαw1βr1 = xαw2βr1δ2s2 for some s2 ∈ M and δ2 ∈ Γ or (xαw1βr1)
β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1 or (xαw1β
r1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1δ2s2 for
some s2 ∈ M and δ2 ∈ Γ.

Case 2.1: xαw1βr1 = xαw2βr1. Then p = xαw2βr2 where r2 = r1.

Case 2.2: xαw1βr1 = xαw2βr1δ2s2. Then p = xαw2βr2 where r2 = r1δ2s2.
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Case 2.3: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1. Then pβ1pβ2p . . . pβk2−1p = xαw2βr2 where r2 = r1.

Case 2.4: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1δ2s2. Then pβ1pβ2p . . . pβk2−1p = xαw2βr2 where r2 = r1δ2s2.

Case 3: (xαx1βy)α1(xαx1βy)α2(xαx1βy) . . . (xαx1βy)αk1−1(xαx1βy) =
xαw1βy. Then pα1pα2p . . . pαk1−1p = xαw1βr1 where r1 = y. Next, since
(w1, w2) ∈ ρ, (xαw1βr1, xαw2βr1) ∈ ηr ∩ η−1

r . Thus (xαw2βr1, xαw1βr1) ∈ ηr.
Then xαw1βr1 ∈ xαw2βr1 ∪ xαw2βr1ΓM or there exists an integer k2 ≥ 2
such that (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) ∈
xαw2βr1 ∪ xαw2βr1ΓM for some β1, β2, . . . , βk2−1 ∈ Γ. Then xαw1βr1 =
xαw2βr1 or xαw1βr1 = xαw2βr1δ2s2 for some s2 ∈ M and δ2 ∈ Γ or (xαw1βr1)
β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1 or (xαw1β
r1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1δ2s2 for
some s2 ∈ M and δ2 ∈ Γ.

Case 3.1: xαw1βr1 = xαw2βr1. Then pα1pα2p . . . pαk1−1p = xαw2βr2

where r2 = r1.

Case 3.2: xαw1βr1 = xαw2βr1δ2s2. Then pα1pα2p . . . pαk1−1p = xαw2βr2

where r2 = r1δ2s2.

Case 3.3: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1. Then (pα1pα2p . . . pαk1−1p)β1(pα1pα2p . . . pαk1−1p)β2(pα1p
α2p . . . pαk1−1p) . . . (pα1pα2p . . . pαk1−1p)βk2−1(pα1pα2p . . . pαk1−1p) = xαw2β
r2 where r2 = r1.

Case 3.4: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1δ2s2. Then (pα1pα2p . . . pαk1−1p)β1(pα1pα2p . . . pαk1−1p)β2(pα1

pα2p . . . pαk1−1p) . . . (pα1pα2p . . . pαk1−1p)βk2−1(pα1pα2p . . . pαk1−1p) = xαw2β
r2 where r2 = r1δ2s2.

Case 4: (xαx1βy)α1(xαx1βy)α2(xαx1βy) . . . (xαx1βy)αk1−1(xαx1βy) =
xαw1βyδ1s1. Then pα1pα2p . . . pαk1−1p = xαw1βr1 where r1 = yδ1s1. Next,
since (w1, w2) ∈ ρ, (xαw1βr1, xαw2βr1) ∈ ηr ∩ η−1

r . Thus (xαw2βr1, xαw1βr1)
∈ ηr. Then xαw1βr1 ∈ xαw2βr1∪xαw2βr1ΓM or there exists an integer k2 ≥ 2
such that (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) ∈
xαw2βr1 ∪ xαw2βr1ΓM for some β1, β2, . . . , βk2−1 ∈ Γ. Then xαw1βr1 =
xαw2βr1 or xαw1βr1 = xαw2βr1δ2s2 for some s2 ∈ M and δ2 ∈ Γ or (xαw1βr1)
β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1 or (xαw1β
r1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1βr1) = xαw2βr1δ2s2 for
some s2 ∈ M and δ2 ∈ Γ.

Case 4.1: xαw1βr1 = xαw2βr1. Then pα1pα2p . . . pαk1−1p = xαw2βr2

where r2 = r1.

Case 4.2: xαw1βr1 = xαw2βr1δ2s2. Then pα1pα2p . . . pαk1−1p = xαw2βr2

where r2 = r1δ2s2.
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Case 4.3: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1. Then (pα1pα2p . . . pαk1−1p)β1(pα1pα2p . . . pαk1−1p)β2(pα1p
α2p . . . pαk1−1p) . . . (pα1pα2p . . . pαk1−1p)βk2−1(pα1pα2p . . . pαk1−1p) = xαw2β
r2 where r2 = r1.

Case 4.4: (xαw1βr1)β1(xαw1βr1)β2(xαw1βr1) . . . (xαw1βr1)βk2−1(xαw1β
r1) = xαw2βr1δ2s2. Then (pα1pα2p . . . pαk1−1p)β1(pα1pα2p . . . pαk1−1p)β2(pα1

pα2p . . . pαk1−1p) . . . (pα1pα2p . . . pαk1−1p)βk2−1(pα1pα2p . . . pαk1−1p) = xαw2β
r2 where r2 = r1δ2s2.

If we continue in this way, we have p = xαy1βrm or there exists an integer
k ≥ 2 such that pγ1pγ2p . . . pγk−1p = xαy1βrm for some λ1, λ2, . . . , λk−1 ∈ Γ.
Since (y1, y2) ∈ ρ, (xαy1βrm, xαy2βrm) ∈ ηr∩η−1

r . Thus (xαy2βrm, xαy1βrm) ∈
ηr. Then xαy1βrm ∈ xαy2βrm ∪ xαy2βrmΓM or there exists an integer k

′ ≥ 2
such that (xαy1βrm)γ

′
1(xαy1βrm)γ

′
2(xαy1βrm) . . . (xαy1βrm)γ

′
k′−1

(xαy1βrm) ∈
xαy2βrm ∪ xαy2βrmΓM for some γ

′
1, γ

′
2, . . . , γ

′
k′−1

∈ Γ.

Put q = xαy1βrm.

Case I: p = q and q ∈ xαy2βrm ∪ xαy2βrmΓM . Then p ∈ xαy2βrm ∪
xαy2βrmΓM ⊆ xαy2βy ∪ xαy2βyΓM . Hence (xαy2βy, xαx1βy) ∈ ηr.

Case II: p = q and qγ
′
1qγ

′
2q . . . qγ

′
k′−1

q ∈ xαy2βrm ∪ xαy2βrmΓM . Then

pγ
′
1pγ

′
2p . . . pγ

′
k′−1

p ∈ xαy2βrm ∪ xαy2βrmΓM ⊆ xαy2βy ∪ xαy2βyΓM . Hence

(xαy2βy, xαx1βy) ∈ ηr.

Case III: pγ1pγ2p . . . pγk−1p = q and q ∈ xαy2βrm ∪ xαy2βrmΓM . Then
pγ1pγ2p . . . pγk−1p ∈ xαy2βrm ∪ xαy2βrmΓM ⊆ xαy2βy ∪ xαy2βyΓM . Hence
(xαy2βy, xαx1βy) ∈ ηr.

Case IV: pγ1pγ2p . . . pγk−1p = q and qγ
′
1qγ

′
2q . . . qγ

′
k′−1

q ∈ xαy2βrm ∪
xαy2βrmΓM . Then (pγ1pγ2p . . . pγk−1p)γ

′
1(pγ1pγ2p . . . pγk−1p)γ

′
2(pγ1pγ2p . . . p

γk−1p) . . . (pγ1pγ2p . . . pγk−1p)γ
′
k′−1

(pγ1pγ2p . . . pγk−1p) ∈ xαy2βrm ∪ xαy2βrm

ΓM ⊆ xαy2βy ∪ xαy2βyΓM . Hence (xαy2βy, xαx1βy) ∈ ηr.
Similar to the proof as above, by (2), we can prove that (xαx1βy, xαy2βy) ∈

ηr. Therefore (xαx1βy, xαy2βy) ∈ ηr ∩ η−1
r .

In another case, we have the following:

(1) If (z1, w1) ∈ ηr ∩ η−1
r , then (x1, y2) ∈ ηr ∩ η−1

r .

(2) If (xαz1, xαw1) ∈ ηr ∩ η−1
r , then (xαx1, xαy2) ∈ ηr ∩ η−1

r .

(3) If (z1βy, w1βy) ∈ ηr ∩ η−1
r , then (x1βy, y2βy) ∈ ηr ∩ η−1

r .

Therefore (x1, y1) ∈ ρ, so (x)ρ = (x1)ρ = (y2)ρ = (y)ρ. Hence 	 is anti-
symmetric.

(iii) Let (x)ρ, (y)ρ, (z)ρ ∈ M/ρ be such that (x)ρ 	 (y)ρ and (y)ρ 	 (z)ρ.
Then there exist x1 ∈ (x)ρ, y1, y2 ∈ (y)ρ, z2 ∈ (z)ρ and m,n ∈ Z

+ such that
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(x1, y1) ∈ ρm and (y2, z2) ∈ ρn. Thus x1ρ
my1ρy2ρ

nz2, so (x1, z2) ∈ ρm+n+1.
Hence (x)ρ 	 (z)ρ. Therefore 	 is transitive.

(iv) Let (x)ρ, (y)ρ ∈ M/ρ be such that (x)ρ 	 (y)ρ, (z)ρ ∈ M/ρ and γ ∈ Γ.
Then there exist x1 ∈ (x)ρ, y1 ∈ (y)ρ and m ∈ Z

+ such that (x1, y1) ∈ ρm. It
follows from Corollary 1.2 that (zγx1, zγy1), (x1γz, y1γz) ∈ ρm. Since zγx1 ∈
(zγx)ρ, x1γz ∈ (xγz)ρ, zγy1 ∈ (zγy)ρ and y1γz ∈ (yγz)ρ, we have (zγx)ρ 	
(zγy)ρ and (xγz)ρ 	 (yγz)ρ. Thus (z)ργ(x)ρ = (zγx)ρ 	 (zγy)ρ = (z)ργ(y)ρ

and (x)ργ(z)ρ = (xγz)ρ 	 (yγz)ρ = (y)ργ(z)ρ. Hence 	 is compatible, so
(M/ρ, ·,	) is an ordered Γ-semigroup.

This completes the proof. �

Immediately from Theorem 2.2 and 2.3, we have Corollary 2.4.

Corollary 2.4 If a Γ-semigroup M is a band of weakly r-archimedean sub-
Γ-semigroups of M, then there exists a congruence ρ on M such that M/ρ is
an ordered Γ-semigroup.

Lemma 2.5 Let T be a left ideal of M. Then the following statements are
equivalent:

(a) T is a weakly r-archimedean sub-Γ-semigroup of M.

(b) T is an r-archimedean sub-Γ-semigroup of M.

(c) For any a, b ∈ T, (a, b) ∈ ηr ∩ η−1
r .

Proof. By Lemma 2.1, (b) implies (c) and (c) implies (a). Now, we shall
prove that (a) implies (b). Suppose that T is a weakly r-archimedean sub-
Γ-semigroup of M and let a, b ∈ T . It follows from Lemma 2.1 that (a, b) ∈
ηr ∩ η−1

r , so (a, b) ∈ ηr. Thus b ∈ a ∪ aΓM or there exists an integer m ≥
2 such that bα1bα2b . . . bαm−1b ∈ a ∪ aΓM for some α1, α2, . . . , αm−1 ∈ Γ.
For any γ ∈ Γ. If b = a or b = aαx for some x ∈ M and α ∈ Γ, then
bγb = aγb ∈ aΓT or bγb = aαxγb ∈ aΓT since T is a left ideal of M . If
bα1bα2b . . . bαm−1b = a or bα1bα2b . . . bαm−1b = aαx for some x ∈ M and
α ∈ Γ, then bα1bα2b . . . bαm−1bγb = aγb ∈ aΓT or bα1bα2b . . . bαm−1bγb =
aαxγb ∈ aΓT since T is a left ideal of M . Therefore T is an r-archimedean sub-
Γ-semigroup of M . �

Combining Theorem 2.2 and Lemma 2.5, we obtain Corollary 2.6.

Corollary 2.6 The following statements are equivalent:

(a) M is a band of weakly r-archimedean left ideals of M.
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(b) M is a band of r-archimedean left ideals of M.

(c) M satisfies the condition for all a, x, y ∈ M and α, β, γ ∈ Γ,

(a, aγa), (xαa, xαaγa), (aβy, aγaβy), (xαaβy, xαaγaβy) ∈ ηr ∩ η−1
r . (�)
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