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Abstract

The Minkowski dimension is estimated for the countable union of
all trinomial arcs I(p, k, r, n). To prove that this dimension is 1, three
intermediate results will be shown.
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1 Introduction

Minkowski dimension is one of the most widely used dimensions. Its popularity
is largely due to its relative ease of mathematical calculation. The definition
goes back at least to the 1930’s and it has been variously termed Kolmogorov
entropy, metric dimension, information dimension, ... etc.

Let F be any non-empty bounded subset of R
n and let Nγ(F ) be the

smallest number of sets of diameter at most γ which can cover F . The lower
and upper Minkowski dimensions of F respectively are defined as

δ(F ) = lim infγ−→0 log Nγ(F )/ − log γ

and Δ(F ) = lim supγ−→0 log Nγ(F )/ − log γ.

If these are equal, the Minkowski dimension of F is this common value.
This is sometimes referred to as box dimension or fractal dimension. Let us
note that there are several equivalent definitions of Minkowski dimension that
are occasionally more convenient to use.



314 K. Lamrini Uahabi

The main goal of this note is to estimate the Minkowski dimension for the
union of the trinomial arcs I(p, k, r, n) introduced in [5]. To show that this
dimension is exactly one, we will prove three auxiliary results.

2 Minkowski dimension in the plane

In [4], Falconer proved that the Minkowski dimension of a subset can be ex-
pressed as follows.

Proposition 2.1 If F is a subset of R
n, then

δ(F ) = n − lim infγ−→0 log voln(Fγ)/ log γ
and Δ(F ) = n − lim supγ−→0 log voln(Fγ)/ log γ,
where Fγ = {x ∈ R

n : |x − y| ≤ γ for some y ∈ F} is the γ-parallel body of
F and voln(Fγ) the n-dimensional volume of Fγ.

Falconer gives also in [4] the two following properties :

(i) The upper and lower fractal dimensions are monotonic, i.e. if E and F
are two subsets of R

n such that E ⊆ F , then
δ(E) ≤ δ(F ) and Δ(E) ≤ Δ(F ).

(ii) The upper dimension is finitely stable, i.e.
Δ(E ∪ F ) = max{Δ(E), Δ(F )},

though the lower dimension is not.

On account of this last inconvenience of the lower dimension δ given by the
property (ii), only the upper dimension Δ will be used in the present paper.
Moreover, we are interested in the Minkowski dimension Δ in the plane R

2.
Assuming that F is a subset of R

2, for γ > 0, the γ-parallel body F (γ) of F
will be called Minkowski sausage of F . The 2-dimensional volume vol2(F (γ))
of F (γ) is the the plane Lebesgue measure or the area of F (γ), which will be
denoted by |F (γ)|2. Thus,

Δ(F ) = 2 − lim supγ−→0 log |F (γ)|2 / log γ.

Under some conditions, the continuous variable γ can be replaced by a
sequence γn tending to 0. The dimension Δ can be estimated by applying the
next lemma of [3].

Lemma 2.2 Suppose that (γn) is a sequence of positive real numbers that
converges to zero. If the sequence log γn/ log γn+1 converges to one, then

Δ(F ) = 2 − lim supn−→+∞ log |F (γn)|2 / log γn.
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Remark 2.3 (γn) = (1/n2) is an example of sequences that can be used
with the previous lemma.

We end this section with some results which we shall make use to estimate
the Minkowski dimension Δ for the family of trinomial arcs I(p, k, r, n).

Theorem 2.4 [3] Suppose that C is a curve with finite length L(C). For
any γ > 0, we have |C(γ)|2 ≤ 2 γL (C) + πγ2.

Theorem 2.5 [3] Suppose that C is a curve defined by: x(θ) = ρ(θ) cos θ,
y(θ) = ρ(θ) sin θ where θ1 ≤ θ ≤ θ2 and ρ(θ1) = R1 and ρ(θ2) = R2. If ρ(θ)
is a monotonic function, then the curve C has a finite length L(C) such that
L(C) ≤ |R1 − R2| + max(R1, R2) |θ1 − θ2|.

Figure 1 sketches a possible situation of Theorem 2.5.

Figure 1: A monotonic curve C.

On the other hand, in Section 9.1 of [6], Tricot gives the following result.

Theorem 2.6 [6] Suppose that C is a rectifiable curve, then we have
|C(γ)|2 ≥ 2 γdiam(C) + πγ2,

where the diameter diam(C) of C is the largest distance between any two
points of C.

As consequence of Theorem 2.6, we get the following result.

Theorem 2.7 The Minkowski dimension Δ of a rectifiable curve is greater
than or equal to 1.

Proof. Let C be a rectifiable curve. For a small γ, we conclude that

Δ(C) = 2 − lim supγ−→0 log |C(γ)|2 / log γ

≥ 2 − lim supγ−→0 log[2γdiam(C) + πγ2]/ log γ = 1.
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3 Auxiliary results

Consider the trinomial equation

zn = α zk + (1 − α), (1)

where z = ρeiθ is a complex number, n and k are two integers such that
k = 1, 2, ..., n − 1 and α ∈ (0, 1). If we separate real and imaginary parts in
equation (1), we will find that

ρn−k sinnθ − ρn sin(n − k)θ = sin kθ. (2)

We say that θ is a feasible angle for equation (1) with α ∈ (0, 1) if θ verify
that sign(sinnθ) = sign(sin kθ) = −sign(sin(n− k)θ).

We will need in what follows the next lemma of [2].

Lemma 3.1 For any feasible angle θ for equation (1), the function of ρ,
−ρn {sin (n − k) θ/ sin kθ}+ρn−k {sin nθ/ sin kθ}−1 is increasing and vanishes
for one and only one positive value of ρ, which is not larger than 1.

The trinomial arcs I(p, k, r, n) are defined in [5] in the following manner:

Definition 3.2 If n is an integer greater than or equal to 3, so I(p, k, r, n)
is the set of roots of equation (1) with 0 < α < 1 and the feasible angles
belong to the interval [2πr/n, (2p + 1)π/k], where p and r are two nonnegative
integers verifying r ≥ p+1 and k is an integer such that k = (2p+1)n/(2r+1).

Figure 2: Trinomial arcs I(p, k, r, n) inside the upper half unit disk.

The continuous arcs I(p, k, r, n) are illustrated in Figure 2 inside the upper
half unit disk. The existence of these arcs is proved in [5]. From equation
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(2), for each curve I(p, k, r, n), we can extract a function ρ(θ) defined on the
interval of feasible angles [2πr/n, (2p + 1)π/k]. The main result of [5] allows
us to state the following theorem.

Theorem 3.3 [5] ρ(θ) is a decreasing function on the interval of feasible
angles [2πr/n, (2p + 1)π/k] for the trinomial arcs I(p, k, r, n).

To estimate the Minkowski dimension Δ for the family of arcs I(p, k, r, n),
it is very important that ρ(θ) is a decreasing function.

Now, let us begin by estimating ρ(θ) at the left endpoint 2πr/n of the
feasible angles of the curves I(p, k, r, n). In equation (2), replacing θ by 2πr/n,
we obtain that (ρn − 1) sin(2πrk/n) = 0. By Definition 3.2, we get that 2πp <
2πrk/n = 2r(2p+1)π/(2r+1) < (2p+1)π. This implies that sin(2πrk/n) �= 0
and so that ρ(2πr/n) = 1. Hence, any trinomial arc I(p, k, r, n) joins the
point of coordinates (1, 2πr/n) and a point (ρ[(2p+1)π/k], (2p+1)π/k) where
ρ[(2p + 1)π/k] < 1. The union of all trinomial arcs I(p, k, r, n) (see Figure 2)
is a countable union of countable families. Then, to compute the Minkowski
dimension Δ for this union, we can restrict our estimation of the dimension
to the families of arcs which join the two points of coordinates (1, π − π/n)
and (ρ(π), π) where ρ(π) < 1, i.e. the families of arcs I(p, k, r, n) for which
p = (k − 1)/2 and r = (n − 1)/2. These families of arcs will be denoted also
by I(p, k, r, n). Moreover, because r ≥ 1 and 0 ≤ p ≤ r − 1, then n is an odd
integer greater than or equal to 3 and k = 1, 3, 5, ..., n−2. In order to compute
the lengths of these trinomial arcs, we will start by estimating the radius ρ
solution of equation (2) for θ = π. For that, we proceed by restricting our
attention to the case k = n − 2 and n = 3, 5, 7, ... The equation (2) becomes

ρ2 sinnθ − ρn sin 2θ = sin(n − 2)θ. (3)

Consider the union of all trinomial arcs I(p, n − 2, r, n), with n is an odd
integer greater than or equal to 3, which join the two points of coordinates
(1, π − π/n) and (ρ(π), π). In all what follows, I denotes this union. Let us
now state the first intermediate result.

Lemma 3.4 For any odd integer n > 1, the root of equation (3) for θ = π
lies in the interval ]1 − 2/n, 1 − 1/n[.

Proof. First, Lemma 3.1 allows us to say that there is one and only one
zero of equation (3). Suppose that n is an odd integer greater than or equal
to 3. Differentiating both sides of equation (3) with respect to θ, we find that
nρ2 cos nθ−2ρn cos 2θ = (n−2) cos(n−2)θ. Therefore, for θ = π, ρ is solution
of the equation nρ2 + 2ρn = n − 2. Let us set h(ρ) = nρ2 + 2ρn − n + 2.
For any integer n ≥ 3, we have h (1 − 1/n) = 1/n + 2(1 − 1/n)n > 0 and
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h (1 − 2/n) = −2+4/n+2(1−2/n)n = −2[(1−2/n)− (1−2/n)n] < 0. Then,
it yields that 1 − 2/n < ρ (π) < 1 − 1/n. Thus, we achieve the proof.

From Lemma 3.4 stems the following result.

Lemma 3.5 For any odd integer n > 1, the length of the trinomial arc
I(p, n − 2, r, n) which joins the two points of coordinates (1, π − π/n) and
(ρ(π), π) is smaller than (2 + π)/n.

Proof. By Theorem 3.3, the function ρ(θ) is decreasing on the interval
[2πr/n, (2p + 1)π/k], which is in this case the interval [π − π/n, π]. Hence,
Applying Theorem 2.5 and Lemma 3.4, we obtain that

L(I(p, n − 2, r, n)) ≤ π/n + 1 − ρ(π) < π/n + 2/n = (2 + π)/n.

We end this section with the last auxiliary result.

Lemma 3.6 For any odd integer n > 1, two successive arcs of the family of
trinomial arcs I(p, n− 2, r, n) which join the points of coordinates (1, π−π/n)
and (ρ(π), π) are disjoint.

Proof. Consider two successive arcs of the family of curves I(p, n−2, r, n)
which join the points of coordinates (1, π−π/n) and (ρ(π), π). Using the facts
that p = (k − 1)/2 and r = (n − 1)/2, let I([n − 3]/2, n − 2, [n − 1]/2, n) and
I([n−1]/2, n, [n+1]/2, n+2) be these arcs. The equation (2) yields respectively
for these two arcs : ρ2 sinnθ − ρn sin 2θ = sin(n − 2)θ and ρ2 sin(n + 2)θ −
ρn+2 sin 2θ = sinnθ. Because ρ �= 0, we can deduce that (ρ2 + 1/ρ2) sinnθ =
sin(n − 2)θ + sin(n + 2)θ, i.e. that (ρ2 + 1/ρ2) sinnθ = 2 sinnθ cos 2θ. Since
sin nθ �= 0 for all θ in the interval ]π − π/n, π[, we get ρ2 + 1/ρ2 = 2 cos 2θ.
However, this last equality is not possible as ρ2 + 1/ρ2 > 2 for all 0 < ρ < 1.
Thus, the proof is achieved.

4 Minkowski dimension of the union I

In this section, we give the main result of this work.

Theorem 4.1 The Minkowski dimension Δ(I) of the union I is equal to 1.

Proof. Let us begin by remarking that any arc of the union I is a rectifiable
arc. Then, by Theorem 2.7 and from the monotonicity of the Minkowski
dimension given by property (i) of Section 2, it follows that Δ(I) ≥ 1.

To complete the present proof, we have to show that Δ(I) ≤ 1. For that,
let n be an odd integer greater than 3 and let (n − 4) be the number of the
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n first arcs I(p, m − 2, r, m) with m = 3, 5, 7, ..., which join the two points of
coordinates (1, π − π/n) and (ρ(π), π). If we set γn = 1/n2, we can remark
that the area |I(γn)|2 is smaller than or equal to the sum of the areas of the
Minkowski sausages of the (n − 4) first arcs I(p, m − 2, r, m) and the area of
that of the set E = {(ρ, θ) : 1 − 2/n < ρ < 1, π − π/n < θ < π}. Hence,

|I(γn)|2 ≤ |E(γn)|2 +
n−2∑

m=3

|I(p, m − 2, r, m)(γn)|2.

On the one hand, we have

|E(γn)|2 ≤ 1
2
[1 − (1 − 2

n
)2]π

n
+ 2γn

2
n

+ (2γn
π
n

+ πγ2
n)

= π(2 − 2
n
) 1

n2 + 2(2 + π)γn
1
n

+ πγ2
n

= 2πγn + 4γn
√

γn + πγ2
n = O(γn).

On the other hand, applying Theorem 2.4 and Lemma 3.5, we conclude
that, for any trinomial arc I(p, m − 2, r, m), m = 3, 5, 7, ..., we have

|I(p, m − 2, r, m)(γn)|2 ≤ 2γn(2 + π)/m + πγ2
n.

Then, this implies that

n−2∑

m=3

|I(p, m − 2, r, m)(γn)|2 ≤
n−2∑

m=3

[2γn(2 + π)/m + πγ2
n]

≤ 2(2 + π)γn

n∑

m=1

1
m

+ nπγ2
n

= 2(2 + π)γn log n + nπγ2
n

= −(2 + π)γn log γn + πγ
3/2
n

= O(γn |log γn|).

Consequently, we obtain that

Δ(I) = 2 − lim supn−→+∞ log |I(γn)|2 / log γn

≤ 2 − lim supn−→+∞ log[O(γn |log γn|)+O(γn)]/ log γn = 1.
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