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Abstract

It was proved in [6] that the trinomial arcs N(p, k, r, n) are mono-
tonic. Through this result, we will estimate the fractal dimension of the
union N of all these arcs.
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1 Introduction

Throughout this paper, N denotes the union of all trinomial arcs N(p, k, r, n).
These arcs are defined in [6] as the trajectories of roots of the trinomial equation
zn = αzk + (1 − α), where α is a real number greater than 1, n is an integer
greater than or equal to 5, k is an integer verifying [2(r−p)+1]n/(2r+1) < k <
(r−p+1)n/(r+1) such that the two nonzero integers p and r are nonnegative
and verify r ≥ p and z = ρeiθ is a complex number with modulus ρ ≥ 1 and θ
belonging to the interval [(2r + 1)π/n, 2πp/(n − k)].

An angle θ is said to be feasible for the previous trinomial equation if θ
verify that sign(sinnθ) = sign(sin kθ) = sign(sin(n− k)θ). It was established
in [6] that any angle of the interval [(2r + 1)π/n, 2πp/(n − k)] is feasible.

Each of these continuous arcs N(p, k, r, n) can be expressed in polar coordi-
nates (ρ, θ) by a function ρ (θ). In [6], it was showed that ρ (θ) is a monotonic
function. In the present note, using this important result, we will compute
the fractal dimension of N , which is the number Δ(N) = lim supε−→0(2 −
log |N(ε)|2 / log ε), where N(ε) is the set of points whose distance to N is
smaller than ε and |N(ε)|2 is the plane Lebesgue measure of N(ε).
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2 Fractal dimension in R
2

We assume that F is a bounded subset of R
2 and D = {z : |z| < 1} the unit

disk. For ε > 0, the Minkowski sausage of F means the set

F (ε) = F + εD = {z + w : z ∈ F, |w| < ε}.

|F (ε)|2 denotes the area of this sausage, i.e. its Lebesgue measure. The
fractal dimension Δ is defined in [5] as follows.

Definition 2.1 Let F be a bounded subset of R
2, F (ε) its Minkowski sausage

and |F (ε)|2 the area of this sausage. The fractal dimension Δ of the subset F
is the number

Δ(F ) = lim supε−→0(2 − log |F (ε)|2 / log ε).

According to [5], the dimension Δ has the next important property.

Proposition 2.2 The fractal dimension Δ is finitely stable, i.e.
Δ(E ∪ F ) = max{Δ(E), Δ(F )} for all E, F ⊂ R

2.

As it can be found in [4] or in [8], it is sometimes convenient to compute
the dimension Δ by using the next proposition.

Proposition 2.3 We assume that (εn) is a sequence of positive real num-
bers that converges to zero. If the sequence log εn/ log εn+1 converges to 1, then
the dimension Δ of F is Δ(F ) = lim supn−→+∞(2 − log |F (εn)|2 / log εn).

In the rest of this note, we need the two following results. The first result
gives a bound for the length of a curve and the second a bound for the plane
Lebesgue measure of the sausage of a curve.

Theorem 2.4 [4] Assume that C is a curve defined by : x(θ) = ρ(θ) cos θ,
y(θ) = ρ(θ) sin θ where θ′ ≤ θ ≤ θ′′ and ρ(θ′) = R′ and ρ(θ′′) = R′′. If ρ(θ)
is a monotonic function, then the curve C has a finite length L(C) such that
L(C) ≤ |R′ − R′′| + max(R′, R′′) |θ′ − θ′′|.

Theorem 2.5 [4] Assume that C is a curve with finite length L(C). For
any ε > 0, we have |C(ε)|2 ≤ 2 εL (C) + πε2.



Fractal dimension of the union 301

3 Fractal dimension of the union N

In this section, let us begin by recalling that a very important property for
the trinomial arcs N(p, k, r, n) was proved in [6]. This property gives that
these arcs are monotonic. Each arc N(p, k, r, n) can be expressed in polar
coordinates (ρ, θ) by a function ρ (θ). Thus, we have the following result.

Theorem 3.1 [6] Let N(p, k, r, n) be a trinomial arc. For any integer k
such that [2(r − p) + 1]n/(2r + 1) < k < (r − p + 1)n/(r + 1), ρ(θ) is a
decreasing function on the interval [(2r + 1)π/n, 2πp/(n − k)].

Trinomial arcs N(p, k, r, n) outside the upper half unit disk.

This theorem will be used in the determination of the fractal dimension
Δ of the union N of the arcs N(p, k, r, n). Before to compute this dimension,
there are some basic remarks.

Remark 3.2 According to [6], N is symmetric with respect the real axis.
Thus, Proposition 2.2 allows us to estimate the fractal dimension Δ(N) only
for the trinomial arcs N(p, k, r, n) located on the upper half unit disk.

Remark 3.3 Observing the trinomial arcs N(p, k, r, n) outside the unit disk
(see the figure above), we remark that it is possible to divide the union N into
the two following families of trinomial arcs :

1. The arcs N(p, k, r, n) located in the first quadrant of the plane. N1 de-
notes the union of these curves.

2. The arcs N(p, k, r, n) located in the second quadrant of the plane. N2

denotes the union of these curves.
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By Proposition 2.2 and Remark 3.2, one gets Δ(N) = Δ(N1 ∪ N2) =
max{Δ(N1), Δ(N2)}. Therefore, with a view to estimating Δ(N), we have to
estimate Δ(N1). Δ(N2) can be obtained with the same way.

Now, consider a trinomial arc N(p, k, r, n). Let R be a real number greater
than 1 and θ0 the feasible angle which corresponds to R, so (2r+1)π/n < θ0 <
2πp/(n − k). In the rest of this paper, we will consider the restrictions of the
arcs N(p, k, r, n) located inside the disk with radius R. Also, these restrictions
will be denoted by N(p, k, r, n) and their union by N . From the proof of
Theorem 3.1 (which it can be found in [6]), we obtain that ρ [2πp/(n − k)] =
1. Thus, such an arc N(p, k, r, n) joins the two points of polar coordinates
(1, 2πp/(n − k)) and (R, θ0).

Let us now state our main result.

Theorem 3.4 The fractal dimension Δ(N) of the union N of all trinomial
arcs N(p, k, r, n) is equal to 3/2.

Before to prove the theorem, we need the following lemma which we shall
make use.

Lemma 3.5 For any integer n greater than or equal to 5, the length of the
trinomial arc N(p, k, r, n) is smaller than 2R − 1.

Proof of Lemma 3.5. Consider an arc N(p, k, r, n) with finite length
L(N(p, k, r, n)). By Theorem 2.4 and Theorem 3.1, we get L(N(p, k, r, n)) ≤
R[2πp/(n− k)− θ0] +R− 1 < R[2πp/(n− k)− (2r +1)π/n] +R− 1. The fact
that k < (r − p + 1)n / (r + 1) leads to L(N(p, k, r, n)) < 2R − 1.

Now, we give the proof of the main result.

Proof of Theorem 3.4. Remark 3.3 will be used in the present proof.
In the first part of this proof, we have to show that Δ(N) ≤ 3/2 while in the
second, we have to prove that Δ(N) ≥ 3/2. Thus, let us begin by proving
that Δ(N1) ≤ 3/2. Assume that n is an integer greater than 5 and (n− 4) the
number of the n first arcs N(p, k, r, j) where j ≥ 5. Putting εn = 1/2(n + 1)2,
we can remark that the area of the sausage of N1 is smaller than or equal to
the sum of the areas of the sausages of the (n− 4) first arcs N(p, k, r, j) which
join the points of polar coordinates (1, 2πp/(j − k)) and (R, θ0) and the area
of the sausage of the sector S = {(ρ, θ) : 1 < ρ < R, 0 < θ < θc such that
3π/(n + 1) < θc < 4π/(n + 1)}. This means that

|N1(εn)|2 ≤ |S(εn)|2 +
n∑

j=5

|N(p, k, r, j)(εn)|2.
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For the sector S, we have

|S(εn)|2 ≤ 1
2
(R2 − 1)θc + 2(R − 1)εn + (R + 1)εnθc + (2 + π/2)ε2

n − 1
2
ε2

nθc

≤ 2
√

2π (R2 − 1)
√

εn + 2(R − 1)εn + 4
√

2π(R + 1)εn
√

εn

+ (2 + π/2)ε2
n − 3

√
2

2
πε2

n

√
εn

= O(
√

εn).

Let us now consider a trinomial arc N(p, k, r, j), where j ≥ 5. Using
Theorem 2.5 and Lemma 3.5, we get that

n∑

j=5

|N(p, k, r, j)(εn)|2 ≤ 2(2R − 1)(n − 4)εn[1 + 2
(2R−1)

εn]

≤ 2(2R − 1)
√

εn[1 + 2
(2R−1)

εn]

= O(
√

εn).

Consequently, we arrive at the inequality

Δ(N1) = lim supn−→+∞(2 − log |N1(εn)|2 / log εn)

≤ lim supn−→+∞(2 − logO(
√

εn)/ log εn) = 3/2.

With a similar argument, we find that Δ(N2) ≤ 3/2. Hence, it yields that

Δ(N) = max{Δ(N1), Δ(N2)} ≤ 3/2.

In order to complete this proof, we have to show that Δ(N) ≥ 3/2. As
before, we will show that Δ(N1) ≥ 3/2. For this, we consider a sequence (εj)
which is distinct from that of the first part. Let εj = π/2j2, where j > 5.
Remarking that the sausage N1(εj) contains the sector S ′ = {(ρ, θ) : 1 < ρ <
(R + 2)/3, 0 < θ < 3π/j}, we deduce that

|N1(εj)|2 ≥ [1
9
(R + 2)2 − 1]3π/2j = O(

√
εj).

Then, we get Δ(N1) = lim supj−→+∞(2 − log |N1(εj)|2 / log εj) ≥ 3/2. As
for Δ(N2), we obtain that Δ(N2) ≥ 3/2 with a same way. Therefore, we find
that Δ(N) = max{Δ(N1), Δ(N2)} ≥ 3/2. Thus, the result follows.
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4 Conclusion

In the present paper, it was proved that the fractal dimension Δ(N) of the set
N is equal to 3/2. Because the trinomial arcs N(p, k, r, n) are located outside
the unit disk, we considered the restrictions of these arcs inside a disk with
radius R where R is a real number greater than 1. A further estimation of this
fractal dimension when R tends to infinity would be interesting.
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[2] G. Cherbit, Fractals : Dimensions non-entières et applications, Masson,
Paris, 1991.

[3] F.M. Dekking, Recurrent sets, Advances in Mathematics, 44, (1982), 78
- 104.

[4] S. Dubuc and M. Zaoui, The fractal dimension of a union of trinomial arcs,
World Scientific Publishing Company, Fractals, Vol. 4, No. 4 (1996), 555
- 562.

[5] K.J. Falconer, Fractal geometry - Mathematical foundations and applica-
tions, John Wiley & Sons, New York, 1990.

[6] K. Lamrini Uahabi and M. Zaoui, Study of behavior of the family of
trinomial arcs N(p, k, r, n) when 1 < α < +∞, International Journal of
Algebra, Vol. 1, no. 10 (2007), 487 - 494.

[7] B. Mandelbrot, The fractal geometry of nature, W.H. Freeman, San Fran-
sisco, 1982.

[8] C. Tricot, Courbes et dimension fractale, Springer-Verlag, Editions Sci-
ences et Culture, Paris, 1993.

Received: August 30, 2007


